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Binomial theorem
Pascal’s triangle

The Pascal’s triangle below and its further
extension is used to determine the
coefficients of the expansion of (p + q)"

:
1 2 1
13 3 1
1 4 6 4 1

1 510 105 1

1 6 15 20 15 6 1

Observations

- The coefficients are symmetrical; they are
the same irrespective of which side they
are read from, for instance the
coefficients of (p + q)° are

1615201561

- The coefficient of the 2" term in the
expansion is the index of a given
expansion. E.g. in the expansion of
(p +q)°, the coefficient of the 2™ term is
6.

- The number of terms in the expansion
exceeds the index by one, e.g. (p + q)*
with index 4, has 5 terms

- The index of the first term of the
expansion decreases by one, from the
index given till zero, whereas, the index of
the second term increases by one from
zero to the given index
For (p+a)’=1p°q" +3p°q" + 3p'g” + 1p°q’

=p’ +3p°q +3pg”+ g’

- The sum of indices in each term s constant

and equal to the index of the expansion.
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Example 1

Use Pascal’s triangle to expand

(a) (p+a)*

The coefficientsare1 4 6 4 1

Terms are 1p*q° + 4p°q" + 6p°q” + 4p'q’ + 1q"
= p* +4p’q +6p’q’ + 4pq’ + g’

(b) (2x+3y)’

The coefficientsare1 3 3 1

Terms are

1(20°(3y)° + 3(2x)(3y)" + 3(2x)"(3y)* + 1(2x)°(3y)’
= 8%+ 36x%y + 54xy” + 27y

(c) (@a+b+c)

The terms can be grouped into two ways:
Eitheraand (b+c)or(a+b)andc

The coefficientsare1 2 1

Either

Terms are: 1a’(b + ¢)° + 2a’(b + ¢)* + 1a°%b + ¢)?
=a’+2ab+c)+(b+c)?
=a’+2ab+2ac+b’+2bc+c’

Or

(@a+b+c)

=1(a+b)’c® +2(a + b),ct + 17
=(a+b)*+2cla+b)+c?

=a’+2ab + b% + 2ac + 2bc + ¢



Example 2

Expand (a + b)* using Pascal’s triangle. Hence
find (1.996)" correct to 3 decimal places

Solution

From Pascal’s triangle the coefficients are
14641

(a+b)*=a" + 4a’b + 6a’b’ + 4ab’ + b*
(1.996)* = (2- 0.004)*
Substituting a =2 and b =-0.004

24 + 4(2)%(-0.004) + 6(2)*(-0.004) +
4(2)(-0.004)® + (-0.004)*

16 —0.128 + 0.000384 = 15.872 (3D)
Example 3

(a) Expand (2 —3x)* using Pascal’s triangle.
Hence evaluate (1.97)" correct to 3
decimal places.

Solution

Coefficients:1 4 6 4 1

(2-3%)% =1 (2)%-3x)° + 4(2)3(-3x)* + 6(2)%(-3x)?

+4(2)"(-3x)* + 1(2)%(-3x)*

=16 - 96x + 216x> — 216X + 81x"

Now (1.97)* = (2 -0.03)* = (2 - 3(0.01))*

= x=0.01

(1.97)* = 16 — 96 (0.01) + 216(0.01)* -

216(0.01)° + 81(0.01)* = 15.0613848
=15.061 (3d.p)

(b) Use Pascal’s triangle to evaluate (1.02)*
correct 5 significant figures

Solutions

(1.02)*=(1+02)°

Coefficientsare:1 3 3 1
(1+02)>=1%+3(1)%0.02) + 3(1)(0.02)* +

(0.02)% = 1.061208
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=1.0612 (5 significant figures)

The idea of factorial and combination can also
be used to determine the coefficients of the
expansions

Example 3
Expand
(@) (p+3a)
Solution
The coefficients are ’°C, °C; °C, °Cs
Terms are p* p*(3q) p(3q)* (3q)’
(p+3q)* = *Cop’+°C1p*(3q) + *Cop(30)” +
’C5(3a)’
=P+ 9P?3q +27pq’ + 27¢°

(b) (1-x)*. Hence evaluate (0.99)* correct to
four decimal places

Solution

Coefficients are “C, *C, *C, *C3 *C,

orsmon(9) () ) () )

1—x)* =ColH(x)° + *C113(-x)! + *C,1%(x)* +
314 (-x)® +°C,1%(x)4°

=1-4x+6x°—4x +x*

Now 0.99 = 1-0.01) =x =0.01

(0.99)*

=1-4(0.01) + 6(0.01)> - 4(0.01)* + (0.01)*

= 0.96059601

= 0.9606 (4d.p)

The binomial theorem for positive
integral index

Consider the expansion of (1 +x)*, the result is
Q1+x)'=1+ax+6x>+4 +x*

Observations



(i) The indices of x increase by 1 from term
to term

(ii) The index of the last term being the same
as the power to which (1 + x) s raised

(iii) The coefficients of the terms of expansion
are *C, "¢, 'c, ;3 ¢,

Hence the expansion of (1 + x)" is

(1+x)"=1+(711)x+ (Tzl)x2+(g)x3+.... X"

The expansion of (a + x)" is
)Tl
a1+ (DE+B)E) +- ()]

=a" + (111) a™lx + (g) a®2x% 4+ ... x"

(a+ )" = a"(1+

QIR

Example 4

Expand (1 + 4x)™ in ascending power of x up
to and include the 4™ term. Hence evaluate
(1.0004)" correct to four decimal places

Solution

(1+4x)"

—1+ (114) (4x) + (124) (4%)? + (134) (4x)?

=1+ 56x + 1456x* + 23296x°

Now (1.0004)* = (1 + 0004)™ => x = 0.0001

(1+4x)"

=1 +56(0.0001) + 1456(0.0001) 2 +
23296(0.0001) °

=1.005614583

= 1.0056 (4d.p)

Note the next term in the expansion is
(144) (4x)* = 256256x"

Its value = 256256(0.0001)" = 2.56256 x 10"

Which when added to the above answer there
will negligible change in value

Example 5
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Expand (3 — 2x) % in ascending powers of x up
to and including the term x>. Hence evaluate
(2.998)" correct to the nearest whole
number.

Solution
3-202=32+(17) @1 (=20 +
(%) @207 +..
= 531441 — 4251528x + 1588936x
Now (2.998)" = (3-0.002)"* => x = 0.001
(2.998)"? =531441 — 4251528(0.001) +
1588936(0.001)°
=527205.0609
=527205 (nearest whole number)
Particular terms of binomial expansion
As earlier seen, the expansion of
(a+x)’ =a>x" + 5a’x" + 10a% + 10a°x® + 5ax” +
XS

In general if r is the power of x in the
expansion (a + x)", then

the U,,; term of x ="C.a""'x"
Example 6
Find the term of x* in the expression of
(i) (1+x)°
By using U,.y; term of x ="C.a""x"
n=9,r=4,a=1
Us = °C, 17" = °Cox* = 126%°
(i) (3+x)7
n=7,a=3,r=4
Us = "C,37"x* = "C4(3)*x* = 945x*

(iii) (2 - g)lz

n=12,a=2



4 4
Us = 12c42““‘(— ’2—‘) - 12cz,(z)i‘(— ’2—‘) =7920x*
Example 7

Find the term indicated in expansion of the
following expression

(i (3x- ;)5 [x]

(3x-3) =5 (1-53)

1
The termin x> = 35x5.5C1[14(— i) ]

3x2

- 35x5.5C1(— é) =-810x°

(i) (2x+5) 1
5 6

5 5
2) = 26,6 =
<2x+x) 2°x (1+2x2)

1
The term in x* = 26x6.6C1[15(i) ]

2x2
- 26x6.6c1(%) 960x*

Finding terms independent of x

The term is said to be independent of x if the
power of x is zero

Example 8

Find the term independent of x in the
following expansion

1112
(a) (Zx + ;)
Solution
1\2 1, 4 1 \12
(2x+;) =2"x (1+2_x3)
The term independent of x = 2"°x*?
by the term in x™ in the expansion

(Zx + %)12

= The term independent of x

multiplied

12,12 12 1\ S n 1 4
=2"%". C4(ﬁ) =27%""x C4Xm

=2%x 495 = 126720

Alternatively
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n-ror

By using U,,; = "C,a""x

The term independent of x is got by equating
the index of x to zero

«f 1\
Ur+1 — 12Cr(2X)12 r(;)

— 12Cr(2X)12—rX—2r

12 12-r 12-3r
=C. 277 X

Equating the x***" =1
= 12-3r=0
r=4

Term independent of x = 2c, 2t
=12C4. 28

=126720

2.3 12
(b) (227 +2)
Solution

(2x + 3)12 = 212412 (1 + 237)12

Un+r= 12Cr(2X2)12-r(3x—1)r
— 12Cr(2X2)12-r(3r)x—r
— 12Cr' 212—r(3r)X24—3r

12-3r _ 1

Equating the x

= 24-3r=0
r=38
Term independent of x = *Cg. 2'%*.3%
='2Cq. 2.3
=51, 963,120

Binomial expansion of terms with
fractional or negative powers

As noted earlier

(1+x)”=1+(rll)x+ (rzl)x2+(;l)x3+....x“

The following is noted

(i) For positive integral value of n,i.e.n>1,
the series above terminates at the term x"
and its sumis (1 + x)".



(ii) For fractional or negative values of n, the J(l_x) (1_x) _ [azx?
series above does not terminate but T (1-x?)

1+x 1-x
instead converges to (1 + x)" as the limit of

1
itssumonly-1<x<1or|x| <1 = (1-x)(1-x2)2
1 1
Example 9 But (1 —x%)z=1+ (— E) (—x?) +
Expand /(1 — 2x) up to the term x*. Hence — 1 41,2
2

evaluate v0.98 correct to four decimal places.

Solution /(:—i) =(1-x) (1 + %xz)

1
V@A =2x) = (1-2x)2 =1—x+%x2

Usi
>Ing Putting x = %
n n ny , (N 3 n
(1+x) —1+(1)x+(2)x +(3)x + .. X — ;
. <_g>=1_1+1(1)
Comparing with (1 — 2x)z =>x =-2x and 1+3 8 28
=%
7 7 1 1 113
-_—= — = 1 —_— + _—
H(—3) (222 9~ 3 8 ' 128 128
,/(1—2x)—1+ ( 2X)+ ZT-F 10
V7=
(D
3! Example 11

=1—x-5x —%x
Expand f( )uptothetermx

Now 1/0.98 = /(1 — 0.02)

Use your expansion to evaluate V23 correct
Comparing with /(1 — 2x); x = 0.01 to 3 decimal places taking x = i

Substituting Soluti
olution

V0.98 =1-(0.01) - (0.01)2 — 2(0.01)?

By rationalizing the denominator

() (2) =+ 00 -x?):

1-x/ \1+x

=0.9899495

~v/0.98 = 0.9899 (4d.p)
1
But(1 —x2)z =1 +%x2 + -

Example 10 (1+i) — 1+ (1 L1, )

Given that x is very small that its cube and

i 1 1
higher powers can be neglected, show that —1+x+ Exz + Exs

1-x\ _ 4 1 5
(m) =1-x+5x Hence putting x = i

339
P 1

() -1+ 2+23) @)

24

By putting x = % show that 7 =

Solution

By rationalizing the denominator
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25 5 28825
23 23 27648
5 x 27648
V23 = = 4.7958
28825

& V23 = 4.7958 (4d.p)
Example 12

Use the binomial theorem to expand

3/ (1 — x) up to x*. Use your expansion to

3 .
evaluate /7 correct to four decimal places

Solution

JA=2) =1 -2

10 2\ .2 1/ 2\(_5\_,3
= 1+§(—X)+3( 3)2(’ %) +3( 3)(3?)( x) +

1 1 1
=1+-x—-x?4+—x3
37 9 81

Hence V7 = {/(8 —1) = 3/8(1—%)

213 el

72143 -36) 56|
=1.9130(4d.p)

Example 13

Write down the expansion of \/(1 — x) in
ascending powers of x as far as the term

x*. Use your expansion to find +/80 correct
to four significant figures.

Solution

JaO =2 =1 -x)

For binomial expansion

(1+x)"=1+(rll)x+ (;)x2+(g)x3+..“ X"

1
Comparing (1 — x)z with(1 +x)"

1
n=5andx=-x
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i

- 1 >
(1-x)2 =1+-(=x) + 0

) ) (SR ) (e
3! 4!
1 1 2 3 4
A-x)2 =1 —ox—F—-F—5

Now V80 =81 —1 = 81(1—%)

—o(1-2)

1

. 1\z . 1
Comparing (1 — E) with (1 — x)2

1
5 X=—
81

Substituting for x

8 6 24

o) GG 6

52163
“52488

V80 = 8.944 (4 S.F)

Not the termx3 has been neglected as it
does not affect the answer to 4 significant
figured

Example 14

John operates an account with a certain
bank which pays a compound interest rate
of 13.5% per annum. He opened the
account at the beginning of the year with
sh. 500,000 and deposits the same
amount of money at the beginning of
every year. Calculate how much he will
accumulate at the end of 9 years. After
how long will the money have
accumulated to sh. 3.32 millions?

Solution

The 1° deposit will grow to



500000(1 n ﬁ) 500000 x 1.135

2" deposit will grow to 500000 x 1.135°
n'" deposit will grow to 500000 x 1.135"
9™ deposit will grow to 500000 x 1.135°

The total = 500,000[1.135 +1.135% + ... +
1.135%

=500000 [ (r:

=)

=500000 [1.135 (X221)]

1.135-1

=8,936,381

Finding how long it will take the money to
accumulate to sh. 3,320,000

500000 [1.135 (%55"_‘11)] = 3320000
n = 4.6years
Example 15

Expand (1 + x) in descending powers of x
including the term x*. If x = 9 find the
percentage error in using the first two
terms of the expression.

Solution

From

(142" =1+nx +M+---+x“

x'z(l + i)_z

Now (1 +x)? =

-2
x'z(l + l)

X
Example 17

(a) Prove by induction

-2 SIS
[1 + (— 2) +— (x) ]
=21 2,32
=X [1 x t x2
=x"2[1—2x"1 + 3x7?]
=x"2 —2x73+3x7*
Ifx=9

(1+ x)'2=9—2 —-2(9)3+3(9)7*

1

=— — — (usmg the first 2 terms)
81 729

" 729

The exact value is (1 + 9) = —

1 7 29
Error=———=
100 729 72900

%error = 7229900 x100 x100= 3.978%(3d.p)

Example 16

(a) Find the three terms of the expansion (2 —
x)° and use it to find (1.998)° correct to two
decimal places (06 marks)

(2-x)°=26+ (?) 25(—x)! + (g) 4(—x)?
= 64 -192x + 240X’
(1.998)% = (2 — 0.002)2

= 64 — 192(0.002) + 240(0.002)2
= 64 — 0.384 + 0.00096

= 63.61696

= 63.62 (2D)

1.3+24+.+n(n+2)= %n(n + 1)(2n + 7) for all values of n.

Supposen=1
LHS=1x3=3

R.H.S =%x1(1 +1)2+7) =3

L.H.S = R.H.S, hence the series holds for n =1
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Suppose n =2

LHS=1x3+2x4=11

RHS==x2(2+1D(4+7) =11

L.H.S = R.H.S, hence the series holds for n =2

Suppose n =k

13+24+...+k(k+2) = k(k + 1)(2k + 7)

Forn=k+1

13+2.4+ .. +k(k+2), (k+1)(k+3)= %k(k +1)(2k + 7)+(k +1)(k + 3)

=(k + D)3k (2k +7) + (k + 3]

== (k + 1)(2k? + 13k + 18)
== (k + 1)(2k? + 4k + 9k + 18)
== (k + 1(k +2)(2k +9)

=2+ Dk + 22k +1) +7]

"6
Which is equal to R.H.Swhenn=k + 1
It holds forn=1, 2, 3 ..., hence it holds for all integral values of n.

(b) A man deposits Shs. 150,000 at the beginning of every year in a micro finance bank with
the understanding that at the end of the seven years he is paid back his money with 5%
per annum compound interest. How much does he receive?

n
Using amount, A= P(l + ﬁ)

5 \7
=150000(1 + —-) =211,065.06
100

Alternatively
1* year
P =150,000

o o . 5 5
He is paid back principal plus interest; P(l + m) = 150,000(1 + m):157,500
2" year
P=157,500

. . . 5 5
He is paid back principal plus interest; P(l + ﬁ) = 157500(1 + E)=165375
3" year
P =165375

Interest = x 165375 = 8268.75
He is paid back principal plus interest; P(l + %) = 165375 (1 + %):173643.75

4" year
P=173643.75

He is paid back principal plus interest; P(1 + %) = 173643.75(1 + %)=182325.94

5" year
P =182325.94

His paid back principal plus interest; P(l + 1%) = 182325.94(1 + %):191442.23

6™ year
P =191442.23
5

He is paid back principal plus interest; P(1 + ﬁ) = 191442.23(1 + %):201014.35
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7" year
P =201014.35

He is paid back principal plus interest; P(l + %) = 201014.35(1 + %):211,065.06
= by the 7" year he has accumulated shs. 211,065.06

Example 18

1+2

1.04

Expand (—x) up to the term x2. Hence find the value of (—) to four significant figures.
(12marks)

1-x

(“2") — (+20:1-%)7

1-x
nn-1)x2

using(1+x)"=1+nx+ =

(1+2x) = (1 +x - %xz) (1 + lx+§ x2)

1-x 2

1,3 1 1
=l+-x+-x?+x+-x%— -x?
27 g 2 2

3.3
=1+-x+=x2
2" '8
1+2x 3.3
( ) ~1+ox+5x?
1-x 2 8

substituting for x = 0.02

(1._04)_ 1+2(0.02)
098/ — 1-0.02

=1+2(0.02) + - (0.02)2 = 1.030

Revision exercise

1.

Given that the ratio of the 3" to the 4™
term of the expansion (2+3x)n is 5:14, find

the value of n when x = % [n=16]

Expand (3 — 4x)° in ascending order of x up
to and including the term x*. Hence
evaluate (4.96)° correct to 2 d.p. [3001.98]
(a) Find the coefficient of x2 in the
expansion of (1 —2x)" is 24 [4]

(b) Find the term independent of x in the

1720
expansion of (Zx3 - ;) [-496128]

(c) Use the binomial expansion to expand

2/(1 + 2x) up to the term x>. Hence

evaluate/83 correct to three decimal
places [3.018]

Expand ’(%)up to and including the

. ,1.02
term x3. Hence find the value of 098 to

four significant figures. Deduce the value
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0.98

of v/51 to 3 significant figures

[1.0202, 7.14]

Five millions shillings are invested each
year at a rate of 15%. In how many years
will it accumulate to more than

50millions? [6years]
1

Expand (1 - g)i as far as x3. Hence

evaluate /8 correct to 3 decimal places
[2.829]

A man deposits sh. 800,000 into his saving
account on which interest is 15% per
annum. If he makes no withdraws, after
how many years will his balance exceed
sh. 8millions? [16.5 years]

Determine the binomial expansion of

(1 + §)4. Hence evaluate (2.1)* correct to
2 decimal places.[19.45]

Determine the binomial expansion of

(1 — g)s Hence evaluate (0.875)° correct
to four decimal places [0.5129]



10.

11.

12.

13.

A financial credit society give a compound
interest of 2% per annum to its members.
If Bbosa deposits sh. 10000 at the

beginning of every year. How much would

he accumulate at the end of the fifth year
if no withdraws within this period
[sh. 530812]

Expand /(i—i) in ascending powers of x

2
up to a term x°. [1+x+ %4_]

(a) Using the expansion (1 + x)% up to
the term x>, find the value of v/1.08 to
four decimal places [1.0392]

(b) Express v1.08 in the form %\/E. Hence

evaluate v/3 correct to 3 significant figure
E\E 1.73]

(a) obtain the first four non — zero terms
of the binomial expansion in ascending

1
powers of x of (1 — x?) 7z give
x| 3x*  5x°
that|x| < 1 [1 +7+?+1—6]
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(b) show that, when x = é;
1
O
(1—x%)=z= "
(c) substitute x = é into your expansion

and hence obtain an approximation of

V2, give your answer to five decimal
places [1.41415]

1

1 _1(q1_%*)z
14. (a) show that4—_ = (1 )

V4—x 2 4
(c) Write the first three terms in the

1

binomial expansion of (1 - E) 2 in

ascending power of x stating the
range for which this expansion is
2

valid. [1 +24+ 2 xl < 4]
(d) Find the first three terms in the
2(1+4x)
Va—x
power of x for small values of

9x . 19x2
X'[l T T s ’]

expansion of in ascending

Thank you

Dr. Bbosa Science



