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Projectile motion

This is the motion of a body which after being given an initial velocity moves freely under the
influence of gravity.

Terms used in projectiles

1. Angle of projection: is the angle the initial velocity makes with the horizontal
Maximum height/ greatest height is the greatest height reached by projectile

3. Time of flight (T) is the time taken for projectile to complete motion. Note: the time of flight is
twice the time to maximum height.

4. Range, R: is the horizontal distance covered by projectile

Maximum range (Rmax) is the greatest horizontal distance covered

6. Trajectory; is the path described by a projectile.

b

A. An object projected horizontally from a height above the ground.

N
ums- Vertical motion: Uy =0, a = -9.8ms™

s=ut+%at?

y
-y =% gt?

>
X V=u+at

Horizontal motion: Ux=u,a=0 Vy = -gt

X =ut

Example 1

A ball rolls of the edge of a table top 1m high above the floor with horizontal velocity 1ms-1.
find:

(i) time taken to hit the floor
(ii) horizontal distance covered
(iii) the velocity when it hits the floor.

Solution

digitalteachers.co.ug



N t=0.4518s
(ii) x = ut = 1 x 0.4518 = 0.4518m

(i) vx = 1ms™*

vy =-gt =-9.8 x 0.4518 = -4.428ms™!

=/12 + (—4.428)2 =4.54ms™!
(i) vertical motion:u=1ms?, 8= 10 VR \/ ( )

y = 1m below the point of projection o = tan—1 (”_y) — tan~1! (4-428) -77.30
y=%gt’ v
1=2x-98¢2
2
Example 2

A ball is thrown forward horizontally from the top of a cliff with a velocity of 10ms™. The height of a
cliff above the ground is 45m. Calculate

(i) time to reach the ground
(ii) distance from the cliff where the ball hits the ground
(iii) velocity and direction of the ball just before it hits the ground

Solution

N

t=3.03s
(i) x=ut=10x3.03=30.3m
(i) vx = 10ms™?

45m
vy=-gt=-9.8x3.03= -29.694ms™*

VR=y/10% + (—29.694)2 =31.33ms™!

(i) vertical motion: u=10ms™, 0= 0 a = tan—1 ("_y) — tan-1 (29-694) = 71.4°
y = 45m below the point of projection x 10
y="Y%gt?
45==x—9.8¢?

Example 3

An object is projected horizontally at a speed of 20ms™ from a height of 100m. Find

(i) the time of flight
/‘\

y =Ygt
100 =~ x — 9.8 t2

100m t=4.52ms?

(ii) the horizontal range
x=ut=20x4.52=90.4m
(iii) its velocity on reaching the ground
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VR =+/202 + (—32.7)2 =38 .33ms*
Vi = 20ms™ i \/ ( )

vy =-gt=-9.8x4.52 =-32.7ms"! a = tan-1 (’Q) — tan-! (ﬂ) - 5850
Vy 20

Example 4

At time t = 0, a particle is projected with a velocity of 3ms-1 from a point with position vector
(5i + 25j)m. Find the

(i) speed and direction of the particle when t = 2s
- — -1
Vx = U =3ms a =tan~! (v—y) = tan™! (—19'6) =81.3°
vy =gt=-9.8x2=-19.6ms™ Vx 3

VR =32 + (—19.6)% =19.83ms™*

(i) Position vector of the particle when t = 2s
ut 3x2
Pro = 62+ ()= () + (Cige) () + (Lo nze) = (Gp)m

Example 5

A and B are two points on a level ground. A vertical tower of height 4h has its base at A and vertical
tower of height h has its bas at B. When a stone is thrown horizontally with speed v from the top the

taller tower towards the smaller tower, it lands at point X where AX = %AB. When a stone is thrown

horizontally with speed u from the top of the smaller tower towards the taller tower, it also lands at
the point A. Show that 3u =2V

Vv
For B Vertical motion: y = %gt2
_1 .2
4h ’ h=2gt
h
- 2
4 4 Horizontal motion: x = ut
For A Vertical motion: y = = gt2 1 _
2 Z —ut
4h=21gt2
2 l=2ut =2y &....(ii)
3 3 \/ g
_ [8n
=07 Eqn (i) and (ii)
Horizontal motion: x = vt LV I L
3 g 3 g’
3
Zl =vt 3
v=5u
4 [8h .
l:_vt:§ ; .(l) 2v =3u
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Revision exercise 1

1.

10.

11.

12.

13.

14.

15.

A pencil is accidentally knocked off the edge of a horizontal desktop. The height of the desk is
64.8cm and the pencil hits the floor a horizontal distance of 32.4cm from the edge of the desk.
What was the speed of the pencil as it left the desk? [0.9ms™]

A particle is projected horizontally at 20ms™ from a point 78.4m above a horizontal surface.
Find the time taken for the particle to reach the surface and the horizontal distance travelled in
that time. [4s, 80m]

A particle is projected horizontally with a speed of 2ms™

(i) Find the horizontal and vertical displacements of the particle from the point of

projection, 2?5 after projection [60m, 40m below]

(ii) Find how far the particle is then from the point of projection. [72.1m]

A particle is projected horizontally from a point 2.5m above the horizontal surface. The partial
hits the surface at a point which is horizontally 10m from the point of projection. Find the initial
speed of the particle.[14ms™]

At time t= 0, a particle is projected with a velocity of 2ims™ from a point with position vector
(10i + 150j)m. Find the

(i) speed and direction of the particle when t = 5s [49.04ms™?, at 87.6°)

(ii) position vector of the particle when t = 1s [(22705) m]

At time t = 0, a particle is projected with a velocity of 5ims-1 from a point with position vector

(20j)m. find the position vector of the particle when t = 2s. [(éi) m].

A batsman strikes a ball horizontally when it is 1m above the ground. The ball is caught 10cm
above the grounder by a fielder standing 12m from the batsman. Find the speed with which the
batsman hits the ball. [28ms™]

A darts player throws a dart horizontally with a speed of 14ms™. The dart hits the board at a
point 10cm below the level at which it is released. Find the horizontal distance travelled by the
dart. [2m]

A tennis ball is served horizontally with initial speed of 21ms™ from a height of 2.8m, by what
distance does the ball clears a net 1m high situated 12m horizontally from the server? [20cm]
A fielder retrieves cricket ball and throws it horizontally with a speed of 28ms™ to a wicket-
keeper standing 12m away. If the fielder releases the ball at a height of 2m above level ground,
find the height of the ball when it reaches the wicket-keeper. [110cm]

Initially a particle is at an origin and is projected with a velocity of ai ms™. After t second, the

particle is at the point with position vector (30i — 21j)m. Find the value of t and a. [1;, 21]

Two vertical towers stand a horizontal ground level and are of height 40m and 30m. A ball is
thrown horizontally from the top of the higher tower with a speed of 24.5ms™ and just clears
the short tower. Find the distance

(i) between the two towers [35m]

(ii) between the short and the point on the ground where the ball first lands. [35m]

The top of a vertical tower is 20m above ground level. When a ball is thrown horizontally from
the top of this tower. By how much does the ball clears a vertical wall of height 13m situated
12m from the tower.[2m]

A stone is thrown horizontally with speed u from the edge of a vertical cliff of height h. The
stone hits the ground at a point which is a distance d horizontally from the base of the cliff.
Show that 2hu?= gd2.

A vertical tower stands with its base on a horizontal ground. Two particles A and B are both
projected horizontally and in the same direction from the top of the tower with initial velocities
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of 14ms™ and 17.5ms? respectively. If A and B hit the ground at two points 10cm apart, find the
height of the tower[40m]

16. O, A and B are three points with O on level ground and A and B respectively 3.6 and 40m
vertically above O. A particle is projected horizontally from B with a speed of 21ms™ and
2seconds later, a particle is projected horizontally from A with a speed of 70ms™. Show that the
two particles reach the ground at the same distance from O, find this distance.

17. An aeroplane moving horizontally at 150ms-1 releases a bomb at height of 500m. The
aeroplane hits the intended target. What was the horizontal distance of aeroplane from the
target when the bomb was released? [1500m]

18. A projectile is fired horizontally from the top of a cliff 250m high. The projectile lands 144m
from the bottom of the cliff. Find the
(i) initial speed of the projectile [198ms-1]

(ii) velocity of the projectile just before it hits the ground [210ms™ at 19.5°]

b. Object projected upwards from the ground at an angle to the horizontal
Suppose an object is project with velocity u at an angle 6 from a horizontal ground. H and R are the
maximum height reached and range respectively.

y-axis
ums? 1 .5
vy=s=ut+ Eat
X = ucos6t
A Vertically; uy = usin®, a = -9.8ms?
> = X-axis vV=uU+at
~ vy = usin@ — gt
s=ut+ % at?
Horizontally; uy = ucos®, a = 0 y = usin6t - %gt2
v=u+at
Vx = ucosB
X = ucosot
Example 6

A particle is projected with a velocity of 30ms™ at an angle of elevation of 30°. Find
(i) the greatest height reached
(i) the time of flight

(iii) the velocity and direction of motion at a height of 4m on its way upwards.
y-axis
30ms?
(ii) at time of flight, s =0
am s=ut+ % at?
30° . 1
< = X-axis 0 =30sin30T - - x 9.8 xT?
<
0=(30sin30-5x 9.8 T)T
(i) (1) vy=usinB, a=-9.8ms? Either T=0
At maximum height, v, =0 or (30sin30 - 2x 9.8T) =0
F =u+2
ror&‘)’sin :0)2 as T=3.0612s
=——=11,47m
2x9.8
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(=): ux=ucosb,a=0
s=ut+ %at2
R = ucosOT
R =(30cos 30) x 3.0612 = 79.5329m
(™) y = usinBt - %gt2
4=30sin30t - ~x 9.8 x t?

t=0.30sort=2.76s

t = 0.30s is the correct time since

it is smaller indicating that the body
is moving upwards

Example 7

Uy = ucos® = 30cos30 = 25.98ms™*
vy = usin@ — gt
=30sin30-9.8 x 0.30 = 12.06ms™

V= /(vx)2 + (vy)z

=+/25.982 + 12.062 = 28.64ms™

direction a = tan™?! (ﬂ)= 24.9°
25.98

A particle is projected from the origin at a velocity of (10i + 20j)ms™. Find the position and velocity
vectors of the particle 3s after projection. (Take g = 10ms?)

Solution

Pee= () + ()

_ (0 ucosot
Pt=3) = (0) + (usin@t - %gt2

10x 3 30
Pit=3) = <zo x3 —% x9.8 x 32> - (15) m

Example 8

Vie=t) = (z;) - (uszlcﬁos—egt)
V=3) = (20 —120x 3)

- (—1100) ms™

A projectile fired at an angle of 60° above the horizontal strikes a building 30m away at a point 15m

above the point of projection. Find
(i) speed of projection

y-axis
ums!

= X-axis

<
~

30m
(=) x = ucosbt

30 = utcos 60

(™) y = usinft — %gt2

2
15 = usin60x@-l x 9.8 x (@)
u 2 u

u=21.86ms"
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(i) velocity when it strikes a building

(i) t= 2= —2-=275s
Uy = ucos®
=21.86x cos 60 = 10.93ms™
uy = usinB — gt

=21.86xsin 60—-9.8x2.75

=-8.09ms™

v= /(vx)2 + (vy)2

=,/10.932 + (—8.93)2 = 13.60ms™*

direction = tan™?! (%)= 36.58°




Example 9

A football player projects a ball at a speed of 8ms™ at an angle of 30° with the ground. The ball
strikes the ground at a point which is level with the point of projection. After impact with the
ground, the ball bounces and the horizontal component of the velocity of the ball remains the same
but the vertical component is reversed in direction and halved in magnitude. The player running
after the ball. Kicks it again at appoint which is at a horizontal distance 1.0m from the point where it
bounced, so that the ball continues in the same direction. Find the

(a) horizontal distance between the point of projection and the point at which the ball first
strikes the ground. (Take g = 10ms?)

(b) (i) the time interval between the ball striking the ground and the player kicking it again.

(i) the height of the ball above the ground when it is kicked again (take g = 10ms™)

Solution ) (b)(i) x = ucoset
y = usinBt - = gt?

2 1 = 8cos (30)t
At AB:
0=8sin30xt-% x 10 t2 t=0.1443s
t=0.8s (ii) y = usin6t - = g2
X = cosBt = 8cos30 x 0.8 = 5.543m 2

-1

8ms u h = 4sin30 x 0.1443 % x 10 x (0.1443)?2
/K—\Mh h=0.185m
A B Tm
Example 10

Two objects A and B are projected simultaneously from different points. A is projected from the top
of vertical cliff and A from the base. Particle B is projected horizontally with a speed 28ms™ and A is
projected at an angle 6 above the horizontal. The height of the cliff is 40m and the particles hit the
same point on the ground, find;

(a) time taken and the distance from P to where they hit
(b) speed and angle of projection of A

Solution
28ms x=ut=28x ? =80m uasin® = 14............ (ii)
B . . .
Aom oA A For A: x =ucosBt (i) = (ii)
— —1& _ 0
P/ )30° 80 = uacosB x ? 0 =tan s — 266
uasin26.6 =14

(a) For B:y = lgtz uacosB =28 ........ (i)

’ 1 ua=31.3ms™
1 y = usinbt - = gt?

-40 =~ x — 9.8t 2

20

. 20 1 2
20 0=uAsm9x—-—x—9.8x(—)
t:7s 7 2 7
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Example 11

A particle P is projected a point A with initial velocity 30ms-1at an angle of elevation 300 to the
horizontal. At the same instant a particle Q is projected in the opposite direction with initial speed of
40ms-1 from a point at the same level with a and 120m from A. Given that the particles collide. Find
(i) angle of projection of Q (ii) time when collision occur.

ForQ For P

h=40sin®xt-~ x9.8t2.... (i) | X~ 300030t ....... (iii)
For Q

X 120-x

L (i) and (ii)
— H - 2 .
y = usinBt -~ gt 308in30 x £ < 40Sin6 x £ 120 —x = 40c0s24.5t ... (iv)

For P 0 =24.50 (iii)and (iv)
h = 30sin30 x t % x9.8¢2.... (i) t=1.09s
Example 12

A particle is projected from a point O with speed20m/s at an angle 60° to the horizontal. Express in
vector form its velocity v and its displacement, r, from O at any time t seconds . (05marks)

A 20m/s V= 10i + (10v3 — gt)j = 10i +
y (10V3 — 9.81)j
Or
V= ( 10 )
60° N “\10v3 - 9.8t
0 X 7 10
r=fvdt=f( )dt=
Attimet=0 Lo 10v/3 — 9.8t
;/= 2AOc0560°i +20sin60% = 10i + 10V/3] (10 V3t — 4_9t2)+ c
utA=-gj ~ (0
At any timet, att=0,r= (0)
i 0 0 0
V= =- — -
fadt ng dt = (0) (0) +cc (0)
=-gtj+c
Att=0 . 10t
Hence attimet, r= ( 2)
10i + 10v/3j =0 + ¢n 10v/3t — 4.9t
= Attimet
Example 13

A particle is projected at an angle 600 to the horizontal with velocity of 20ms™. Calculate the
greatest height the particle attains. [Use g = 10ms™]

y 20ms? Use v? = u? + 2as; at maximum height, v=0
H 0=(20sin60)? — 2gH
60° -
I H=15m
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Examples 14

A particle is projected from ground level towards a vertical pole 4m high and 30m away from the
point of projection. It just passes the pole in one second. Find

(i) its initial speed and angle of projection

(ii) the distance beyond the pole where the particle falls
Solution

ums!
y B=tan"! (§)= 16.5°
pole
o 5] 4m A\ 30 = ucos16.5
< >< N'g ,
30m p u=31.29ms

(>)x=ut butt=1 (b) At point O and A, y=0
30 = ucosB x 1 y= usinet—%gt2
30 = UCOSO e, (i)

0=31.295in16.5T % x 9.8xT?2
(M)y=ut-3gt?

T=1.8136s
4=usinBx1 -% x 9.8 x 12 Range, R= ucos8T
4 =ysin®@-4.9 R =31.29c0s 16.6 x 1.8136 =54.36m
8.9 = usind .......... (ii) p=54.36-30=24.36m

(ii) = (i)

Revision exercise 2

1. A particle projected at an angle of 30° to the horizontal with velocity of 60ms™. Calculate
(a) time taken for the particle to reach maximum height [3s]

(b) maximum height [45m]
(c) horizontal range of the particle [312m]

2. A particle is projected from an origin O and has an initial velocity of 30v2 ms?at angle 450 above
the horizontal. Find the horizontal and vertical components of displacement 2s after projection.
[60m, 40.4m] Hence find the distance of motion of the particle at that time [72.3m]

3. A particle projected from a point on the level ground has horizontal range of 240m and time of
flight of 6s. find the magnitude and direction of velocity of projection [SOms?, 36.9°]

4. A particle is projected with a velocity of 30ms™ at an angle of 40° above the horizontal plane. Find

(i) the time for which the particle is in air [3.95]
(ii) the horizontal distance it travels [22.9m]

5. Abody is projected with a velocity of 200ms-1 at an angle of 300 above the horizontal. Calculate
(i) time taken to reach the maximum height[10.2s]

(ii) its velocity after 16s [183ms™ at 19.1°]

6. A footballis kicked from O on a level ground. 2s later the football just clears a vertical wall of
height 2.4m. If O is 22m from the wall, find the velocity with which the ball is kicked.
[15.6ms™* at 45° above the horizontal]
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

A particle is projected from a level ground in such away that its horizontal and vertical

components of velocity are 20ms™ and 10ms™ respectively. find

(a) maximum height of the particle [5.0m]

(b) its horizontal distance from the point of projection when it returns to the ground. [40m]

(c) the magnitude and direction of the velocity on landing [ 22.4ms™ at 26.6° below the
horizontal]

A particle is projected with a speed of 25ms-1 at 300 above the horizontal. Find

(a) time taken to reach the height point of the trajectory. [1.5s]

(b) the magnitude and direction of velocity after 2.0s.[ 22.9ms™ at 19.1° below the horizontal]

A particle is projected from the origin at a velocity (4i + 13j)ms™. Find the position vector and

distance of the particle in 2s after projection (take g = 10ms™) [(8i + 6j)m, 10m]

A particle is projected from the origin at a velocity of (4i + 11j)ms™’. and passes a point P which

has a position vector (8i + xj)m. Find the time taken for the particle to reach P from O and the

value of x. [2s, 2.4m]

A Particle is projected from the origin at a velocity of (7i + 5j))ms™ and passes a point P which has

position vector (xi — 30j)m. Find the time taken for the particle to reach P from O and the value of

X [3s, 21]

A particle is projected from the origin at velocity of (4i + 2j)ms™. Find

(a) the direction in which it is moving after 1s[63.43°]

(b) Two second later after launch of the first particle, a second particle is projected from the
same point with a velocity (8i — 26j)ms™. Show that the two particles collide and find the time
and position at which this occurs [ t =4s, (16i — 72j)m]

A particle is projected at 84ms™ to hit a point 360m away and on the same horizontal level at the

point as the point of projection. Find the two possible angles of projection. [15°, 75°]

A golfer hits a golf ball at 30ms™ and wishes it to land at a point 45m away, on the same

horizontal level as the starting point. Find the two possible angles of projection. [4.7°, 75.3°]

A particle is projected from a horizontal ground and has an initial speed of 35ms™. When the ball

is travelling horizontally, it strikes a vertical wall. If the wall is 25m from the point of projection,

find the two possible angles of projection. [11.8°, 8.2°]

A particle is projected from a point O and passes through a point A when the particle is travelling

horizontally. If A is 10m horizontally and 8m vertically from, find the magnitude and direction of

the velocity of projection. [14.8ms™, 58° above the horizontal]

A stone is projected at an angle of 20° to the horizontal and just clears a wall which is 10m high

and 30m from the point of projection. Find the

(a) speed of projection [73.78ms™]

(b) angle which the stone makes with the horizontal as it clears the wall [16.9°)]

A particle is projected from a point on a horizontal plane and has an initial speed of 28ms-1. If the

particle passes through a point above the plane, 40m horizontally and 20m vertically from the

point of projection, find the possible angles of projection. [45°, 71.6°)

Two objects A and B are projected simultaneously from different points. A is projected from the

top of a vertical cliff and B from the base. Particle A is projected horizontally with a speed 3u ms™?

and B is projected at an angle 8 above the horizontal with speed 5u ms™. The height of the cliff is
56m and the particles collide after 2s, find

(a) horizontal and vertical distances from the point of collision to the base of the cliff.

[42m, 36.4m]
(b) value of angle uand 8. [7ms?, 53.19)

digitalteachers.co.ug



c. Objects projected upwards from a point above the ground at an angle to the horizontal

Suppose an object is projected with velocity u at an angle 6 from a height h.

\8

ums™’

<
~

W

Example 15

\/

Horizontal: ux = ucosB,a=0

Vertical: uy = usin6, a=-g =-9.8

A bullet is fired from a gun at a height of 200m with velocityl50ms-1 at an angle of 300 to the
horizontal. Find

(i)

200m

(ii)

maximum height attained.

150ms!

300 H

vZ=u?+ 2as
at maximum height, H, v =0
02 = (150sin30)?— 2 x 9.8H

H=86.70m

v

<
X

N
rd

Time taken for the bullet to hit the ground

y = usinBt - %gt2

t=17.61s,ort=-2.32s

y = -200m since it’s below the point of projection time taken = 17.61

-200 = 150sin30t - %x 9.8t2

Example 16

A particle | projected with a speed of 36ms™ at an angle of 40° to the horizontal from a point 0.5m
above the level ground. It just clears a wall which is 70 metres on the horizontal plane from a point
of projection. Find the;

S\
~

36ms’?

0.5m

£
<

A\

70m
Vx = 36c0s40°
Vy = 36sin40°
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(a) (i) time taken for the particle to reach
the wall.

Time take to clear the wall = time taken to
cover a horizontal distance of 70m

Usin X= Vxt

70

t=———>=2.5384s
36sin40




(i) height of the wall (08marks)
Using h = usinBt - %gt2
=365in40° x 2.5384 % x 9.8 x (2.5384)2
=27.1664 + 0.5 =27.6664m
(a) Maximum height reached by the particle from the point of projection. (04marks)
From v2 = u? +2as
At maximum height vertical component of velocity is zero
= 0=(36sin40%)? —2x9.8H

Y - (36sin 402)*
2x98

=27.32m

Example 17

A particle is projected at an angle of 30° with speed of 21ms™. If the point of projection is 5m above
the horizontal ground, find the horizontal distance that the particle travels before hitting the ground

21ms!
y =-5m since it’s below the point of
projection
300
5 = 21si 1 2
5m 5=21sin30T >X 9.8T
—>
- > > T=2.54s
(=):x=ucosOxT
y = usinBt - - gt? = 21c0s30 x 2.54 = 46.19m
Example 18

A stone is thrown from the edge of a vertical cliff and has initial velocity of 26ms™ at an angle of
tan~! (15—2) below the horizontal. The stone hits the sea at a point level with the base of the cliff and
72m from it. Find the height of the cliff and the time for which the stone is in the air.

Take g = 10ms=. ,
10 x 722 1+((—i)) ]
u=26ms’’ h=72 X( N 1_52) - 2 x 262 -

h=75m below the point of projection

72m X = ucosot
B gx?%(1+ tan?9) - [ _ -15 ] i =
y = xtan® - —a 72 =26|cos ( tan 12) t;t=3s
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Revision exercise 3

1. Astone is thrown from the edge of a vertical cliff with velocity of 50ms™ at an angle of tan™*! Z

24
above the horizontal. The stone strikes the sea at a point 240m from the foot of the cliff. Find

the time for which the stone is in air and the height of the cliff. [5s, 52.5m]

2. A particle is projected with a velocity of 10ms-1 at an angle of 45° to the horizontal; it hits the
ground at a point which is 3m below the point of projection. Find the time for which it is in the
air and the horizontal distance covered the particle in this time. [1.76s, 12.42m)]

. . . _13 .
3. A batsman hits a ball with velocity of 17ms™ at an angle tan™?! " above the horizontal, the ball

initially being60cm above the level ground. The ball is caught by a fielder standing 28m from the
batsman. Find the time taken for the ball to reach the fielder and the height above the ground
at which he takes the catch. [2s, 2m]

4. Astone is thrown from the edge of a vertical cliff 70m high at an angle of 300 below the
horizontal. the stone hits the sea at a point level with the base of the cliff and 20m from it. Find
the initial speed of the stone and the direction it is moving when it hits the sea.

[6.69mms™, 81.2°]

5. Avertical tower stands on a level ground. A stone is thrown from the top of the tower and has

1

an initial velocity of 24.5ms™ at an angle of tan~ %above the horizontal. The stone strikes the

ground at a point 73.5m from the foot of the tower. Find the time taken for the stone to reach
the ground and the height of the tower. [5s, 24.5m]

6. A stone is thrown from the top of a vertical cliff, 100mabove sea level. The initial velocity of the

1

. . 15 . .
stone is 13ms-1 at an angle of elevation oftan o Find the time taken for the stone to reach

the sea and its horizontal distance from the cliff at that time. Take g = 10ms2. [5s. 60m]

1

7. A golfer hits a golf ball with a velocity of 30ms™ at an angle of tan~ % above the horizontal. The

ball lands on green 5m below the level from which it was struck. Find the horizontal distance
travelled by the ball. Take g = 10ms2. [90m]

8. A pebble is thrown from the top of a cliff at a speed of 10ms™ and at 30° above the horizontal. It
hits the sea below the cliff 6s later. Find
(a) the height of the cliff [150m]
(b) the distance from the base of the cliff at which the pebble falls into the sea. [52m]

9. An arrow is fired from a point at a height 1.5m above the horizontal. It has a velocity of 12ms™?
at an angle 30° above the horizontal. The arrow hits the target at a height of 1m above the
horizontal ground, find

(i) time taken for the arrow to hit the target [1.3s]
(ii) horizontal distance between where the arrow is fired and the target. [13.51m]
(iii) speed of the arrow when the arrow hit the target [12.39ms™]
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Standard equations of the projectile

Suppose an object is projected with velocity u at an angle 8 from a horizontal ground

A ~ .
>x axis

(a) Maximum height (greatest height), H
For vertical motion, at maximum height v =0,
a=-g=-9,8ms> _ (usin®)?

H
vZ=u? +2as 29

0 = (usinB)? — 2gH

(b) Time to reach maximum height
(7): v =uy + at, at maximum height, v=0
0 =usinpu—gt

usiné

g
(c) Time of flight, T

(N):sy=uyt - %gt2

0 = usindT - %gT2

AtAs,=0 T = 2usinf
g
(d) Range
(=) x = ucosbt _2u®cosfsind
R =ucosOT g
= ucosb. Zusing 2u?sin20
g R= P

(e) Maximum range

for maximum range sin26 =1 R _2u?sin90 _ u?

L1 max ~ -
20=sin""1 g g
20=90

(f) Equation of trajectory
A trajectory is expresses zin terms of horizontal distance x and vertical distance y
(): x = ucosbt

__x . ~ gx?

t ucos@ T f|) y = Xtane _zuzcoszg

(1): y=usinbt - Egtz e (i) — xtand _gxzziezcze

putting (i) into (ii) 932 (1+ tan?8)
x 1/ x \2 y=xtan@ -—————

y= usme(ucos@) ) Eg(ucose)
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Example 19

A ball is projected from the horizontal ground and has an initial velocity of 20ms™ at an angle of

1

. 17 . . . o . .
elevationtan o When the ball is travelling horizontally it strike a vertical wall. How high above the

ground does the impact occur.

Projectile travel horizontally at maximum height

0y2  202sin!(tan~1-Z.

H = (usin6)” _ ( 24) =1.6m
29 2x98

Example 20

A particle is projected from a point on a horizontal ground at a speed of 84ms™. If the particle hits a
point 300m away and on the same horizontal plane as the projection, find the

(i) angle of projection
R _2u?sin26

g

.
360=w .9 =15°0r 9 = 75°

(ii) maximum height
i 2 2cin2
Hy = (usin®) _ 84“sin“(15) -24.1m
29 2x9.8
_ (usin®)® _ 84%sin?(75) _

H, =335.9m
29 2x9.8

(iii) times of flight

2using _ 2x 84 x sinl5

T, = = 4.44s
g 9.8
T2 _ 2usiné _ 2x 84 x sin75 — 16.565
g 9.8
Example 21

A gun has its barrel set at an angle of elevation of 15°. The gun fires a shell with initial speed of
210ms™. Find the

(a) horizontal range of the shell
2u?sin26 _ 2x 842 x sin30

R= =2250m
g 9.8
(b) maximum range
2 2
R =22 =R =222 4500m
g g
Example 22

A stone thrown upwards at an angle 0 to the horizontal with speed ums-1 just clears a vertical
wall4m high and 10m from the point of projection when travelling horizontally. Find the angle of
projection.

Soluti g = usind)? 10g = u?cosBsind ......(ii)
olution 29
. . (i)=(ii)
Projectile travel horizontally | 8g=u’sin’0 =......... (i)
8
0=tan ! —=38.7°

at maximum height Also, X = ucosBt and t = %252 an

in0)2
H= (uS;ne) X = ucose( m)

7 g
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Example 23

If the horizontal range of a particle with velocity u is r, show that the greatest height H is satisfied by
the equation 16gH? — 8Hu? + gR*=0

(using)? - _J9R 2 _ 9R?

H= T cos8 2u?sin@ cos"® Tgu?H
2 .
sin2@ = 29 (i) cos? =4u(f_:3126 ........ (ii) Cos’0+sin’6 = 1
s
. N 2gH | gR?
R L2u?sin20 (i) and (ii) T guzg -1
g
. cos?g =R 16gH? — 8Hu? + gR2 = 0

gR = u?(2cosBsind) aut(297)
Example 24

A ball is projected from point A and falls at point B which is in level with A at a distance of 160m
from A. The greatest height of the ball attained is 40m. find the;

(a) angle and velocity at which the ball is projected (10marks)

u Eqn. (i) and eqgn. (ii)
R=2x 2_95 .—Smewse = 4HcotB
sin?6
H=40m N\ | (i)
) Substituting for R and H in eqn. (iii)
L N
R =160m 1606— 4 x 40cotb

Using v2 = u? + 2as ';an __11 1 = 450

v2 = u’sin?0 — 2gh - ta.n T 45

Substituting for 6
At maximum height vy =0 y2 = 291 _ 2x40x98
sin26 sin2 450
— 112cin20 _
0= u'sin’® - 2gH u= [F222 - 39.60ms*
2gH sin< 45
2 _ .
e —— (i)
2
Range, R = W .................................... (ii)
(b) time taken for the ball to attain the greatest height (02marks)
. . 0
_ usin 6 _ 39.60 x sin 45 — 285735
g 9.8
Example 25

A boy throws a ball at an initial speed of 40ms™ at an angle of elevation 6. Taking g = 10ms?, show
that the times of flight corresponding to a horizontal range of 80m are positive roots of the equation
T4 - 64T + 256.

2 j X = ucos6t 2
R = 2u CO;GSLTIQ < 12) N (%)2 .
80 = 2 x 402cos0sinf 80 = 40cosOT 4xT
10 2
2 . T2 4
sinBcosB =0.25 cos B = e (i) atm== 1
. 1 .
sinB = pym R (i) but Sin?6 + o8 < 1 T 64T + 256
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Example 26
A particle projected from a point O on a horizontal ground moves freely under gravity and it hits the
ground again at A. Taking O as the origin, the equation of the path of the particle is 60y = 20+/3x -x2
where x and y are measured in meters. Determine the

(a) initial speed and angle of projection

_ .2
60y = 20\/2§x X 6= tan-1 (ﬁ): 30° g(1+ tan?8) _1
ENE 3 2u? 60
Y=3% "%
Comparing with gx*(1+tan?6) _ x? 28(143) _ 1 1
s s 712 60 - =—,;u=19.8ms
- xtang 9% (1+ tan?0) 2u 60
y =xtanf ——————
(b) Distance OA
AtA,y =0 0= (20v3 — x)x
0= 20v3x -x2 x=20V3m
Example 27

A particle is projected from a point O on a level ground with initial speed 30ms™ to pass through a
point which is a horizontal distance 40m from O and a distance 10 vertically above the level of O.

(a) Show that there are two possible angles of projection
(b) If these angles are a and B, prove that tan (a+ B) = -4, take g = 10ms™

i 36
Solution (b) tana+tan[3=§
17
tana tanf = 5
tan(a + B) _ tana+tanp
- 1-tanatanf
36
)
17
Sy
2(1+ tan?6 £
y = xtand Ljn) _ %
2Uu 8—-17
10 x 40(1+ tan?0 8
10 = 40tang ~2x 200+ tan”0)

2 x 30 36 8
8tan,0 — 36tanf + 17 = 0 )
since it’s quadratic equation in tan6;

) a g tan(a + B) =-4
it has two roots and hence two values of 8 < 90

Example 28

A particle is projected with a speed 10\/Ems—lfrom the top of a cliff 50m high. The particle hits the
sea at a distance of 100m from the vertical through the point of projection. Show that there two
possible directions of projection which are perpendicular. Determine the time taken from the point
of projection in each case.
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Hence they are perpendicular

10v/20g ms!
6 For horizontal motion
X = ucosBt
50m
6, = tan"'(2 +/5)= 76.72°
10om tp=——o 20 _983s
0x2(1+ tan6) " oygcost7eTzt
v otend- 2u21002(1 29) 6, =tan"1(2 — \/§)= -13.36°
_ gx + tan '
-50 = 100tan® 2% 1007 29 100
tanze -4tan6-1=0 tz = 10,/2g cos(—13.389) =2.32s

tand; = 2+V/5 and tan®, = 2-V/5
tanB; tanB,= (2+V5)( 2-V5) = -1

Revision exercise 4

1

1. A golfer hits a ball with a velocity of 44.1ms-1 at an angle of sin™ %above the horizontal. The

ball lands on the green at a point which is level with the point of projection. Find the time for
which the golf ball was in air. [5.4s]

2. atennis ball is served horizontally from a point which is 2.5m vertically above a point A. The ball
first strikes the horizontal ground through A at a distance 20m from A.

(i) show that the ball is served with speed 28ms-1

(ii) During its flight the ball passes over a net which is horizontal distance 12m from A. Find
the vertical distance of the ball above the horizontal ground at the instant when it
passes over the net. [1.6m]

3. An aircraft, at a height of 180m above horizontal ground and flying horizontally with speed of
70ms? releases emergency supplies. If these supplies are to land at a specific point, at what
horizontal distance from this point must the aircraft release them? {take g = 10ms?) {420m]

4. Astoneis projected from top of a vertical cliff of height of h and the stone attains a maximum
height (h+ b) above the ground. The stone strikes a sea at a distance, a from the foot of the cliff.
Prove that the angle of elevation 8 of the stone is given by a*tan?0 -4abtan® —4bh =0

5. Attimet=0a particle is projected from a point O on a horizontal plane with speed 14ms™ina

direction inclined at an angle tan™?! z above the horizontal. The particle just clears the top of a
vertical wall, the base of which is 8m from O. Find

(a) time at which the particle passes over the wall [g s]

(b) height of the wall [3.5m]

6. A particle P is projected from a point O with a speed of 60ms-1 at an angle cos™!

4
5 above the

horizontal. Find

(a) time the particle takes to reach the point Q whose horizontal displacement from O is 96m.
[2s]

(b) height of Q above O [52.4m]

(c) speed of the particle 2s after projection [ 50.7ms™]

1

7. A particle P is projected from a point O with a speed50ms™ at an angle sin™ % above the

horizontal. Find
(a) height of P at the point where its horizontal displacement from O is 120m[4.375m]
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(b) speed of P 2s after projection. [48.3ms™]

(c) times after projection at which P is moving at an angle of tan™!

[0.204s, 2.65s]

8. Achild throws a small ball from a height of 1.5m above level ground, aiming at a small target.
The target is on top of a vertical pole of height 2m from the ground and horizontal displacement
of the child from the pole is 6m. The initial velocity of the ball has magnitude ums™ at an angle
of elevation 40°. The ball moves freely under gravity. (Take g = 10ms?)

(a) For u=10, find the greatest height above the ground reached by the ball. [3.6m]
(b) Calculate the value of u for which the ball hits the target[8.2]

9. Agirl thrown a stone from a height of 1.5m above the ground with speed of 10ms™ and hits a

bottle standing on a wall 4m high and 5m from her. Take g = 10ms™.

(a) Show that if a is the angle of projection of the stone as it leaves her hand then
1.25tan’a — 5tana +3.75=0

(b) the horizontal component of the stone’s velocity has to be6ms™ for the bottle to be
knocked off. By solving the above equation or otherwise, show that a has to be 45° for the
bottle to be knocked off.

10. A basketball is released from player’s hands with a speed of 8ms™ at inclination of a® above the
horizontal so as t land in the centre of the basket, which is 4m horizontally from the point of
release and a vertical height of 0.5m above it. Take g =10ms™.

(a) show that a satisfies the quadratic equation; 5tan’a — 16tana + 7 = 0
(b) Given that the player throws the ball at a large angle of projection find a for the ball to land
in the basket. [70°, 1.43s]

%to the ground

Thank you
Dr. Bbosa Science
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