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Quadratic equations

These are equations expressed in the form ax?
+ bx + c =0 where a, b and c are constants and
a#=0

They have at most two roots which may be
real or complex.

The latter roots are handled exclusively under
complex numbers

Example of quadratic equations
2y*+3y+5=0;a=2,b=3andc=5
X’ +4x-10=0;a=1,b=4,c=-10
Forming quadratic equations

Suppose that the roots of a quadratic
equation are a and B,

thenx—a=0andx—-B=0

When forming a quadratic equation
(x—a)(x-PB)=0

X" —(a+pB)x+af=0

This means that if the roots of a quadratic
equation are given, its equation in terms of x
is x*-(sum of roots)x + product of roots = 0

Example 1

Form quadratic equation | terms of x with
roots

(@ (2,3)
Solution
Letx=2 orx=3
x—=2=0 x—3=0

= (x—=2)(x-3)=0
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x*=5x—6=0
(b) (p, a)
Solution
Letx=p orx=q
x—p=0 x—q=0

= (x=-p)(x-q)=0
x* = (p +a)x—pg =0

(c) (-3,-2)
Solution
Letx=-3 orx=-2
x+3=0 x+2=0

2 (x+3)(x+2)=0
X’ +5x+6=0

Example 2

Given that the root of the equation

x>+ px +q =0 are o and B, express

(a-B?)(B — a?) in terms of p and g. Deduce
that for one root to be the square of another
p’—3pq + g+ q =0 must hold

Solution
Forx>+px+q=0
a+B=-p
af=q
(@=-B*)(B —a*) =ap —a® - p*+ (aB)?

= af — (@ +B>) + (ap)?
But (a3 + B3 = (a + B)® — 3aB(a + B)
(@ =8B —a?)
= af —[(a+p)° —3aB(a+B) ]+ (aB)?
=q—[(=p)® - 3q(-p)] + ¢*

=q+p°®—3pq+q?



(@=B*)(B—a®)=p*—3pq+4q°+q
If a = >

(B* BB - B =p>-3pqg+q*+q
0=p>—3pq+q°+gq

Or

p3 —3pq + g% + q = 0 As required
Example 3

Given that the root of the equation
x>+ px +q =0 are o and B, Form quadratic
equations with roots

a B
(a) Eand -

Solution
_g E . a2+ﬁ2
Sum of roots =3 + = ap
_(a+p)?-2ap
=

Product of roots == x B 1
B «a

Required equation
x? — (pzq;zq)x +1=0
Orgx*— (p?>—-2q9)x+q=0
(b) pa+qBand qa+pp
Solution
Sum of roots
pa+qB +qa+pP = p(a +B) + g(a +B)
=(p + a)(a +B)
=p(p +q)
Product of roots= (pa + gB)(ga + pP)
= pqa’ + p’aB + q’ap + pgp’
= pa(a’ + B7) + aB(p’ + q°)
=pal(a + B)? — 2ap]+ aB(p’ + o)
=pa(p*-2q) + q(p” + q°)
Required equation

x?—p(p + Qx +pqp? —2q) + q(P* + ¢*) =0
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Example 4
Given the equation x> + x—10 = 0.
(a) Show that x = 2 is a root of the equation
Let f(x) = x> + x — 10
Substituting for x = 2
f(2) =2 +x-10
=8+2-10
=10-10=0
Hence x = 2 is a root of x> + x =10 = 0

(b) Deduce the values of a +  and o where
o and B are roots of the equation.

Hence form a quadratic equation whose
roots are a” and B

= X +x-10= (x-2)( x% + 2x + 5)
Eitherx—-2=0
Or(x%2+2x+5)=0

a+B=2
af =5

Sum of roots = o + B* = (@ + )2 — 2ap
=(-2)"-2(5)=4-10=-6

Product= a?f? = (af)? = 52=25

The equation become

x2—(=6)x+25=0
x> +6x+25=0

Solving quadratic equations
Quadratic equations may be solved by

(a) Factorization method
(b) Completing square method
(c) Graphical method

(a) Factorization method
It is used for quadratic equations that are
easy to factorise



Example 5

(@) 4 +7x+3=0
Solution side work
4x(x + 1)+ 3(x+1) =0|Product=4x3 =12
(x+1)(4x+3)=0 Sum=7
Eitherx+ 1 =0; x=-1| Factor = (4, 3)
Or4x+3=0;x=-%

(b) 2*+5x+3=0
Solution side work
2x(x+1)+3(x+1)=0|Product=3x2=6
(x+1)(2x+3)=0 Sum =5

Eitherx+1=0; x =-1|Factors 3, 2

Or2x+3=0;x=—E

2
(c) x¥*+x—-20=0

Solution Side work
X(x —4) +5(x—4) =0 | Product =-20
(x—4)(x+5)=0 Sum=1

Eitherx—4=0;x=4 | Factors (5, -4)
Orx+5=0;x=-5
(d) 10x*+x-3=0

Solution Side work
5x(2x -1) + 3(2x—1) =0 product 10x—3 =-30
(5x+3)(2x—1)=0 sum=1
Either5x+3=0; x = —g Factors (6, -5)

1
Or2x—1=0;x=5
(b) Method II: Completing squares

approach

The idea is to create a perfect square on one
side of the equation:

Given the equation ax’+bx+c=0

- Dividing the equation by and transposing
the constant term to the RHS

x242x=-%

a a
- Marking the LHS a perfect square, add a
half the coefficient of x squared on both

sides

2 2
242x + () ==+ (%)
a 2a a 2a

- Factorise the terms on the LHS
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(4 2) = (B) o=
x 2a) ~ \2a a  4a?
- Taking square root on both sides of the

equation

b%2-4ac
4a?

- x4 =+
2a

vb2-4ac

2a

- Solving x +£ =+
2a

_ —b+VbZ-4ac
x= 2a
This is the general quadratic equation formula
for finding the square root of any quadratic
equation. This formula is locally known as bull
dozer formula

Example 6

Solve the following equations by completing
squares

(@) 2x*=x —=3=0

Solution
2x*-x —=3=0
Xz_ lx :3

2 2

1 25 5
X—=-= |[—=+4-=
4 16 4
. 5,1_ 6 _ 3
Eitherx =-+-= —= =
4 4 4 2
5,1 _ -4
Orx=—>4+-=—= -1
s tiT3

Hence x = -1 and x =§
(b) 18x° +7x —1=0
Solution

18x*+7x =1=0

, 7 7\%2 1 7\2
X+ —x+ (=) ==+(—=
18 36 18 36

2
1 49 121
(x+—) =—t——=—
18 1296 1296



7 121 11
Xt= =4
36 1296 36

11 7 4 1

Eitherx =—=———=—=-=
36 36 36 9
11 7 18 1
Orx=—-———-==—-== —=
36 36 36 2

1 1
Hencex=-orx=—=-
9 2

(c)3x*+7x +2=0
Solution

3x°+7x +2=0

2
7 2,49 25
X+ = Sh—==
(+6) 3 36 36
25 5
xt+l= |E=43
36 6
. 5 7 2 1
Eitherx==—-= —== —=
6 6 6 3
5 7 12
Orx=—=—-= ——= =2
6 6 6

Hence x =-2 and x =—

Example 7

Solve the following equations by using the

guadratic formula
(@) 7x*-5x—2=0

Solution

2a 2x7
. 14 -4 2
Eitherx = —=1lorx = —=—=
14 14 7

2

Hencex = 1and x = —>

(b) 3x*-7x-6=0

_ —b+Vb%?—4ac _5+V-52-4x7x-2 _ 549

14

_ —bxVb2—4ac _7+V-72-4x3x-6 _ 7+11

2a 2x3

-4 2

. 18
Eitherx = — =3 orx =
6 6 3

2
Hencex = 3 and x = —3
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(c) 6x*-5x—6=0

—-b+Vb2-4ac _ 5+V-52-4x6x—6 _ 5+13

2a 2x6 12
. 18 _ 3 -8 2
Eitherx = —=-orx= —=—=<

12 2 12 3

3 2
Hencexzz and x = —3

Method 3: Graphical approach

Here, the roots of the equations are
established by plotting suitable graphs. It may
done by:-

(i) Single graph plot
(ii) Two graph plot

Single graph method

Given the function y = f(x), tabulate the
selected values of x closer to zero within a
given range which must be substituted in the
function given to obtain the corresponding
values of y. These values are plotted on the
same x and y axes and joined by a curve. The
roots of the function f(x) = 0 are the values of
x where the function y = f(x) crosses the x-
axis.

Two graphs method

Here the function y = f(x) is split into two and
the equations plotted separately on the same
axes. The points of intersection of the two
graphs are noted and the corresponding
values of x are read off on the x — axis.

Example 8

Solve the following equation by using
graphical approach

(@) 2x*+3x-3=0
Solution
Using a single graphs

Lety = 2x* +3x—3 taking-3 < x <2



Table of values

Table of values

From the graph, the roots of the equation are
x=-2.2andx=0.7

Using two graphs

By splitting the equation 2x* + 3x —3 = 0 into
two we have 2x* = -3x + 3

Lety; = 2x” and y, = 3 - 3x

Table of results

X -3 -2 -1 0 1 2

y: |18 8 2 0 2 8

y: |12

From the graph, the roots of the equation are
x=-2.2andx=0.7

(b) X¥*+x-6=0
Solution
Using a single graphs

Lety=x>+x—6=0, taking-4 < x <3
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From the graph, the roots of the equation are
x=-3andx=2

Using two graphs

By splitting the equation X +x—6=0
into two we have x* = 6 - x

Lety; =x*and y, = 6 - X

Table of results

X |4 -3 |-2|-1]0 |1 |2 |3

o
[y
N
o

vi |16 |9 |4 |1

vi (109 [8 [7 |6 |5 [4 |3

N

From the graph, the roots of the equation are
x=-3andx=2

Minimum and maximum values of
gquadratic expression

The methods of completing squares and
graphing can be used to obtain minimum and
maximum values of quadratic expression



Completing square method

The general form of quadratic equation
y = ax’ + bx + ¢ can be expressed as

y=ax’+bx+c

y =a(x2+ §x+ 2)
y=a(e+ bov () +5-(3))
y=a(e+rg) +(55)

The minimum/maximum value is the constant

tach WhICh is attained when x + —=0

Note

- ifa<0, the value of the function is
maximum

- ifa>0, the value of the function is
minimum

Example 9

Determine the minimum or maximum values
of the following expressions using completing
squares

(@) 2x’=x—-3=0
Solution

lety=2x"-x—3=0
y=2(ets 1x-)
(56
2( -3)

(+ ) -3

Since a > 0, the function has got a minimum

1 7
value at x = -5 Hence ypmin = — 1

2

y

y

2

(b) -4 +6x—x°
Lety=-4+6x—x2

y=-(¢—6x+4)
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y=-0¢=6x+(-3)>+4—(-3))
y=-{(x=3)"+4-09)
y =((x=3)*+-5)

Since a =-1 < 0, the expression has got a
maximum value when x = 3. Hence Y. =5

Using graphical method

After graphing, y =f(x) the minimum value of
the expression is lowest point if a
trough/valley like or curving upwards and the
maximum value is the maximum point if
downwards

maximum
value of f(x)
minimum
value of f(x)
Example 10

Determine the maximum or minimum values
of the following expression using graphical
method

(@) 2x*+3x-3=0
Solution
Lety = 2x*+3x—3taking-3<x <2

Table of values

X -3 -2 -1 0 1 2

y 6 1 -4 |3 ]2 11

Ymin = - 4.1 at -0.75
(b) 14 -2x-3x*

Leyy=14-2x-3x*; -3< x <2




Table of results

-7 6 13 |14 |9 -2

Vmax = 14.3 at x =-0.3

Revision exercise

1.

Given that the roots of the equation
x>+ px + q =0 are o and B, find the values
of:
(a) a®+ B*[p* - 2q]
a | B[p*-2q
(o) 5+5 [
@ LB [P 3, _ 2
© F+5 [EGa-p?)]
(d) @— B |+yp? —4q]
(&) a? = B2 |-py/@* — 4q)|

(f) a®+ B°[p(3q — p*)]

If the roots of the equation x* + 2x +3 =0
are a and B, form an equation whose
roots are o’ — B and P> —a. [x* + 2 = 0]

Given that the roots of the equation
x*—2x+10=0are aand B, form an
equation whose roots are

1

1
e and g [324x2% + 1 = 0]
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(a)

10.

If a and B are roots of the equation
x> — px + q = 0, find the equation whose
roots are @1 and Bt
a B

[ax’— (p’a — 2a°-p)x + (q° — p* + 3pq)+1=0]
The roots of the equation 3x* — ax + 6b = 0
are a and B. Find the condition for one
root to be
(a) Twice the other [81b = a?)
(b) The cube of the other

[a*-648(b—1)b* - 18(4a’ + 9)b = 0]
By Factorization method solve the
following quadratic equations
(@) x*+9x+ 14 [x =-7, x="-2]
(b) xX*+2x—8 =0[x=-4,x=2)
(c) 2% +x—10=0 [x= 2,x=-§]

2 -5 ,-2
(d) 6 —19x+10[x =3, x = |
Solve the following equations by

completing squares

2x2+5x+3=0[x =—landx = —%]
(b) x*+9x+20=0[x=-5and x = -4]
(c) X’ +x—=20=0[x=-5and x =4]

(d) x¥*=x—20=0[x=4and x=5]
Solve the following equations using the
quadratic formula

(a) 2x2+5x+3=0 [‘73,—1]

(b) x*+9x+20[-5, -4]

(c) x*+x-20][-5, 4]

Determine the maximum or minimum
values of the following expression

2 1
(a) 3x2—2x+1[ymin =jatx = §]

(b) 4—x—x2[ymax = %atx = —ﬂ
Determine the maximum or minimum
values of the following expression using
graphical method

(a) 14-2x-2x
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