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Surds Equating powers
A logarithm is an exponent, an index or power 3x =§
The logarithm of a positive quantity p to a X = 5
given base q is defined as the index or power 6
to which the bases g must be raised to make it ~log,, 93 =§

equal to P.i.e.log, p = x means that q* =
p or x s the logarithm of p to base q

- xisthe power (index, logarithm or
exponent)

- gisthe base

- pisthe number (which must be
positive)

Example 1
Find the values of x in the following

(@) log, 8 =x

(b) log, 25 =2
Solution

(a) 8=2°
~log,8=3;x=3

(b) x*=25=5

Wx =5
Example 2
Evaluate
(a) log,, 9V3
(b) 1og§
Solution
Let log,; 9v/3 = x
27 =93

5
33 = 32.3% =32
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(b) letlogi~=x
54-
1\* 1 1\2
G) =:=0)
Equating powers x =2

1
~logi==2
g54

Rules of logarithms

(@) (i)logga=1
Proof
Letlog,a = x
a‘=a'
x=1
~logga=1
(i) log, 1=0
Proof
Letlog, 1 =x
a‘=a’
x=0
~log,1=0

(b) The power rule
log, P4 = qlog, P

Proof

Letlog, P = x

a*="P

Raising each to the power q
a%* = p4

= log, P =log, a? = qx
=~ log, P? = qlog, P



(c) The addition/multiplication rule
loga pq = loggp +1logaq
Proof
Letlog,p = xand log,q =y
p=a*andq=a”
pq = a*.a¥ = a**y
log,pq = log,a*™” =x+y
~logapq = logap +loga q

(d) The subtraction/division rule

logq (2) = logap —loga g
Proof

Letlog,p = xand log,q =y
p=a*andq=a”

P_ & _ gx-y

q a
Py _ X=Y — 5 —
log, (q) log, a xX—y
10gg (2) = logap —loga g
(e) Change of base
logg p
logap = logZ a

Letlog,p = x,thena® =p
= log,a* =log,p

xlog, a =log, p

__loggp
logga
logg p
.1 =2
08aP =i,
Example 3
Evaluate

(a) log, 82
(b) log, -

Solution

(a) Either:letlog, 8/2=x

1 7
D 2X=8/2=2322=22
x=1
2
.'.log28\/—=%

7

1
Orlog, 8V2 = log, 23.22 =log, 22

7
= Elogz

7
2
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(b) Letlog, % =X

a*=aqa?!

x= -1
1oga%: -1

Example 4

Express each of the following as a single
logarithm

(a) Log4 +log3
(b) Log5 +log 18 —log3

Solution
(a) Log4 +log3=log(4x3)=log12
(b) Log5 +log18—1log3 = Iog(g) =log30
Example 5
Show thatlog, p = @. Hence solve the
equationlogs x + 21og, 5 =3
Solution
Letlog,p = x
= a*=p
Introducing log to base p on both sides

log, a* =log, p

xlogy,a =1
1
- logp a
. 1
~logap = logp a
Then,

logs x +2log, 5=3

logs x + 2 =3

logs x

Let y=logs x

2
= Z
y+y 3
y?-3y+2=0
(y-1)(y-2)=0

Eithery=1ory=2

Wheny=1:logsx = 1;x=5' =5



Wheny =2:logs x = 2; x=5% = 25
x=5and x=25
Example 6

Solvelog, 5 + 4logsx =4

Expressing terms on LHS to logs.
logs 5

@4‘ 4log5x=4
1

Togox + 4logsx = 4
Letlogsx =y

1

-+ 4y =4

y+ y

4y2 —4y+1=0
(2y-1)(2y-1)=0
2y=1

1
y=3
= logsx:%

1

x=5z = /5

Example 7
Show that 2log4 + %log 25—
log20 = 2log 2.
2log4 + %log 25 —1log20
2log2’ + %log 52 — (log4 + log5)
2log2’ + %log 52 —log4 —log5
4log2 +log5 — 2log 2 —log 5
2log 2

Example 8

(@) (i) Find logg 27+/3 without using tables
(ii) Simplify (log, b?)(log,, a®)

(b) Expresslog,s xy in terms of
logs x and logs y. Hence solve the
simultaneous equation s:

1
log,s xy = 45
logsx _ 19
logs y
Solution

(a)(i) Changing the base from 9 to 3

logs 27v/3
logy 273 = ing
_ logz 27+logz V3
- logs 9
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1 1
_logg33+logg3z _ 3+; 7 1.75
- logs 32 T2 T a7

Or
Let logg 27v/3 = x
9% =273
1
(3%)* = 33.32
7
3% =32
Equating indices
2x=2
2
x=1.75

(i) (log, b?)(logy, a®) = (log, bz)%

_ (3logg a)
= (2log, b) Tog, b

=2x3=6
Or(log, b?)(log, a®) = (2log, b)(3logy a)

= (—Zlogb“ b) (Blogy @)

logy a
=2x3=6
(b) By change of base rule

logsxy logsx +logsy

log,s xy =

logs25  logg 52
__ logs x+logsy
- 2
logs x + logs y
~ logys xy = - 2
Hence solving
1
logas xy =47
logs x+logsy __ 9
2 T2
logsx + 1085V =9 coovevvvevnes (i)
logs* _ 19
logs y
logsx = —10logs ¥ «cvevuennenc (i)

Substituting eqn. (ii) into eqgn. (i)
—10logsy +logsy =9
logsy = -1



_c-1_1
y=5"" =<
Substituting logs y into equation (ii)
logsx = 10
x =510
YX = 51°andy:§
Example 9
(a) Given thatlog, a = x show that

1
logg b
(b) Find the value of x and y such that

(i) logqox +logioy =1.0

logy x —logioy = logy 2.5

1
b =ax and deduce log;, a =

(ii) Simplify 2*.2Y = 432

. 14V2+4/3
(c) Simplify NN

Solution
logya=x
b*=a
x px = p{/a

1
b = ax

Taking log to bas a on both sides
1
log, b = log, ax
1 1
log, b = ;logaa =

But x =logy, a

_ 1
- logp a

~ logpa b

(b)(i) log1o x +1logoy = 1.0 ............... (i)
log o x —logoy = logq 2.5 ...{ii)

Egn. (i) + egn. (ii)

2log19 x =logq 10 + logq( 2.5

log1o x? = logyg 25

= x2=25
x=5
Substituting x into eqgn. (i)
logi05 + logpy = 1.0

logyoy = 1081010 —logy 5
logioy =log010 + 5 =logq, 2
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y=2
Hencex=5andy=2

(i) 2%.2Y = 432 = 2*.33
Comparing
x=4andy=3

(c) By rationalizing

(1+v2+3)(v2+V3) _ L4 v3
(VZ +V3)(VZ - V3)
Example 10
Prove that logg x = 11:)1‘%73;2. Given that
3

logz 2 = 0.631, find without using tables or
calculator logg 4 correct to 3significant figures

Solution
logz x logz x logs x
10g6 x = 83X _ g3 — g3
logz 6 logz(2 x3) logz 3+logs 2
logz x
1+ logz 2

Substituting for log; 2 = 0.631

logz22  2logz2 _ 2x0.631
1+logz2 1+logz2 1+0.631

logg x =

=0.774

Revision exercise

1. Evaluate
5
(a) log§25\/§ [_E]

(b) logz 27 [3]
2. Express the following as a single logarithm
(i) Logls —%1099 [log 5]
(i) 3log2 + 2log5 — log 20 [log 10]
3. Given thatlog, a andlog. b = a, show
thatlog.a = ac
4. (a) solve the equation
(i) log, 4 + log, a®
[a =2and a = 4]

- 1
(ii) logisx =log; 4x E]



5. Without using tables or calculator show

that 2log9 + 1098—105375= 9
%log6—10g5§

6. Iflog, x +logy x +logiex = %. Find the
value of x [x = 1.6818]

7. Givenlog, b = log, c, show that
log. a = log, b. Hence or otherwise solve
the equationlogg, 64 = log, 4. [x=3]

8. Solve the simultaneous equations
logio(y —x)=0
2log,0(21 + x) [(x,y) =(-5, -4) or (4,5)

9. Giventhatlog, x + 2log, y = 4. Show
that xy = 16. Solve simultaneous
equations
10logo(x +y) =1
log, x + 2log, vy = 4. [(x, y) =(2,8)or (8,2)

10. (a) Iflog, a = x, show that b = a?lc and
deduce that oz D"

(b) Solve

(i) logy 4 + log, x? = 3 [x = 2 or 4]

(ii) 2271 4 2 = 2%+1[x=0 or 1.585]

11.

Prove that logg x = §10g4 x. Hence

without using tables or calculator,
evaluate logg 6 correct to three significant
figure, iflog, 3 = 0.7925 [0.862]
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12.

13.

14.

15.

Given that logz x = p and log;g x = q,
how that logg 3 = ——

show that logg P

Solve for x in the equation

log,(6 —x) = log, x

[x = 2 since there is no negative log]

Solve the equation log, x —log, 8 = 2
1

[x=8 orx= E]

Solve the equation

log,s 4x2 = logs(3 — x2) [x = 1]

Thank you
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