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Variable acceleration
This occurs when the rate of change of velocity is not constant.
Differential calculus

Let r = displacement, v = velocity and a = acceleration and are functions of time, t.

. dr . . dv d2r
velocity, v =— while acceleration,a=— = —
dt dt dt?

Differentiation; displacement => velocity => acceleration
Example 1

A particle moves along a straight line such that after t seconds, its displacement from a fixed point is
r metres where r = 8t% — t%j. Find

(a) velocity after t seconds (b) velocity after 1s (c) speed after 1 s

Solution
V(e=1)= (16i -4j)ms™

(c) speed = |v(t=1)|: V162 — (—4)?

=16.49ms™>

_dr _ d(8t?i—t*j)
Vi=t) =3 = dt

= (16ti — 4t3))ms™?

(b) whent=1
Example 2

A particle move along a straight line such that after t seconds its displacement from a fixed pointis s
in metres where s = 2sinti + 3costj. Find

(a) acceleration after t seconds (b) acceleration after gs (c) magnitude of acceleration aftergs

dr __ d(2sinti + 3costj) b h t= T
@ve=n=; =0 (b) whent="s
= (2costi — 3sintj)ms™? = (-2sin(%)i - )iy = -2i ms?2
( ) a(tzg) ( 25|n(2)| 3COS(2)J) 2ims
_dv __ d(2costi - 3sintj)
Ae=t) =g = dt _\Z2 _02 - 2
(=2)2-0 =2ms
=(-2sinti — 3costj)ms™
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Example 3

A particle moves along a straight line such that after t seconds its displacement from a fixed point is

sin 2t
swheres = t+1 . Find

cost +sint
(a) velocity whent = gs (b) speed when t= %s (c) acceleration when t :gs
Solution
dr  d[sin2ti +(t+1)j+(cost+sint)k] (b) v =5 = \/(—2)2 + 12 + (—1)2
Vie=t T e T a =2
=2c0s2ti + j + (sint —cost)k =2.45ms’
T _dv __ d[2cos2ti +j+(sint—cost)k]
When t = 55 (c) age=r) = P dt
_ 2m\ ., .m T = -4sin2ti + (cost + sint)k
v(t%) = 2 cos ( > ) i +j+ (sin S — €os 2)k
= —4sin2 (5) i + [cos + sin =]k
= (-2i + ] —k)msL a(tzg) = —4sin > i + [cos > S >
a =kms?
Example 4
A particle moves in x-y plane such that its position at any time t is given by r= (3t>1)i + (4t> + t -1)j.
Find (a) speed after time t =2 (b) magnitude of acceleration after t = 2s
dr _ d[(3t2-1)i+(4t3+t-1)]
Vipopy = — = dv _ d[6ti+(12t%+1)j]
(t=t) _av _
a a (b)ag=ry=7; = dt

=6ti + (122 + 1)j ms™?
i+ ) = (6i + 24tj)ms™

when t = 2s
when t = 2s
Vo=n=fox2i+(12 241 ms ooz~ 61 =+ (24X 2)j = (6 + 48i)ms
= [12i + 49j] ms™?
[12i + 49j] ms |a(e=z|= V67 + 487 = 48ms?
speed = |v(t=2)| = V122 + 492 =50.45ms™*

Revision exercise 1

1. The position vector of a particle at any time (t) is given by r(t) = [(t? + 4t)I + (3t — t3)j]m. Find the
speed of the particle at t =3seconds. [26ms™]

2. The displacement of a particles after t seconds is given by r = t3i + 9t]. Find the speed when t =
2s. [15ms?]

3. The displacement of a particle after t seconds is given by s = 2+/3 sinti + 8costj. find the speed
whent = %s. [5ms™?]

4. The displacement of a particle after t seconds is given by r = 8t3i + 2t%. Find
(i) acceleration when t = 1s [(6i+ 4j)ms?]
(ii) magnitude of the acceleration when t = 1s [7.21ms™?]
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10.

11.

12.

The velocity of a particle after t seconds is given by v = sin2ti — costj. Find
(i) acceleration whent = %s [(-2i + j)ms?]
(ii) magnitude of acceleration when t = %s [2.24ms?]

The velocity of a particle after t seconds is given by v = 2t% + 6j. find the magnitude of
acceleration when t=3.[12ms?]
t? -5

23 2>m. Find the

A particle of mass 6kg moves such that its displacement s = (

(a) velocity after time t [2ti + (2t — 3)j ms™]
(b) speed of the particle att = 2s [15ms™]

(c) acceleration and hence determine the force acting on the particle [2i + 2j)ms?, (12i + 12j)N]
t2—4t—5

2 _apy 3>m. Find

A particle of mass 2kg moves such that its displacement s = (

(a) speed of the particle at t= 2s [0ms™]

(b) force acting on the particle [(4i + 4j)N]

A particle of mass 4kg moves such that its displacement s = (t3 —t? — 4t + 3)I + (t3 -2t% + 3t -7)j.
Find the

(i) the speed of the particle at t=4s [50.21ms™]
(ii) magnitude of the force acting on the particle when t = gs [8N]
. N _( 4sin2t .
A particle of mass 0.5kgmoves such that its displacement r _(Zcost _ 1)m. Find the

(a) velocity of the particle after t = %s [(4i —j)ms™]

(b) force acting on the particle at any time t [(-8sin2ti —cost;j)N]

A particle of mass 2kg moves such that its displacement r = (2 — cos3t)l + (6sin2t)j. Find the
(a) velocity of the particle att = %s[(3i +6j)ms™]

(b) force acting on the particle at t = ms[-18N]

A particle moves such that its displacement s = (2sint +sin2t)l + (4cost + cos2t)j. Find the
(a) velocity of the particle at t = %s [-.%\/Z«:ijs‘1

(b) acceleration of the particle at t= Zs [(-2i + 4j)ms™?]
2

Integral calculus

If r, v or a are function of time t;

velocity, v= [ adt + ¢ and displacement, r= [ vdt + ¢

integration; acceleration => velocity => displacement

Example 5

The velocity of the particle v = 3t% + 10tj. Given that the displacement is 4i- 4j at t = 0. Find the
distance of the body from the origin when t = 2s.

r=Jvdt+c
re=t) = J(Bt?i +10tj)dt + C

T(¢=t) = [(t3 + 4)1 + (Stz — 4)]]

T=ty = t3i+5t%+C when t = 2s

Att = 0,7 = 4i — 4j
4i -4j = 0% + 5x 0 +C

c=4i-4j

Te=z) = [(2° + 4)i + (5x22 — 4)j] = (12i + 16))m

|7 (t=2y| = V122 + 16% = 20m
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Example 6
A particle is accelerated from rest at the origin with an acceleration of (2t + 4)ms™. Find
(a) velocity attained after t = 2s (b) distance travelled at t = 1s

Solution

—p) = 2t% + 4t _ o
v=[adt+c V(=0 0=2+2x0%+c

V(t=z) = 2x2% + 4x2 = 12ms™

v=[(2t+4)dt + ¢ c=0

r=Jvdt+c 3
v(tzt) = th + 4t tc f T(tzt) = %‘l‘ 2t2

Te=t) = J2t* +4t)dt + ¢

Att=0,v=0 13
3 Te=1) =5+ 2x1%2=2.33m
0=2(0)>+4(0)+c Te=p) =5+ 2t2 + ¢
c=0 Att=0,r=0
Example 7

A particle is accelerated from rest at the origin with acceleration of (4t + 2)I — 3j. Find

(i) velocity attained after t = 3s (ii) speed after 3s
Solution
c=0
v=[adt+c

Vie=py = (2t% + 2t)i — 3tj
v=[{(4t+2)i - 3j}dt + ¢
Ve=3) = (2x 3%+ 2x3)i —3x 3j
Vie=r) = (22 +20)i = 3tj + ¢
=24i -9j
t=0,v=0

Speed = |v/r_a| = /242 + (—=9)2 = 25.63ms™?
0=(2x0%4+2x0)i—3x0j+c P [vee=s)| (=9)

Example 8

A particle starts from origin (0, 0). Its acceleration in ms™ at time t seconds is given by a = 6ti -4j.
Find its speed after t =2s
v=[adt+c c=0

v=[(6ti —4j)dt + c V(r=r) =3t% -4t
Ve=r) =3t -4tj + ¢ V(e=2) =3 X 2% -4 X 2t
Att=0,v=0 =12i- §j

0=3x0%-4x0j+c Vt=z) = /122 + (—8)% = 14.42ms 2

Example 9

An object of mass 5kg is initially at rest at a point whose position vector is -2i+j. If it is acted on by a
force F = 2i + 3j -4k. Find
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(i) acceleration
F=ma

Aer=r) = é(Zi + 3j —4k)ms™2
(ii) speed after t=3s

v=[adt+c
Vie=t) =§f(21 +3j —4k) +¢
=§(2ti + 3t —4tk) + ¢

Att=0,v=0

(iii) its distance from the origin after 3 seconds

r=fvdt+c

re=p = 3 [ (2t + 3t) —4tk) + ¢
re—p =3 (i + L5t —2%k) + ¢

Att=0,r=-2i+]
-zi+j=§(ozi + 1.5x0% —2x02%K) + ¢
c=-2i+]

Example 10

0=-
5

(2x0i + 3x0j —4x0Kk)+c
c=0

Viemt) = %(Zti + 3t — 4tk)

V(e=3) =¢ (2% 31 + 3x3j — 4x3K)

=§(6i + 9j — 12tk)

|[v(e=3)| =£1/62 + 92+ (—=12)2 =3.23ms"

re=e) = {(t? — 10)i + (15t? + 5)j — 2t2k}
Tiee3) = %((32 —10)i + (1.5x 32 + 5)j — 18K)

= %(—i +18.5] — 2x 3%k)

[r(t=3)| = V/(=1)? + (18.5)% + 182=5.166m

A particle starts from rest at point (2, 0, 0) and moves such that its acceleration in ms-2 at time t
seconds is given by a = [16cos4ti + 8sin2tj + (sint -2sin2t)k]ms™. Find the

(a) speed whent= %.

a = [16cos4ti + 8sin2tj + (sint — 2sin2t)k]ms™

v=[adt

= [[16cos4ti + 8sin2tj + (sint- 2sin2t)k]dt
= [4sin4ti — 4cos2tj + (-cos t + cos2t)k]+ c

Att=0

0 = [4sin0i — 4cos0j + (-cos 0 + cos0)k]+ ¢

0=-4j+c
c=4j

= v = [4sin4ti + (-4cos2t + 4)j + (-cos t + cos2t)k

Att=12
4

= v =[4sinmi + (—4cos§ +4)j + (-cos % + cosg)k

:4j—coszk
4

2
lv| = J42 + (— cos %) = |16 + E:\/16.5 =4.062ms™

(b) distance from the origin when t = %

s=[vdt

=[[4sin4ti + (—4cos2t + 4)j + (—cost + cos2t)k
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=-cos4ti +(-2sin2t + 4t)j + (-sint + %sinZt)k +cC
Att=0,s=2i
By substitution
2i= -cos0 i +(-2sin0 + 4(0))j + (-sin0 + %sinz (0))k+c
2i=-l+c
c=3i
= s=(-cos4t + 3)i +(-2sin2t + 4t)j + (-sint + %sinZt)k

Att==Z
4

= s =(-cosm + 3)i +(—25ingt +m)j + (—sin% + %sin g)k
s . V2 1
—4I+(T[-2)j+ (—7+ E)k
= 4i + 1.416j — 0.207k
|s|=\/4% + (1.416)2 + (—0.207)2

= 4.24828
= 4.248 (3D)

Vector approach of finding work and power
Work done by a variable force is a dot product
W= F.d or W=y = [ Fvdt

Since power, P =F.v

Example 11

A particle of mass 4kg starts frm rest at the origin. It is acted on by a force F = (2ti + 3t + 5k)N
Find the work done by the force after 3 second
Solution

F=ma Viemry =5 (21 + £ + 5tk)
ag=p) = 5 (211 + 3% + 5K) V(e—z) =5 (3% + 3% + 5x3k)
v=[adt+c

) Vie=ey =7 (91 + 27j + 15k)
Vie=t) = Zf(Zti + 3t%j + 5k)dt +c¢

[v(e=p)| = V97 + 277 + 157
=~/1,025ms

_1 2 2
Wt=0 and t=3) = M(Ve=3" — Vp=0")

1,5, .
Vie=t) =Z(t21 + t3j + 5tk) + ¢
Att=0,v=0

0=1(0% + 0% + 5x0K) +¢

1 1
cco =2x4 (= x1,025 — 0) = 129.375)
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Alternatively

P(t=t) =F17

o (B

3
Wit=0 and t=3) = fo F.vdt

2t
3t?2
t

t2
t3

) = (263 +3t5 + 5t2)
5t

Example 12

% f03(2t3 + 3¢5 +5¢2) dt
=22t +1e0+ Etzr
al2 2 2 1

{(

=129.375]

1

4

Zx 3+

: §x36+§x32)—0}

A particle of mass 3kg moves along a straight line such that after t seconds its position vector is s

25t + 4t2
50 + 2t2
15 + 3t?

). Find

metres where s = (

(a) Magnitude of force

25t + 4t? 25+ 8t
_ds _ d 2 _
Vie=t) =, = ¢\ 20 +2t° | = 4t
15 + 3t2 6t
25+ 8t 8
d d _
A=ty = d—z = E( 4t ) = (4)ms 2
6t 6
(b) Power whent=2s
P(t=t) = FU
25+ 8x2 41
Vimpy = 4x2 =| 8 |ms™t!
6x?2 12
24 41
Pi=py=[(12].1 8 | = 1,296ms?
18 12

(c)

1
_ 2 2
W(t=1and t=2) -Em(vtzz = V1)

25+ 8x1 33
vie=1) =| 4x1 =| 4 |ms!
6x1 6

[veeny| = V332 + 42 + 62 =V1141ms?
[v(e=1)| = V417 + 87 + 122 =/1889ms"

1 2 2
W(t=1and t=2) —Em(vt=2 — Vg=1")

1

=~x3 (1889 — 1141) = 1122

Alternatively

P(t=1) =F.v
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|F| = V122 + 122 + 182
=32.31N

Work done on the particle between t = 1s and t=2s

24
12
18

25+ 8t
4t
6t

(M

2
W(t:l and t=2) =f1 F.vdt

> = (600 + 348t)

=/ (600 + 348¢)dt

[600t + 174t2]?
= (12000 + 696) — (6000 + 174)

=1122)




Example 13
A particle of mass 10kg starts from rest at a point A with position vector (4i + 3j + 2k)m. It is acted on
by a constant force, F = (8i + 4j + 6k)N causing it to accelerate to B after 4s. Find the

(a)

(b)

(c)

(d)

(e)

Alternative 1

) 8 x4 3.2
Vie=g) = 75| 4x4 )= (16 |ms™
6x4 2.4

V(e=4) = V3.22 + 1.62 + 2.4? =V/18.56ms !

1
Wit=0 and t=4) = gm(v(t:z;)z - V(t:o)z)

Magnitude of acceleration
F=ma

1 . . _
=ty = 75((8i + 4j + 6k))ms 2
velocity at any time t
V=) = [adt +c

=~ [(8i + 4j + 6k)dt

1 , ;
Vie=t) = 75 (8ti + 4tj + 6tk) + ¢
Att=0;v=0
position vector point B
T(tzt) - fvdt + c
r(e=e) = 1o [ (8ti + 4tj + 6tk) dt +

rieme) = 7o (4670 + 262 + 3t%k) + ¢
Att=0, OA = (4i +3j + 2K)

~VBZ + 47 + 67

|a(t=t)| = 10
=1.077ms?

O=1—10(8x0i+4x0j+6x0k)+c
c=0
V(e=e) = 75 (Bti + 4tj + 6tk)

(2i+3j+2k)=1—10(4x02i+2x02j+3x02k)+c

c=(4i+3j+2k)
P(emt) = 7o (4820 + 262 + 3t2k) +(4i+ 3+ 2k)

Teet) = 1—10{(4t2 +40)i + (2t2 + 30)j + (3t% + 2)k}

the displacement vector AB

L [Ax 4% +40 10.4
OB=gy = 5| 2x4*+30 | = | 3.2 |m

3x4%+420 6.8

o 10.4\ /4 6.4
AB =0B-0A= ( 3.2 ) - (3) = (3.2>m
6.8 2 4.8

work done by the force F after 4s.

8\ /6.4
Wieay = F.r = [ 4].[3.2] =928
6/ \4.8

%x 10(18.56 — 0) =92.8)
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Alternative 2

P(t=t) =F‘U

8 L 8t
P(t=t) = (4).1—0<4—t> =11.6t
6 6t

4
W(t=0 and t=4) = fF.vdt = fO 11.6tdt

=[5.8t2]3
= [5.8 x 42— 0]

=92.8J



Example 14

3 _
A particle move along a curve such that after t seconds its position vector is r wherer =| 3 t 6

The particle is acted on by a force F = (2ti + t%j -2tk)N. Find

(a) Power at any time t.

t+1 .

10,3 _
V(t=t) = % = % R <10t2> ms~1

4 — étz —3t

2

2t 1
Pi=py=F.v=| t? |.|10t? | = 2t + 10t* + 6t>

-2t -3t

(b) work done by the force in the interval t = 1sand t = 3s
Wit=1and t=3) = ffF.vdt = ff 2t + 10t* + 6t2dt
= [t? + 23 + 2t°]3
W =(9+54+486) — (1+ 2+ 2)=544)

Example 15

2t2 3t
A particle of mass 2kg has a displacement vector s = ( 4t )m and a force F= <4t3> N. Find
8t3 5t

(a) workdoneatt=2s
W =F.v

3t 2t2
Wie=ey = | 4¢3 ).| 4t | = (6t +56t*)]
5t 8t3

Wit=2) = (6 x 23 + 56 x 2*) = 944)
(b) Power whent=4s

2t2 4t
_ ds _ d _ -1
Vi=t) = ;= | 4t | = 42 ms
8t3 24t

3t 4t
Pe=py=Fv=43|. 4 |= (12t +136t>)W

5t/ \24t?
P=ay = (12 x 4* + 136 x 4°)W = 8,896W

Example 16

1. Aforce F=(2ti+j—3tk)N acts on a particle of mass 2kg. The particle is initially at a point
(0,0,0) and moving with a velocity (i + 2j-k)ms™. Determine the:
(a) Magnitude of the acceleration of the particle after 2 seconds (04marks)

2t
F=(2ti+j—3tk)=< 1 )N
-3t
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v L 2t t
a=—= 5( 1 >=< 0.5 >ms‘1
-3t —1.5¢t

Att=2s

a=2i+0.5j -3k

la] =+/22 + 0.52 + (—3)% =3.64ms™
(b) Velocity of the particle after 2seconds (04marks)

t 0.5¢t2 ,
Z:fgdt:f< 0.5 >dt= 05t |+C 0.5t +1
—1.5¢ _7.5¢2 ~v={ 05t+2

At t = 0 initial velocity = (i + 2j—k) —7.5t2 -1

1 0 1 Att=2s
(2)=<0)+C=>c=<2> 052 +1\ /3
-1 0 -1 v=| 0.5(2)+2 =< 3 >ms‘1

-7.5(2)% -1 —4
(c) Displacement of the particle after 2 seconds (04marks)
t3
0.5t2 + 1 s tt 3+t
. ¢ A

f:detf< 0.5t + 2 )dt: t:+2t +C | %+2t
—75t2 -1 £3 - ¢3
—t— — —t— =

4 4

0 0 Att=2s
Att=0;({0|=1(0 +C 23
0 0 /?4—2\ 10
0 _ 12?2 _| 3
C=<O) r= :+2x2 =l 5 |m
0 _2_5 —4

Example 17

1. A particle of mass 4kg starts from rest at point (2i- 3j + k)m. it moves with acceleration a= (4i
+ 2j -3k)ms2 when a constant force F acts on it.
Find the:
(a) Force F (02marks)
F=ma

4 16
=4<2>= ( 8 )NorF=(16i+8j-12k)N
-3 —-12

(b) Velocity at any time t. (04marks)

V= fadt Substituting for ¢
v=at+c
4
4 4t
= t
(2)ese o (3)em (3 )

0 -3 —3t

Attimet:O,v:u=C:<O> orv=(4ti+2tj-3tk)ms?
0

(c) Work done by the force F after 6 seconds (06marks)
Work done = force (F) x distance (1)
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4t 2t? 2(6)? 2 74
— - - 2
r= fvdt—f< 2§t)dt-< 1t5t2>+c r= (©? |+ (—3):( 33)
) - ~1.5(6)2 1 —53
Att=0r=c= <_13> Work done = force (F) x distance (r)
2t2 2 16 74
Hencer = t2 + | -3 =< 8 >x<33)
—1.5¢2 1 -12 —53
After time t= 6seconds =1184 + 264 + 636 =2,084)

Revision exercise

1.

A particle of mass 3kg is acted on by a force F = (24t3i + (36t -16)j + 12k)N at time t. at time

t =0, the particle is at the pint with position vector (3, -1, 4) and moving with velocity

(16i + 15j -8k)ms™. Determine the

(i) acceleration of the particle at time t= 2s. [28.4253ms™]

(ii) speed of the particle at t= 2s [42.9534ms™}]

(iii) distance of the particle from the origin at t = 2s [ 56.5155m]

A particle of mass 4kg is acted on by a force F = (6i -36t2j + 54tk)N at time t. At time t = 0, the
particle is the point with position vector (i -5j —k) and it velocity is (3i + 3j)ms™. Determine the

5

(a) position vector of the particle a time t = 1s. (—S)m.
2

(b) Distance of the particle from the origin a time t = 1s [6.1644m]

The acceleration f a particle is 6ti + 2j. Given that the velocity is (4i —j)ms™® and displacement is
(2i + 3j)m when t = 1s. Find the displacement when t =3s [(30i +5j)m]

If the velocity of a particle is 4cos2ti + 2sin2tj, given the displacement is 6i — 2j when t = %s. Find

the distance of the body from the origin when t = its. [5m]

If the acceleration of a particle is 9sin3ti + 2costj and the body id initially at rest. Find its velocity
whent = %s. [(3i +j)ms™]

If the acceleration of a particle is 6sin6ti + 9cos3tj, given that the velocity is (i + 3j)ms™ and
displacement is (5i +2j)m when t = %s. Find the displacement when t = %s. [(5i +3j)m]

If the acceleration of the particle is 6ti + 6j -2k, given that the velocity is (3i + 6j -3k)ms™ and
displacement is (2i + 5j -2k)m when t =1s. Find

(a) velocity when t= 2s [(12i + 12tj -5k)ms™]

(b) displacement when t = 3s [(28i + 29j — 12k)m

If the acceleration f a particle is 2i +6j + 12t%k, given that the velocity is (3i + k)ms* and
displacement is (-i + kkm when t = 1s. Find the

(i) velocity when t = 2s [(-i + 3j + 5k)

(i) displacement when t = 2s [(-3i + 8] + 19k)m

If the acceleration of a particle is (6ti — 2k)ms™, given that the velocity is (i + 12j -4k)ms™ and the
displacement is (3i + 6j)m when t = 2s, Find the

(i) velocity when t = 4s [37i + 12 -8k)ms™

(ii) displacement when t = 3s [ 11i + 18] -5k)m
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10. The velocity of a particle v = 4t + 6tj — 3t’k. Given that the displacement is 14i + 6j-3k at t = 1s.
Find the
(i) acceleration when t = 5s [(108i + 6j -18k)ms™
(ii) displacement when t =0 [(13i + 3j — 2k)m]

11. The velocity of a particle v = (3t% — 10t)i + 2j — 6tk. Given that the displacement is -9i + 3j — 13k
at t = 2s. Find the
(i) acceleration when t = 5s [(20i — 6k)ms?]
(ii) displacement when t = 3s [15i + 5j -28k)m]

2cos2t + 11
12. The particle starts from rest at the origin moving with velocity of v = 3sin3t . Find the

4
(i) speed when t = %s. [13ms?]

(ii) displacement whent = %s. [(1.5mi + j -21tk)m]

(iii) acceleration when t = ts [9jms™]

Thank you
Dr. Bbosa Science
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