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in both equations equal. Thus eqgn. (i) is
multiplied by 4 and eqn. (ii) by 3

Simultaneous equations

Simultaneous equations in two

unknowns i.e. 4 xeqn. (i) + 3 x eqn. (ii)

These are equations containing two

unknowns. The equations may all be linear 20x + 12y =28
(equations of straight lines) or one of them
may be linear and the other non-linear. + 6x-12y=9
Linear simultaneous equations 26x =37

37
Simultaneous equations may solved by any of X=%%

the three methods

- Elimination method

Substituting x in eqn.(i)

- Substitution method X+3y=7
- Graphical method 3y=7-5x 37
- Solving simultaneous equations using 26
matrixes y="1
26
(b) 3x+2y=8
Solving simultaneous equations using 3y +4x=11
elimination method Solution

This involves elimination of one of the
unknown variables so as to be in position to

Rearrange the eqgns.

find the other. 3x+2y=8............. (i)
Example 1 4x +3y=11....... (ii)
(@) 5x+3y=7 Eliminate x as follows

2x-4y =3 4 x eqn. (i) — 3 x eqn. (ii)
Solution 12x + 8y = 32
5X+3y =7 .. (i) - 12x+9y=33
2x -4y =3 ... (ii) y=1

To eliminate y the equation are multiplied by
relevant factors to make the coefficients of y

Substituting y in eqgn. (i)



3x+2y=8
3x+2x1=8
3x=6

Xx=2

Solving simultaneous equations using
substitution method

This involves the expression of one of the
unknown variable in terms of the other.

Example 2

Solve the following pairs of simultaneous
equation for x and y by substitution method

(a) 5x+3y=7
2x-4y=3
Solution

5x+3y=7
5x=7-3y
x=""2 (i

Substituting x in eqn. (ii)
7-3y _

o(52) -4y =3

Multiply 5 through

2(7-3y)—20y=15

14 -6y—-20y =15

26y =1

-1

Y=%

Substituting y into eqn. (i)
-1

_7-3y _ 7—3(5) _ 26x7+-3x—1 _ 37
5 5  5x26 26

X

37
sX=—andy=—
26 26

(b) 3x+2y=8
8—3x

Substituting y in equation (ii)

() +ax =11

Multiplying 2 through

3(8—3x) +8x =22

24 -9x +8x =22

-lx = =-2

X=2

substituting x into equation (i)
_8-3x 8-3x2 _2

-=1
2 2 2

~x=2andy=1

Solving simultaneous equations using
graphical method

This method involve drawing graphs of the
two linear equations and finding the
coordinates of their points of intersection

Establish at least two possible points with
known coordinates satisfying the equations.
The coordinates of the point of intersection of
the lines drawn are the solutions to the
equations

Example 3

Solve the following pairs of simultaneous
equations for x and y using graphical method

(a) 3x+2y=8
3y+4x=11
For3x+2y=8
X 0 4
y 4 -2
For3y+4x=11
-1 2
5 1




344 21=8

N3y B 4xj= 11

0
-1
-2 \
-3

From the graph the point of intersection is
(2,1) Hence x=2andy=1

(b) x+y=4
3x+2y=6
Forx+y=4
X 0 4
y 4 0
For3x+2y=6
0 0
3 2
yp
6
S
3 8
&S 53
2l RelXi
! c
21 -1 of 1 21\3| 4| \5
-1
-2
-3

From the graph, the point of intersection is
(-2,6). Hencex=-2,y=6

Solving simultaneous equations using
matrixes

A. Determinant method
Consider the simultaneous equations
ax+by=c

aX + bly = dl

— al b1 X _ Cl .
o a= (B )= (5) e
— 1 b1
Matrix B is obtained by interchanging the

coefficients of x in egn. (i) with the column
matrix on the right hand side

(1 G
¢ = (az dl)
Matric C is obtained by interchanging the

coefficients of y in equation (i) with the
column matrix on the right and side of eqn.(i)

For the determinant method

_ 18l _lal
x = m andy = 7
Example 4

(a) x+3y—-15=0
3x=17 -2y
Re-arranging the equation
x+3y=15
3x+2y=17
Expressing the equation in matrix form
1 3\ (*\ _ (15
(3 2) (y) B (17)
(15 3)
17 2
(3 2)
_ (15x2)-(17x3) _ -21 _ 3
T (1x2)-3x3) -7
(1 15)
y= 31 137
(3 2)

_ (x17)-3x15) _ —28 _
Y= (1x2)-(3x3) -7 =4

X =

Hencex=3andy=4
(b) 5x+3y=7

2x-4y =3
Expressing the equation in matrix form
5 3\ /X\_ /(7
(2 _4) (y) B (3)
G )
3
G )

_ (7x-4)-(3x3) _ —-37 _ 37
T (5x-4)-(2x3)  -26 26

X =



5x3)—-2x7)

y=x
(c) 34+3y=3x

3x—4y-16=0
Rearranging the equations
-3x+3y=-34

3x—4y =16

Expressing the equations in matrix form

5 2)6)-Ge)
I )
[

_ (-34x-4)-(16x3)

X = T Srma-Gx3)
136—48 88
X = = —
12-9 3
G )l
y = tA e
G5 2
x = (-3 x16)—(3 x—34)

(-3x-4)-(3x3)

—48 +102 54
12-9 3

Hence x = 83—8 andy =18

B. Adjunct method

Consider the simultaneous equations
ax+by=¢

ax+by=d;

Arranging in matrix form

(Zﬁ Z;)@):(;) ............... (i)
IfA:(Z; Z;)

AdjunctA:( by _b1>
—a; 4

" Gx—4)-(2x-3) 26

To obtain the values of x and y, the adjunct is
pre-multiplied on the both sides, i.e.

b, _b1> (al b1> X\ _ ( b, _b1> !
(—a2 a; /\a, b, (y)_ —a, a (d1)
Example 5

Solve the following equations using matrix
method

(a) 4x—3y=2
x+2y=1
(b) 4x+3y=17
5x—-2y=4
(c) 7x—-y=-1

3x—=2y=-24
Solution

(a) 4x—3y=2
x+2y=1

Express the equation in matrix form

(411 —23) (;) - @ ..................... (i

4 —3)

LetA = (1 5

Adjunct 4 = (_21 2)

Pre- multiply both sides of eqn. (i) the adjunct
matrix A

(5 D6 6= DO
(2x4+3x1 2x—3+3x2)(x)=(2x2+3x1)
—1x4 + 1x4 —1x—3+4x2/\Y —1x2 + 4x1

(101 101) (;) - (Z)

11x=7



(b) 4x+3y=17
5x—-2y=4

Express in matrix form
200

LetA = (g _32)

Adjunct A(:é _43)

Pre- multiply both sides of eqn. (i) the adjunct
matrix A

G D6 D6=-G DE)

(—2 x4+ —-3x5 —-2x3+-3x-— 2) (x)

—5x4 + 4x5 —5x3+4x -2 y
_ (—2 x17 + —3x4)
—5x17 + 4x4

(5° 296)=C5)

23x=-46

x = :—:: =2

23y =-69

y="2=3

Hencex=2,y=3
() 7x-y=-1
3x—=2y=-24

Arrange in matrix form
(Z :;) (;) - (__214)

LetA = (Z :;)

. _(—2 1
Adjunct A= (_3 7)
Pre- multiply both sides of eqn. (i) the adjunct
matrix A

(552G 6= (%)
(—2x7+1x3 —2x—1+1x—2)(x)
—3x74+7x3 -3x—-1+4+7x-2/\Y

= (G )

—22

(_31 —21) (;) - (—165)

-11x=-22

x = 22 2
-11

-23y = -69
-165

y=-5=b

Hencex=2andy=15
C. Inverse method
Example 6

(a) 4x—3y=2
x+2y=1
(b) 4x+3y=17
5x—-2y=4
(c) 7x—-y=-1

3x—=2y=-24
Solution

(@) 4x—3y=2
x+2y=1

Arrange n matrix form
G 5)6)=0)
4 —3)
1 2

detA=(4x2)—(1x-3)=11

LetA = (

Inverse, A=1 = %(_21 i) =

inverse matrix A

2
11
-1
11

3

11

4

11

3
11
4
11

Pre-multiply both sides of eqn. (i) by the

)

2
1

)



L bt —x1 —x—34—x2
Xt oSt e\
st itV
T 11t 11
2
_ sz-l'ﬁx:l
Lt
11T 11*

11
N _ 11
y - 2
11
7 2
Hence x = —, y=—
11’y 11

Note: when we pre-multiply a matrix by its
inverse, we obtain an identity matrix,
e, AAT=1

3 2
L t—x1 = =2
TR TR T x)
L TR A
Hx +Hx Hx +Hx
2 24
TRt
ot
11T 11*
2 21 7
(L 0(%)= T (1
o 1/\y -1 4 2
et 11

7 2

Hence x = A ACT

(b) 4x+3y=17
5x—2y=4

Arrange in matrix form

(451 _32) (;) - (147) ..................... (i)

LetA = (;} _32)

detA=4x-2—-(5x3)=-23

—2 —3)

Adjunct A = (_5 4

Inverse A (A™)= ;—; (:é _43)

Pre-multiply both sides of eqn
inverse matrix A

3
23 23
5 —4
23 23

. (i) by the

G D6)=(2 5)E)

Hencex=2,y=3

(c) 7x—-y=-1
3x—-2y=-24

Express in matrix form

(5 26)=(5)
letA = (; :;)
detA=(7x-2)-(3x-1)=-11

Adjunct A= (:g ;)

Inverse of matrix A (A™) =I—i (

Pre-multiply both sides of eqn
inverse matrix A

-1
G) =15 5)(5)
11 11

%x—1+

(;)z 11 =7 — 24 = | 165

x—1
11 11

()=

Hence x=2andy 15

5 7)

-1

11
-7

11

. (i) by the



Non-linear simultaneous equation

These are solved basically by using
substitution method

Example 7

(@) X’ +2x—-y=14
2x* -3y =47
(b) 2x*-xy +y* =32

__5
y B X
Solution

(a) X’ +2x-y=14

Substituting eqn. (i) into eqgn. (ii)

2x% - 3(x° + 2x — 14) = 47

2% -3x° —6x +42 =47

x*-6x—5=0

X*+6x+5=0

(x+1)(x+5)=0

x=-lorx=-5

Substituting x into eqn. (i)
Whenx=-1,y=(-1)*+2(-1) - 14 =-15
Whenx=-5,y=(-5)*+2(-5)-14=1

Hence (x, y) = (-1, -15) and (-5, -1)

Substituting equation (ii) into eqn. (i)

SHENE
254 5 + i—i =32

2%+ i—i =27 =0

2x* -27x*+25=0
(x*—1)(2x*-25)=0

=1

5
X iﬁ
Substituting for x into eqn. (i)

=2
y_ X

Whenx=1,y=—?= -5

Whenx=-1,y=—_ilz5
5 L5 _ w2
Whenx—ﬁ,y— %— - = V2
o5 5 _ sE_
When x = 777 —5 S =42

Hence the solution to simultaneous equations

are (x,y)= (1, 5), (1,5), (5, —V2), (5.V2),

(c) (x—4y)’=1
3x = 8y = 11 (06marks)
Solving equations
(X=4y) =1 e (i)

Eqgn. (ii) - 3Egn. (i)

20y =8
8 _2

Y207 5
From eqn. (i)

And

2(eqn (i)) + eqn. (ii)
5x=9

X =
5

From equation (i)
9
4y = 5 +1
7

V:E

o=(2 9.6 5)



Three linear simultaneous equations n
three unknown.

When solving for three unknowns, there must
be three equation that will be solved
simultaneously. The methods that will be used
to such equation are

- Elimination and substitution
- Row reduction to echelon

Elimination and substitution

This involves elimination of one unknown
variable so as to remain two unknowns which
can easily be solved

Example 7

(a) Solve the simultaneous equations
Xx—2y-2z=0

2x+3y+z=1

3x-y—3z=3

X=2y-22=0 e (i)
2X+3y+zZ=1ueieen, (ii)
3X—Y—=3Z=3 e (iii)
Eqgn. (i) + 2eqn. (ii)

Substituting x = -2 into eqn. (iv)

5(-2) +4y =2

y=3

Substituting x = -2 and y = 3 into eqn. (ii)
2(-2)+3(3)+z=2

Row reduction to Echelon matrix form

z=-4
~Xx=-2,y=3andz=-4

(b) 2x=3y =4z
X' -9y*-4z+8=0

2x = 3y = 4z, substituting 4z=2xand y = 23—"
into the equation x> =9y’ —4z+8=0
x> —(2x)>-2x+8=0
-3x*—2x+8=0

_ 24/(=2)%-4(=3)(8),

X = 2003) sX=-20rx=

Whenx=-2;y=
1

-4
(XI Y, Z) = ( _21 ?F_l)

2x(-2) -4 _ 2
3 3’ 4

Alternatively
2x = 3y = 4z, substituting 4z =3y and x = 373’

into the equation X’ —9y*—4z+8=0

Gy)z— 9y’ -3y +8=0
9y>—36y° =12y +32=0

27y* =12y +32=0

— 2_4(- -
_ 122 /(-12)7=4( 27)(32);y=_40rx=§
2(-27) 3 9
Wheny="5x=2x —=—2;2=> x — =
3 2 3 4 3

-1
-4

(Xl Y, Z) = ( -21 ?' _1)

Wheny :g; X =

)

WINNIW

4 8
(XI Y, Z) - (gl ;:

This method involves the expression of the three equations into matrix form known as augmented
matrix and thereafter transforming the augmented matrix to a unity triangular matrix (a matrix
whose elements in the major diagonal are unity and zero below)

Example
Solve the simultaneous equations

(a) x—2y-2z=0
2x+3y+z=1
3x—-y—3z=3



Solution

Expressing the equation in matrix form

2 200

-2

1
2 3
3 -1

The augmented matrix is

—-2:0
1:1
—-3:3

Transforming augmented matrix to a unity triangular matrix

Ri/s1 -2 -2:0\—» R =R 1 -2
RZ 2 3 1 :1 ﬁZRl_RZZ Rz 0 -7
R3 3 —1 —3 . 3 ﬁgRl - R3 = R3 0 —5
Ryl -2 —2: 0\—_ F1=FR /1 -2
R2<0 —7 —5:—1>—>2§;jRR2=R2 0 1
R;\0 -5 -3:-3/—> %=R3 0 0
1 -2 =2\ x 0
5 (1
(7 30-(;
0 0 -4/ 16
=_ 5
z=-4 y+;z=1/7
5
y+;x—4=1/7
y=3
(b) 3x—-y—-2z=0
X+3y—z=5
2x—y +4z=26

Expressing the equation into matrix form

—-2: 0
—5:-1
-3:-3

-2: 0
5_1
;7
1 -4

Xx—2y—2z=0
x-2(3)—-2(-4)=0
X=-2

~x=-2,y=3andz=-4

The augmented matrix is

3—-1-2\ /x 0
13 -1 <y> 5
2—-1 4/ \z 26
Transforming the augmented matrix into unity

3—-1-2:0 3-1 -2:0
13 —-1:5 0—-10 1 :—15

)—) R1 = R1
2—-1 4:26 0 1 —-16:—-78

g R1_3R2=R2
_)2R1_3R3=R3
R,+3=R, /1

-

3 -1 =-2:0 3

0-10 1 :=15)->10R+—=10=Ry [ = = 1

O 1 _16:_78 - w 10
159 O 0 1 .

3—-1-2:0
(1 3 —1:5)
2—-1 4 :26

)

15
" 10
5



- 1 15 2
Z=5 y Exs =E x—gy—52=0
10y-5=15 X%(z)_§(5)=0
y=2 x=4

() 3x—2y—-z=5
X+3y—z=4
2x—-y +4z=13(3,1, 2]

Expressing the equation into matrix form
The augmented matrix is
3-2-1\ x 5
12 20)0)-()
2—-1 4 z 13

3—-2-1:5

13 —-1:4

2—1 4:13%
Transforming the augmented matrix into unity

3—-2-1:5\~ Ry =Ry 3-2 —-1:5
<1 3 —124>—> Ry —3R; =R, (0—11 2 I—7>

. -2 -1 5
3 -2 —1: 5\~ Ri+3 1o 53
0-11 2 :—7 |oRe=—111 2 7
0 -1 —14:—29/ > Ry—11Rs 117 11
156 00 1 2
z=2 2 gL 2,125
Y"1 X% XT3 733
11y -4=7 2155
Y x=(1)-3(2) =3
Y x=3
x=3,y=landz=2
Revision exercise 1 (b) y—2x=-3
) L 7y +3x=-21[x=0,y=-3]
1. Using (.allmm'atlon rTmethod solve the . (c) 2x+5y=26
following pairs of simultaneous equation 3x+2y=6[x=-2,y=6]

(a) -3x+2y=-16
Xx+5y=11[x=6,y=1]

(b) 3y—2x=-18
2y+3x=-6[x=0,y=-3]

3. Solve the following pairs of simultaneous
equation using the matrix method

(a) 2x—3y=7
2x+3y=1[x=2,y=-1]

(c) 2x-3y=7 (b) 2x—7y=1
X+4y=-2[x=2,y=-1] 3x+3y=15
(d) 5x+3y=8 (c) 3x—4y=5
3x+2y=6[x=-2,y=6) 6x—3y=0[x=-1,y=-2]
2. Using substitution method solve the (d) 3x+2y=3
following pairs of simultaneous equation X -6y = 1[x =1,y = 0]

(a) -3x+2y=16

(e) 2x+3y=1
5x+3y=33[x=6,y=1]

10



3x+y=5[x=2,y=-1]

Solve the following simultaneous
equations elimination and substitution
method

(a)

(b)

(c)

By row reducing the appropriate matric to

3x—2y—2z=-2

Xx+3y—-3z=-5

2x—y+4z=261(x, Y, z)=(4, 2, 5)]
2x+2y—3z=1

3x+3y—-z=5

a4x -2y +2z=41((x,vy,2)=(1,1,1)]
Ax-y+2z=7

X+y+6z=2

8x +3y—10z=-3[(x, Y, z)=(1, -2, %)]

echelon form solve the systems of
equations below

11

(a)

(b)

(c)

(d)

X+2y—2z=0

2x+y—4z=-1
4x-3y+z=11[(x,v, 2), (3, 1, 2]
X—2y+3z=6

3x+4y—-z=3
ax+6y-52=01(x,y, 2)=(2, =, 1)]
2x—y+3z=10

X+2y-52=9
5x+y+4z[x=2,y=-2,z=1]
p+2q-r=-1

3p—q+2r=16
2p+3q+r=3[p=4,q=-2,r=1]

Thank you

Dr. Bbosa Science



