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Equations involving indices, 3(3)*+2(3)-1=0
. Letp=3*
logarithms and others
& 3p’+2p-1=0
Equations involving indices Bp-1)(p+1)=0
- . . p=zorp=-1
This involves expressing the values raised to 3
) . ~3*=31orx=-1
the powers into simplest form and thereafter .
making appropriate substitutions. 3% = —1(has no root)
Hencex = —1
Example 1
Example 2

Solve the following equations

(a) 32x+1 _ 3x+1 —3¥4+1=0
(b) 22x+1 _ 2x+1 +1= 2%
(c) 33%%)+2(3*)—-1=0

Solution

(a) 32x+1 _ 3x+1 —3¥4+1=0
32x,31-3%31-3*+1=0

Let p=3*
3p°-4p+1=0
B3p-1)(p-1)=0
p:lorpzl

3
23 =2=3"x= -1

3
23"=1=3%x=0

(b) 22x+1_2x+1+1 = 2X
2(2")2 22" +1=2*
Let 2* = q
2q2—2q+1=q
2q2—3q+1=0
(29 —1)(a-1)=0

—lorg=1
q=s0rq=
22¥=2=2"hx= -1
22x=1=2%x=0
Hencex=0orx=-1

(c) 3(32x)+2(3x)—1=0
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(a) Solve the simultaneous equations

3% = 23y+1l. 4x-1 — 122y+1

Given tog3 _ 8
log2 5
Solution
3% =23 1, (i)
4X1 = 12291 (ii)

Introducing log to both sides of equation
(i)

xlog 3 =3y + 1log 2

log3 _ 3y+1 _ 8

log2 T x s

From eqn. (ii)

4%-1 — 12y+1

22(x-1) = (31,22)2y+1
22(x=1) = 32y+1 92(2y+1)
32y+1 — p2x—4y—4

lo_g3 _ 2x—-4y-4 §

log2 2y+1 5

10x — 36y =28

5x—18y =14 ....cccuereevene. (iv)
S5eqn. (iii) — 8eqn (iv)



69y =-87
- =29
V=73

substituting for y in equation (iii)
8x =5+ 15(2)
23
320 _ —40
23x8 23

sX=—andy=—
23 23

(b) Find the value of x to 2 decimal places

if 23x+1 — 3x+2

Solution
Introducing log
(3x + 1)log2 = (x +2)log3
x(3Log2 — log3) = 2log3 — log2
2log3 -log2
- (3Logg2—1ogg3) =153
(c) Evaluate

32x+1 _ 26(396) =9
Solution
32x+1 _ 26(396) =9
32x+1 _ 26(396) =9
31.32¥ —26(3%) =9
31.(3%)%2-26(3% =9

Letg=3*
39°-260-9=0
(a-9)(3g+1)=0
q:90rq:—§

23¥=9=3%x=2
~ 3% = —%(has no roots)

Hence x =2
Logarithmic equations

It convenient to convert logarithms to the
same base before the calculations

Example 3
Solve the equations

(@) log,5 + 4logsx =4
Expressing terms on LHS to logs.

logs 5 _

Toge x + 4logsx = 4
1

Togox + 4logsx = 4

Letlogsx =y

1

-+ 4y=4

y Ty

4y2 —4y+1=0
(2y-1)(2y-1)=0
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2y=1
Y=3

= log5x=%

[l

X = 5% =45
(b) Show that:
2loga +%10g25 —log20 = 2log?2.
2logd + %log 25 —1log20
2log2’ + %log 52 — (log4 + log5)
2log2’ + %log 52 —log4 —log5
4log2 +log5 — 2log 2 — log 5
2log 2
(c) Expresslog,s(xy)in terms of

logs x and logs y. Hence or otherwise
solve the simultaneous equations:

1
log,s(xy) = 45

logs x =10
logs y
Solution
1 _logsxy logsx +logsy
0825 %Y = logs 25 logs 52
_ logs x+logsy
o 2
logs x + logs y
= logas xy = - 2
Hence solving
1
logas xy = 47
logs x+logsy _ 9
2 T2
logsx +1085Y =9 coevcvverees (i)
logs x _ )
logs y -
logs x = —101logs ¥ ..coveveueneenc(il)

Substituting eqn. (ii) into eqgn. (i)
—10logsy +logsy =9

logsy = —1
_ 1
y=5 1:E

Substituting logs v into equation (ii)
logs x = 10
x =510

3 x=510andy=§



Equations with repeated terms (s)

Whenever a term or terms appear repeated in
an equation make use of appropriate
substitution.

Example 4

(a)

(b)

Solve the simultaneous equations
2% 4+4Y =12

3(2%) — 2(2Y)=16
Solution
2X +4Y =12

3(2%) — 2(2Y)=16......... (ii)
Substituting eqn.(i) into eqgn. (ii)
3(12 —4%Y) — 2(2Y)=16
36 —3(2%Y)—-2(2Y) =16
5(22Y) =20

(22)=4= 22
2y=2;>y=1
Substituting y into eqn. (i)
2¥=12-41=8=23

x =3

Hencex=3andy=1

Solve the equations
2 2
(i) 9x3+ 5x 3=37

Solution

9g2—37q+4=0

(9g-1)(q-4)=0

1
q—;orq—4
Wh L
eng=g;
2 11 L,
x3—;—3—2—3
3
—(372); = L
x=(3 )2—27
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3
x=(2%)2=23=8

1

Hencex=—and x=8
27
(i) (x2—2x)2 424 =11(x? - 2x)
Solution

lett=x2% — 2x
t2 —11t+24=0

(t-8)(t—-3)=0
t=8ort=3
Whent=8

x?—-2x=28
x2-2x—-8=0
(x—4)(x+2)=0
Xx=4o0rx=-2
Whent=3
x?2—2x=3
x2—-2x-3=0
(x-3)(x+1)=0
x=3orx=-1
hencex=-2,-1,3or4

Symmetrical equations

These are equations whose coefficients are
symmetrical

Example 5
(a) () Ifx += =g, x? +—,x> +—and

4, 1.
X +F|ntermsofq

Solution
1
X +; =q
Squaring both sides
1%
(x+3) =q
1
x2 +; + 2= qz
1
x? +; = q2 -2
X +; =q
Cubing both sides
13 _ 5
(x+3) =a



x3+xi3+3x2<§)+3x(§)=q3

Bz +3(x+1)=¢

1
*+==¢q>-3q=q(q*-3)

1

x+;—q

Raising both sides to power four
A

(x+3) =q

4 1 3(1 2 (1)?

X +x—4+4x (;)+6x (;) + 4x
1 1

x4+g+4(xz—;)+6=q4

1
o =q"-4(q*-2)-6
x4+$=q4—4q2+2

(a)(ii) Solve the equation
2x*—9x3 4+ 14x%2 —9x+2=0
Solution
Dividing through by x*
2x2—9x+ 14-242=0
X X
2,1\ _ 1 —

2(x?+5)-9(x+1)+14=0
letq=x +~
etq=x+-
2(qg?—2)-9q+14=0
2g%-9q+10=0
(9-2)(29-5)=0

5
q—20rq—§
When g =2
X+-=2

X

x2=2x+1=0
(x-1)(x-1)=0
x=1

When g =g

1_5
X+-==
x 2
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G

3

q4

2x2—=5x+2=0
(2x—1)(x-2)=0

1
X==-orx=2
2

Hence [x:x = %, 1, or2]

(b) By using the substitution q=x + % solve

the equation

4x*+17x3 + 8x2 +17x +4=0
4% +17x+ 8+ =+ ==0
X X
2,1 1 —
4(x?+5)+17(x+2)+8=0

4(q> —2)179+8=0

4g% +179=0
aq(4q+17)=0
17
q—Oorq——:
Whenqg=0
X+-=0

-17

When q =
1 -17

XtiEa

4x2+17x+4=0
(4x+1)(x+4)=0
x="torx=-4

4

-1
Hencex:Torx:—4

Equations with ratios

The basis of these types of equations it the
ration theorem

i e_c_¢_
Given 527 k
a+c+e
Then brair k
This can



Then%: k=>a=Dbk From eqgn. (i) x=-3 -2y

Substituting x into eqn. (iii)

Z=k=>c=dk
;:k:>e:fk 2(—3—2y)+2=5
Ay —z2=-1l.ieeeeeeeeeee, (iv)
LHs: Dltdietfk _ btd+pk _
b+d+f b+d+f ..
From eqn. (ii):y=4 -2z
Example 6

Substituting for y in eqn. (iv)

Solve the equations
4(4-2z)-z=-11

x+4z _ y+z _ 3x+y

(a) ;4x + 2y + 5z = 30

4 6 5 9z=27;z=3
Solution
Let X142 _ ¥tz _3x+y _ 4 Substituting for z into eqn. (ii)
4 6 5
Then x+4z+y+z+3x+y k Y=4-2x3=-2
44645 -
% = 2 =2=k Substituting for y into eqgn. (i)
k=2
x=-3-2(-2)=1
“442:2; =>X+42=8 e (i)
Hence (x,y, z) = (1, -2, 3
yT+Z=2;=>y+z=12 ................... (i) by, 2) = )
3’% = 2,25 3x+ Y =10 weorrrrrnn.. (i)
From eqn. (i): x =8 — 4z (c) 2x=3y=-4z;x* -9y’ —4z=0
Substituting for x into eqn. (iii) Solution
3(8-4z)+y=10 Let 2x = 3y= -4z =k, constant
YV=122=-14 oo (iv) x=5-y=5-z=£
eqn. (ii) — eqgn. (iv) 2’ 3 -, 2
’ ’ Substituting forx,y, zinx"—9y"—4z=0
13Z=26;Z=2 K\ 2 K\ 2 K
Substituting for z into eqn. (i) (g) -9 (g) —4 (_—4) =0
x=8-4x2=0 3k?—4k—-32=0
substituting for x into eqn. (iii) (3k+8)(k—4)=0
y=10-3x=10-0=10 k=—230ork=4
3
Hence (x, v, z) = (0, 10, 2
%y, 2) =( ) Whenk=—§;x=2,y=§,2='1
+2 +2 2x+ =4:x= —i = _§ = E
(b) x_3y:y4z= xsz;x+y+2=2 When k = 4; x 7V v 273
. . -0 4. _+_82
Solution %y, 2)=(2,5,-1)or (=5 —53)
Let xiy = y:Zz = 2x5+z =k Equations with repeated roots
Then 3¥+3¥+32 _ 30cty+z) _3x2 _ 4 k If a function y = f(x) has a repeated root, then
6 6 it is also a root of its derivative i.e. it is a root
- 4y
k=1 of 2 £ (x)
x+2y . .
= X +2y =3 (i) In order to find other root, make use of the
, sum and product of roots
y+2z ..
—=1,y+2z=4 ....ccen.... (ii)
4 Note
2"5” =1, 2X+2=5 e (iii)
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Sum of roots = coefficient of the second term
of the equation

Product of the roots= last term with the
appropriate signs.

Example 7

(a) Given that the following equations have
repeated roots, solve them
(i) X*—x*-8x+12=0
A repeated root is also a root of
%(x3—x2—8x+12) =0
3x2-2x—-8=0
(x—=2)(3x+4)=0
X=20rx=— 2
3
Testing for repeated root
Sum of roots = 1
Products of root =-12
If x = 2 is the repeated root, then
Sum=2+2+n=1
n = -3 where n is the third root
Product of roots =2 x 2 x -3 =-12 which is
correct

4.
If x = —3is the repeated root, then
4 4
Sum=—-—-+n=1
3 3
11 . .
n=— where nis the third root

Product of roots = —gx —%x% #*-12

which is not correct
Hence the roots are 2, 2, -3

(i) 2 =11x+12x+9=0
A repeated root is also a root of
%(2;& —11x2+12x+9) =0
6x*-22x+12=0
3x*-11x+6=0
(x—=3)(3x-2)=0
x=3orx :2
Testing for repeated root;

23 —11x*+12x+9=0

11 9
X ——x"+6x+-=0
2 2
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11
Sum of roots = Y

Product of roots = —g
If x =3 is the repeated root, then

Sum=3+3+n=171

1 . .
n= —Ewhere n is the third root

1 9 .
Product of roots =3 x3 x — 3573 which
is correct

Hence the roots are 3, 3, —%

(b) Find the value of k for which the equation

2
—x+1
X x_x1+ =k has repeated roots. What are
the repeated roots?
Solution
x%—x+1 —k
x—1

x2—x+1=kx—k
x2—1+kx+(1+k)=0
Since a quadratic equation has only two
roots, therefore the roots will be equal if
they are repeated
The condition for equal roots: b” = 4ac
= (1+k)?>=4(1+k)

k? +2x+1=4+4k

k?-2k—-3=0
(k+1)k—=3)=0
k=-1landk=3

Ifk =-1; x* = (0)x + 0 =0
x=0
Ifk=3;x"—4x+4=0
(x=2)(x-2)=0
X=2

Hence repeated roots are 0 and 2

Example 8
Show that if the equations

x>+ px+qg=0andx’+mx+k=0have a
repeated root, then

(q — k)* = (m — p)(pk — mq)

Let the common root be x;



The two equations become

x12+px1+q=0 .................. (i)

Eqgn. (i) — eqgn. (ii)
(p—m)x;+(qg—k)=0
- _(azk
== ()
Substituting x* into equation (i)
q-k\? (a—k _
(o) -p(55) ra=o

Thus, (q — k)* = (m — p)(pk — mq)

Equations with square roots

(i) In this context, vx means the positive
square root of x.

(i) The solution should be checked to discard
off the unwanted root might emerge due
to squaring.

lllustration

Suppose the root of the equationis x =5
By squaring x2 =52 i.e.x’—=5°=0
(x-5)(x+5)=0

Now solution is x = -5 and x =5 where -5 is
unwanted.

Example 9

Solve the equations

(a) {/(x —5)+Vx =5
Solution

(J&=9) = (-3
x—5=25-10Vx +x
=>10v/x = 30

Vx = 3; x=9 (upon squaring)
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(c) /(1 —20x)-2vx +1=3
Solution

(VI=20x)" = (3+2Vx+ 1)’
1-20x= 9+ 12V/x + 1 +4(x+1)
24x+12=-12Vx + 1

2x+1= x+1

Squaring both sides

A +4x+1=x+1

4x* +3x=0

x(4x+3)=0

3
x=0o0or x=—
4

When x = 0;v/1 - 24/1 # 3; ~x = 0 is not a root

When x = -%;\/ 16 — 2\/% =3 which is
consistent. ~x :_%

Other equations
Example 10

Given that x* + 2xy + y* — 8x — 8y + 15 = 0, find
xinterms of y

Hence or otherwise solve the pair of
equations:

x>+ 2xy +y>—8x—8y+15=0and x’ +y’ = 17
Solution

X>+2xy +y’—8x—8y +15=0........ (i)
(x+y)*—8(x+y)+15=0

Letq=(x+Yy)

q°-8q+15=0

(a—5)(q-3)=0

g=5andqg=3

Wheng=5;X=5=V ccceererrreeene. (ii)

Wheng=3;X=3 =V ccccervvrrerenne. (iii)



NOW X2+ V2 =17 oo, (iv)
Eqgn. (ii) into eqn. (iv)
(S-y)+y’ =17

2y*-10y +8=0
(y=4)y-1)=0;=>y=4ory=1
Wheny=4:x=5-4=1
Wheny=1:x=5-1=4

Egn. (iii) into eqn. (iv)
(3-y)+y’= 17

2y*-6y—8 =0
(y-4)y+1)=0;=>y=4,0ry=-1
Wheny=4:x=3-4=-1
Wheny=-1:x=3+1=4

~(x,y)=(1,4),(4,1),(-1,4),(4,-1)

Example 11

Solve the simultaneous equations

1 1 1
x5 = XB-x=2y
Solution
From—1=1

6
i_1_1_ 6-x
y x 6  6x

6x

y—a ........................... (I)
X(5=X) = 2Y weovvereererne (ii)

Substituting eqn. (i) into eqn. (ii)
x(5-x) =%
X(5=x)(6-x)—12x=0
X[(5-x)(6—x)—12]=0

x(x*—11x +18) =0
X(x—2)(x—9)=0;x=0,x=2,x=9

Substituting for x in eqn. (i)

digitalteachers.co.ug

When x =
When x =

When x =

0;y=0
2;y=3

9;y=-18

~(x,y) =(0,0), (2, 3) or (9, - 18)

Example 12

Given that the equations y> + py + q = 0 and

v+ my +

k = 0 have common root. Show

(a—k)* = (m = p)(pk — mq)

Solution

Let a be the common root

Fory’+py+q=0

Fory’+my+k=0

W +mMa+k=0 . (ii)

Egn. (i) — egn. (ii)

(p—m)k+(q-k)=0

Substituting a into eqn. (i)

() + (o ra=o

m-p
(a=k)?* _
(m-p)?

(q — k)?
(q —k)?
(q —k)?
(q —k)?

p

- ()

= —q(m—p)*> - (g —k)(m—p)p
= (m—p)[-q(m —p) —p(q — k)]
= (m —p)[—-qm + qp — pq + pk]
= (m — p)(pk — qm) as required



Revision questions

1. Solve the equations
(a) log, 8 —log,2 =16[x=2]

(b) log, x +logy x +log6x = %

1
|x = 8% = 1.6818]

2. (a) Given thatlog, x + 2log, y = 4, show
that xy = 16. Hence solve the
simultaneous equations
logio(x+y) =1
log, x +2log,y =4
[(x,y)=(8,2)or(2,8)]

(b) Show thatlog, b = —L_ Hence solve the
logy a

simultaneous equations
log, b+ 2logpa=3
logga + 2loggb =3
o~ (x,y) = (27,27)or (9,81)
3. Show that if the expressions
(i) x>+ px+qand 3x’+ q have a common
root, then 3p>+4q =0
(i) x*+bx+candx’+ px +q have a
common root, then
(c=q)* = (b —p)(cp — bq)
4. Solve the simultaneous equations
(@) 2x+y=1

5x% + 2xy = y + 2x -1[(x, y)=(0,1), (-2, 5)]
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(b) x+2y=1

10.

11.

3x2 + 5xy —2y2 =10 [(x, y) = (3, -1)
Solve the simultaneous equation
2+ 4'=12
3(2)=2(2)¥ =16 [x=2,y=1]
Hence show that (4)* + 4(3)% = 100
Solve 4" — 2! — 15 = 0 [x=2.322]
Show that if the expressions:
x> + bx + c and x> + px + g have a common
factor. Then (c —q)* = (b — p)(cp —bq)
Solve 2,/(x — 1) —-Jx+4) =1

13
[x=5 orx—?]

Solve the simultaneous equations

X+y+z=2
x+2y _ y+2z _ 2x+z _ _ _
-3 - 4 - 5 [X_lly_ 212_3]

Solve the simultaneous equations
x> —10x +y* =25

y-x=1[(xy) =(6, 7) or (=2, ~1)
Solve for x in the equation

log, (6 — x) = log, x [x=2]

Thank you

Dr. Bbosa Science



