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Trigonometry

The word ‘trigonometry’ suggests ‘tri’-three,
‘gono’-angle, ‘metry’-measurement. As such,
trigonometry is basically about triangles, most
especially right-angled triangles.

Important to note

(a) Foraright angled triangle below

a C
] 0
b
. a 1 c
®sind =— cosecf =——=-
in® a
b 1 c
e cosO =— =— ==
c sec® 0s0 b
sin® a cos0 b
e tanb = —e = = —
tan® cosO b cotd in@ a

(b) All positive angles are measured
anticlockwise from positive x-axis

2
D+9o;

-gQo

(c) Acircle drawn with the centre O, divides
the co-ordinate axis into four equal parts
called quadrants
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The quadrants are also labelled anti-clockwise
from the positive x — axis.

The signs the trigonometric ratios in the
guadrants are given below

A V-axis

A,
R

Ratio Quadrant
1st 2nd 3rd 4th
cosB +x —-x - +x
r r r r
s |ty | ty | ¥ | ¥
r r r
tan® ty Y Y 4
—X X X
sec +r - - +r
X X X
cosecO +r +r -r -r
y y y y
cot® T - tx -
y y
Note

- If@is the angle in the 1% quadrat

- Inthe 2" quadrat the angle is (180 — 6)
- Inthe 3" quadrat the angle is (180 + 6)
- Inthe 4™ quadrat the angle is (360 —8)




180+6(360-6

180-6| 6
>
X

Solving equations

We make use of the quadrants to find the
ranges of values within which the angle
follows

Example 1
Solve the following equations for 0° < 6 <360°

(i) 3cosB+2=0
Solution

2
cosB=—-=
3

But cos is negative in the 2™ and 3™
guadrants.

Ignoring the negative sign, the angle obtained

is referred to as the key or principle angle, i.e.
12

key angle = cos™ 3 48.2° (1d.p)

In the 2™ quadrant, 6 = 180 — 48.2 = 131.8°
In the 3" quadrant, 6 = 180 + 48.2 = 228.2°
~{8: 6= 131.8° 228.2%

Note that: the key angle s not part of the
solution but only a guide.

(ii) 4cos’0-1=0
Solution

cosO = \/E = il
4 2
Key angle, 6 = cos™! % =60°

When cosB =% (positive is 1* and 4™
guadrants)

1% quadrant 6 = 60°
4™ quadrant 8 = 360 — 60 = 300°

When cos8 = -% (positive is 2" and 3"
guadrants)

3" quadrant 6 = 180 — 60 = 120°
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4™ quadrant 0 = 180 + 60 = 240°

~{0: 6=60° 120°, 240°, 300%

(iii) cosec®O+2=0

Solution

cosecO = -2 =>sinB = - % (taking reciprocal)
Key angle = sin™?! % =30°

In the 3" quadrant 6 = 180 + 30 = 210°

In the 4™ quadrant 8 = 360 — 30 = 330°

~{0: 8=210° 330

(iv) 3sec’0—4=0

Solution

2 L]
secO =+ i =>cos0 =+ 5
Key angle = cos™1 ? =30°

For cosf = g; 6 =30° 330°

£
2

~{0: 6=30° 120°, 210°, 330%

For cos® = —=; 8 = 120°, 210°

(d) Definitions of angle

(i) Acute angle is an angle between 0° and
90°. It lies in the 1% quadrant

(ii) Right angle is an angle = 90°

(iii) Obtuse angle is an angle between 90° and
180°. It lies in the 2™ quadrant

(iv) Reflex angle is an angle between 180°and
360°. It lies in the 3™ and 4™ quadrant

Example 2

(a) If sind = g and 0° < 6 < 360°. Find the

possible values of 3tanB — cotf

Solution



If sin@ = g; 8 lies in 1 or 2" quadrants

N
5 R 5
38
7] -4

In 1* quadrant

3tanb —cotB = 3( ) - (f) =1

3
4 3) 7 12
In 2" quadrant

3tand — cotb = 3(— %) _ (_ %) _ _%

. 11
- the possible values are + 5

(b) If cosB =— % and 6 is reflex, find the

value of 4sec’0 + tan®

Solution

If cos® = — % and 6 is reflex, 6 lies in the 3™

guadrant

-8

(.~
-15 17
17 15 _ 319

2
4sec’0 + tanB = 4 (— —) + ===
8 8 16

Example 3

Solve for 8, where 8° < 6 < 360°
(i) 3tan’30=1
Solution

1
tan36 _i\/_E

. 1
taking tan30 =5

= 30 =30° 210°390°570°750° 930°
0 =10° 70° 130° 190° 250°, 310°

1

3

= 30 =150° 330°510°690°870°, 1050°
0 =50° 110°, 170° 230° 290°, 350°

taking tan36 =—
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~{0: 8=10°, 50°, 70°, 110°, 130°, 170°, 190°,
230°, 250°, 290°, 310°, 3507

Note
- 1f8°<06<360°then 6°< 36 < 1080°
[multiply the interval through by 3]
(i) 2cos28++/3=0
Solution

V3

c0s26 = — - and 8°<26<720°

26 =150° 210°, 510°, 570°
~{0: 8 =75° 105°, 255°, 285%
Set square angles: 30°, 45° and 60°

(i) From equilateral triangle ABC with side

equal to 1 unit
C

09
/43 1
2
60° 60°
A
%3 Y2

cos 60° =sin30° =

B

1
2
v3
2
0_ o_1
tan 30" = cot 60 =75
tan 60° = cot 30° =+/3

(ii) From the right angled triangle PQR below

cos 30° = sin 60° =

R
450
1 \2
pll 459 Q
1
0_ o_1
cos 45" =sin45" = =
tan45°=1
Example 4

Without using tables or calculators find the
value of



(i) cos240° Identity (i) + cos’®

Solution 1 +tan’0=sec’0 .......ceuuuue.. (ii)
05240° = -c0s(240 — 180)° = - cos 60° = —% Identiy (i) + sin’@
(i) tan 3990° 1 + cot’0 = cosec’d ............. (iii)
Solution Example 5

1 Show that

tan 3990° = tan [(360 x 11)+ 30]° = tan30° = =
(i) sin®®+ (1 + cosB)*=2(1 + cosb)
(iii) sin 570°
Solution
Solution
sin’0 + (1 + cosB)?
sin 570° = sin {(360 x 1) + 210]° = -sin30 = — = , ,
2 =sin“0+ 1+ 2cosO + cos” B

. 0
(iv) sec 225 =sin?0+cos’ 0+ 1 + 2cosb

Solution =1+ 1+ 2cosB (Recall that sin’ 6 + cos® 6 = 1)

sec 225° = sec (225 — 180)0 = sec 45° = /2 =2+ 2c0s8 = 2(1 + cosB)

% sin” 0 + (1 + cosB)’ = 2(1 + cosb)

1+sin® 1+secH

=tan0
1+cos® 1+cscH

The Pythagoras theorem (ii)

' Solution

1
y 1+sinf 1+secd _ 1+sinf 1t 5
1

A
ol X > 14+c0s0 " 1+cosecd  1+cos@’ s
} cosf+1
__1+4sinf 550

" 1+cos@ " Sind+1
sin6

_1+sin9 cosf +1 ) sing +1

x=rcosB and y = rsin® ~ 1+ cos8  cos6 sin
1+ sinf cosf + 1 sin6

= . X
1+ cos@ cosf sinf + 1
Xyt =r? __sin®

ey

For any acute angle

By Pythagoras theorem

Substituting for x and y
1+sin® 1+secO

o =tan®
(rcosB)? + (rsinB)? = r* 1+cos0  1+cscO
r’(cos’® + sin’0) = r*
1+sinf
. 2 20 + 2 _
£ cosB+sin‘B=1 (iii) (tan® + secB) Py
y rsinf sin@ Soluti
Now tan@ == = = olution
X rcos@ cosf
; 2 . 2
sin@ 2 sin6 1 ) (sm9+1)
. — + = =
" cos8 tand (tane Sece) (cose cosf cosO
Identities _(1+sin6)* _ (1+sind)*
" cos28 1-sin2@
05’0 +5iN%0 =1 ...uueeeeeernne (i)
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_ (1+sin@)(1+sinf) _ 1+sind
B (1+sinB)(1—sinb) T 1-sin6

1+sin@
~(tan0 + sec)? = —=1

1-sinf
Example 6

Solve the following equations for
-180° < x < 180°

(i) 2cos’®@+sinB-1=0
Solution

2(1-sin’0) +sin@-1=0
25in26-sin6-1=0
(sin@—1)(2sin@+1)=0

Either sin@ =1 or sinB = —%
When sin6 = 1; 6 = 90°

When sin6 = —— 6= -150°, -30°, 210°, 330°
[6: 8=-150°, - 30°, 90° for given range]
(ii) cosB+Vv3sinB=1

Solution

1*" approach

V3sin@ = 1- cos6

Squaring both sides

3sin’0 = 1 — 2c0s0 + cos’®

3(1 - cos’0) = 1 —2cosB + cos’0
4cos’®—2cos8-1=0

(2cosB + 1)(cos6—1) =0

CosB = —% cos6=1

6 =+120° 6=0°
~[6:0=0° +120°]

2" approach

V3sin@ = 1- cosB

Dividing through by cos@

V3tanB =sec6-1
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Squaring both sides

3tan’0 = sec’® — 2sec + 1
3tan’0 = sec’® — 2sec + 1
3[sec’® — 1] = sec’® — 2secB + 1
2sec’0 + 2secO-4=0

sec’® +sec®—2=0

(secB + 2)(secO-1)=0
secO=-2orsec6=1

cosB = % orcosB=1
~[0:6=0° + 1207

3" approach

V3sin0O = 1- cosb

Dividing through by sin6

V3 = cosecB — cotO
Rearranging

V3 + cotB = cosecH

Squaring both sides

3 + 2V3cotf + cot’d = cosec’®

3 + 2V3cotO + cot’0 = 1+ cot’®

1
T =>tanB =-vV3

~[0: 0=-60°, 1207

cotB =

Example 7

(a) Given that 7 tan® + cotB = 5secH, derive a

guadratic equation for sinB. Hence or

otherwise, find all values of 8 in the interval
0° < 0 < 180° which satisfy the equation, giving

your answer to the nearest 0.10 where
necessary

Solution

7 tanB + cotb = 5secB

sinf  cos@ _ 5

cos@ sin@ cos6

sin?0+cos?6 5
cosfsin6 cos@




7sin’0 + cos’6 = 5sinf A+ X2 +2xy +y2=x52xy +y°

7sin’0 + (1 — sin’@) = 5sinB 4xy+4=0
65in°0 — 5sinf + 1 =0 xy + 1 =0 as required
(3sinf —1)(2sinf -1) =0 (b) x=2+3sinB and y = 3 + 2cos6 show that
L L 4(x—2)*+(y—3)*=36
inf = - sinf = - ;
sin B 2 Solution
6 =19.5°, 160.5° 8 = 30°, 150° x=2+35in0 =>sin = *=

= = = y—_3
~[0:8=19.5% 30° 150°, 160.5°] y=3+2c0s0 =>cosb ==

Using identity sin’0 + cos’0= 1

Example 8 x=2\2  [y-3)2
(5) +(5) =1
Find the solution of 3cot6 + cosecO = 2 for 4(x—2)® + (y—3)* = 36 as reqyured
0°<0<180" (c) x=2sin® andy = tan®, prove that
2y
Solution x == m

3cotB + cosecd =2 Solution

. 2
X = 2sinB; => cosec = p

cos6O 1
35me 1 sime = 2 y = tan6; =>cot9=§
(3cos@ + 1)? = (2sinh)? Using identity: 1 + cot’® = cosec’®
1\2 2\2
9cos?0 + 6cost + 1 = 4sin*6 1+ (;) = (;)
2y
9c0s%6 + 6cosf + 1 = 4(1 — cos?0) x = im
13c0s%6 + 6¢cos8 —3 =0
cosf = —SEVOTHaxsx1s Revision exercise 1
2x13
0 0
cosO =0.3021 cosO =0.7637 1. Solve for 9, where 6° <0 <360
(a) secBcosecH + 2secb —2cosec6-4=0
0=72.40 0=402 [6: 8 =60° 210°, 300°, 330
-[6:0=72.4° 40.2° (b) tan’® - (V3 + 1)tan® + V3 =0
[6: 8 =45° 60° 225° 240°]
Elimination of trigonometric parameter 2. Show that
. . . L ( ) 1-cosf+sinf _ 1+cosf+sind
This involves the use of identities to eliminate a 1T—coso Sind
the trigonometric values in equation (b) tanB + cotB = secBcosecO
(c) cos'®-sin'B+1 = 2cos’0
Example 9 sinf 1+cosf
(d) 1+cosf + sinf = Zcosect
(a) If x=tanb + secB and y = tanB — secB; :
= (e) LS8 _ secd + tand
show.that xy+1=0 1—sind
Solution 3. Solve the following equations for
X +y = tan® -180° < x< 180°
X~y = 2sec (i) 2cos’®@ +sinB-1=0
_1 0 0 o0
sece—z(x—y) [6:6=-150", - 307, 907]
Using identity: 1 + tan’0 = sec’® (ii) sin20 + 5c0s26 =3

[0: 8 = +45°, +135°]

1 2
1+(x+y)2=|=(x—
(x+y) [2 (x y)] (iii) 4cot’® + 24cosecd +39=0
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[0: 0 =16.6°, 23.6°, 156.4°, 163.4°

4. Solve each of the following equations in
the stated range
(a) 4cos’@+2sinB®=4 0°<0<360°
[6: 6 =0° 48.6° 131.4° 180°, 3607
(b) 2sec®®—4tan6—-2= -180°<6 <360°
[0:0=-135° -161.6°, 18.4°, 45°]
(c) 5co0s’36 =3(1 +sin36), 0°<6<360°
[0:0=7.9°52.1°,90° 127.9°, 172.1%
5. Solve for 6; 00 <8 <3600
(a) tanB +3cotb =4
[0: 8 =45° 71.6° 225°,251.6°]
(b) 4cosB —3sinB=2
[6: 8 = 29.50, 256.70]
6. Solve

(a) cosB +Vv3sinB =2 0<B<m
T
|6 =7]
(b) 2cosB —cosecB=0 0% 6< 270°
[0: 6 =45° 225
(c) 2sin’0 +3cosB =0 0%< < 360°

[6: 6 =240° 120

(d) 3sin@+ 4cos@=2 -180°<6<180°
[0: 8 =-29.55° 103.29°]

(e) 3tan’ + 2sec’ B = 2(5 — 3tan®) for
0°< B <180°
[6: 6 =38.66°, 116.57°]

7. Without using a tables or calculator,
show that tan 15°=2 - v3
8. Solve equation
8c0s"0 — 10cos’0 + 3 for 0°< 6 < 180°
[6: 8 =30° 45° 135° 1507
9. Eliminate 6 from the following
equation
(a) x=asecBandy=Db +ccosb
[ac=x(y - b)]
(b) x =secB +tanB and y = secB — tanb
[xy =1]
10. Solve the simultaneous equation
Cos x+4siny=1
4secx —3cosecy =5 for values of x
and y between 0° and 360°
[x=78.8° 281.5% y = 11.5°, 168.5%]

11. Prove each of the following identities
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(a) Sinxtanx + cosx =secx

(b) Cosecx + tanxsecx = cosecxsec’x

(c) Cosecx — sinx = cotxcosx

(d) (sinx + cosx)® - 1 = 2sinxcosx

12. Eliminate 6 from each of the following
pairs of relationships
(a) x=3sinB, y = cosecO [xy = 3]
(b) 5x =sind, y =2cosO [100x* + y* - 4 = 0]
(c) x=3+sinB,y =cosd [(x-3)* +y* =1]
(d) x=2+sinB, cosB = 1+y
[(x-2)* + (y+1)* = 1]

Measuring angles in radians

A radian is defined as an angle subtended at
the centre of a circle by an arc that is equal to
the radius of the circle. One radian is

22
represented by i, where m = —

How to convert between degrees and radians
1 revolution = circumference of a circle

But circumference of a circle subtends an
angle 2m at the centre.

= 1 revolution = 21t = 360°

n =180°
1° == radians
180
x° = —— x radians
180
Example 10

Convert the following angles to radians

(a) 330°
(b) 90°
(c) 30°

Solution

(a) 330°= =2 x330= 1ir radians
180 6



(b) 90°= = x90 =Zradians
180 2

(c) 30°=——x 30 == radians
180 6
Converting radians to degrees

2t radians = 360°

180°

1 radian =

0

. 180
x radians = —X

Example 11

Convert each of the following radians to

degrees
(i) gradians
(ii) 2?” radians

(iii) Tt radians

Solution
. b4 . 180° w
(i) —radians =
3 3
(i) 2% radians= 180° xZ =
5 b4 5
- . 180°
(i) mradians==—— xm = 180°

Some equivalent angles in degrees and

radians

4 — !

31
2
Example 12

Find each of the following values
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(a) sin (2?”)
(b) cos (%n)
(c) tan (%n)
Solution

Convert the angles from radian to degrees

(a) sin (2?71) =sin (2 x3180) = sin120° = ?

(b) cos (4?”)= cos (4 x3180): cos 240° = —%
(d) tan (Z)=tan (Z22) = tan60® = V3

Length of an arc

Suppose that the angle subtended by the
length L of an arc AB of a circle is 6 as shown.

A

/

L _ 2nr

6 2

L = r@ where 8 must be in radians
Example 13

Find the length of an arc of a circle of radius
14 if it subtends an angle

(i)
(ii)

Solution

n
4
150°

(i) L:r9:14x%:11cm

(ii) Convert degrees to radians
150° = = x150 = >Z radians
180 6

L=14x 5?” =36.67cm



Example 14

A sector was drawn which had a perimeter of
80cm, and centre angle of 130°. Calculate the
radius

Solution

The sides of a sector are composed of an arg,

and two more sides which are radii of a circle.

L

2r+L=80
L=80-2r
Converting 130° to radians

130° = = %130 ==F
180 18

ButL=r6

13nr
18

80-2r=

2r +207 - 80
18

(36+13m)r
18

=80

r=18.74cm

Area of a sector of a circle

A sector of a circle is a portion of the interior

of a circle intercepted by a central angle.

sector

The area of a sector of a circle of radius r and
central angle 6 is given by
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1= @ -0

Where 8 must be in radians

Example 15

Find the area of a sector with radius 14cm and
angle (i)% (ii) 1200

Solution

. _ (8,2 _ (™ 2_ 3
(i) A= (Z)r = (8) .144=77cm
(ii) Converting 120° to radians

120°= = x120 = &
180 3

A= (g) r? = (g) .14?%=205.25cm?

Solving trigonometric functions whose range
is in radians

When the range of the trigonometric function
is in radians, the answer should be given in
radians

Example 16

Solve the following equations for the ranges
indicated

(i) cosB+Vv3sinB=1 0<6<n
Solution

V3sin0 = 1- cosO

Squaring both sides

3sin°® = 1 — 2c0sO + cos’0

3(1 - cos’0) = 1 — 2cosB + cos’0

4c0s’® —2cos8-1=0

(2cosB + 1)(cos6—-1) =0

CosO = —% cosb=1

0=1+120° =0°

+1200 = + - x 120 = + 2Z Radians
180 3

0° = 0 radians

w|6:0=0,£%|



(i) 2cos’0+sinB—1=0 0<O<m
Solution

2(1-5sin’0) +sin@-1=0
2sin20-sinB-1=0
(sin@—1)(2sin@+1)=0

Either sin@=1orsinB = —%

When sin6 = 1; 8 = 90°

When sinf = — %; 6=-150° -30°, 210°, 330°

T T .
[6: 8= a0 ¥ 90 = 2 for given range]

Revision exercise 2

1. Express each of the following in radians
ol
(a) 30° ]
ol
(b) 45°[7]
o[2m
(c) 120 [?]
o[57
(d) 300° ||

2. Express the following angle in degrees
(a) grad [60°]

(b) grad [22.5°]
(c) 3mrad [540°]
(d) 5.2mrad[936°]

3. Asector of the circle of radius 7 cm
subtends an angle g radians at the centre.
Calculate the
(a) Length of the arc [6§cm]

(b) Perimeter of the sector[ZO%cm]

(c) Area of the sector [g cmz]

4, AOB is a sector of a circle, centre O, and is
such that OA = OB = 7cm and angle AOB is
300. Calculate the

(a) Perimeter of sector AOB[17 § cm]

(b) The area of AOB [% cmz]

5. Find the value each of the following
(a) Sinm [0]
(b) cos 3m [-1]
(c) tang [V3]
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6. Solve the following equations for the
ranges indicated
(a) 2sec®®=3+tanB for0<O<2n
[6: ©=0.25m, 0.857m, 1.25m, 1.857]
(b) 2sin’xcosx + cosx —1for0 <0 <2n
[6: ©=0.38m, 1.62m, 271]
(c) 2tan® + 4cotBb = cosecd for-m<OB<m

[9: g = i%n,i0.73n]

Graphs of trigonometric functions

The following are the characteristic of the
three major trigonometric functions

The sine function

- Itis continuous (with no breaks)

- Therange-1<sinB <1

- The shape of the graphfrom8=0to 6 =
2 is repeated every 2m radians

- This is called a periodic or cyclic function
and the width of the repeating pattern
that is measured on horizontal axis is
called a period. The sine wave has a
period of 2m, a maximum value of +1 and

a minimum value of -1.
- The greatest value of sine wave is called
the amplitude.

[an) g

The coosine function

- Itis continuous (with no breaks)

- Therange-1<sinB <1

- Has a period of 2n

- The shape is the same as the sine wave
but displaced a distance % to the left on

the horizontal axis. This is called a phase
shift



The tan function

- The tan function is found using;

tanf = ZZZ It follows that tan@ = 0 when
sin 8 = 0; and tanB is undefined when cos6
=0
- The graph is continuous, but undefined
wheng=—-Z 237
2’27 2

- The range of values for tan® is unlimited
- Ilthasaperiodn

ta neﬂ\

&
/=
=

Compound angles

Consider a cardboard ABCD of unit diagonal
that stands on the edge A, making an angle
with the horizontal ground. Let the unit
diagonal AC be inclined at an angle a to the
side AB (see diagram)

C

Angles EAB= ABG(Alternative angles)
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~ Angle ABG =

Angle [ABG + GBC] = 90°

~ Angle GBC=90-

From triangle GBC,

Angle BCG =180 - (90 + 90 — B)
~ Angle BCG =B

From

(1) Triangle ABC:

AB _ AB
cosa=— = —; => AB = cosa
AC 1
(2) Triangle ABE:
AE  AE
cosBp=—= ;5 => AE = cosfcosa
AB cosa
. BE _ BE .
sin=— = ; => BE = cosasinf

AB ~ cosa’

(3) Triangle BCG:

cosP = € — _CG ; => CG = sinacosP
BC sina
sinf =56 ?G ; => BG = sinasinf
BC sina
(4) Triangle ACF:
cos(a+B) = AF = AFBC  AE-BG
AC 1
-~ cos(a + B) = cosacosP - sinasin
sinfo+B) == = =% - G+ GF
AC 1

~ sin(a + B) = sinacosP + cosasinP
It follows that

(i) cos(a+ B) = cosacosp — sinasinp
(ii) cos(a - B) = cosacosp + sinasinf

[substituting —B for B)

(iii) sin(a + B) = sinacosP + cosasinf
(iv) sin(at - B) = sinacosP - cosasinp

[substituting —B for B)

These can also be derived using vector
approach.
Consider two unit vectors OA and OB each
inclined at angles a and B, respectively to the
positive x-axis

A (cosa, sina)
M '

:B (cosB, sinp)
" .

aBE




Using the definition of a vector product:
04.0B =|04|.|0B|cos(a —B)

Since OA and OB are unit vectors,
04| =|0B|=1
- 0A.OB = cos(a-B)
= (cosai + sina]_'). (cosBi + sinB]_') = cos(a —B)
- cosacosP + sinasinf = cos(a —B)
Substituting 90 —a for a
cos(90 —a )cosP + sin(90 —a )sinB
=c0s(90 —a —B)
~sinacosP + cosasinp = sin(a +B)

Other expansions can be similar substitutions

i.e.tan(a +B) = %

_ sinacosp + cosasinf

cosacosf—sinasinf

Dividing through by cosacosp

_ tanattanp
tan(a +p) = 1-tanatanf
Similarly
tan(a — pB) = P —

1+tanatanf

The following is a summary of compound
angles

1. cos (a+ B) = cosacosP — sinasinf
2. cos (a—B) = cosacosp + sinasinp
3. sin (o + B) = sinacosP + sinBcosa
4. sin (a - B) =sinacosP — sinBcosa
_ tana+ttanp
5. tan(o+p)= 1-tanatanf
_ tana-tanf
6. tan(a-PB)= 1+tanatanf
Example 17

Calculate the value of sin15° given that sin45°

0_V3

= cos45 = i, sin30° = 1 and cos30" =—
2 2 2

Sin15° = sin(45° — 30°)

= sin45%0s30° — sin30°cos45°
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_1 V3 11 V3-1_
_\/5.2 2'\/5_ 2\/5 =0.2588
Example 18
Prove that tan(45° + A) = —-2"4
1-tanA
tana+tanf

From tan (o + B) = 1-tanatanf

tan45°%+tan
tan(45° +A)= Lands ttanf
1-tan45%tanp
_ 1+tanA
" 1-tanA
Example 19

Acute angles A and B are such that: cosA = %,

o1 . .
sinB 7 Show without using tables or calculator

thattan (A+B) = 9ﬁ;8ﬁ

Solution

Using cos’0 + sin’0 =1
2
(l) +sin’A =1
2
sin?A=2=>sina=
4 2

tanA=73+ =43

N | =

Similarly;

osB=&

3

2v2 1 1
tanB === +3=2%
But

tana+tan
From tan (a + B) = tanattanf
1-tanatanf

_ B
- 1

1—\/§.m
_ (2v2V3+1)(2V2+/3)
T (2V2-V3)(2v2+V3)

9V3+8V2
5

tan (A+B) =



Example 20

Solve cos(8 + 35°) = sin(B + 25°)
for 0°< 8 <360°

Cos0cos35° — sinBsin35° =sinBcos25° +
cosBsin25°

Dividing through by cos@
Cos35° — tanBsin35° = tanBcos25° + sin25°

c0s35°-sin25° _ 0.3965337825

tan@ = =
c0s35%+sin259 1.479884223

0 =15° 195° for 0°< 6 < 360°

Example 21
2tanf ,
(a) Prove than = sin20
1+tan?0
Solution
2tan® __ 2sind ;( sinze)
1+tan260  cosf cos20
2sin@ (c0526+sin26)
= cos® cos26

_ Zsine;( 1 )
T cos®  \cos26

= 2sinBcosf = sin26

(b) Solve sin26 = cosB for 0° < 6 < 90°
Solution
sin20 = cosO
2sinBcosB = cosO

sin® :%
8 =30° for 0° < 6 < 90°
Example 22

Given that a, B and y are angles of a triangle,
show that tana + tanp + tany = tanatanftany

Hence find tany if tana = 1 and tany = 2.
Solution

a + B+ y=180° (angle sum of a triangle)
tan (o + B +y) =tan180° =0

tan[(a+B)+y]=0

tan(a + ) + tany _
1-tan(a + B) tany

= tan(a + B) + tany =0
tana +tanf _ —t
1-tana tanf - any

tana + tanf = —tany + tanatanftany
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~ tana + tan + tany = tanatanftany
Example 23

In a triangle ABC, prove that
cotlA + cotlB + coth
2 2 2

= cotlAcotchoth
2 2 2
Solution
~(A+ B +C) = 3(180°) = 90°
1 _ 0 _
cot [E(A +B+ C)] = ¢ot90° = 0

1—tan(%A+%B) tan%C

tan(%A+%B)+tan%C
1=tan (lA + lB) tanlC
2 2 2
1 1
tan-A+tan-B 1
1=<%> tan=C
1-tan-Atan-B 2
2 2
1- tanlAtanlB
2 2
= tanlAtanlC + tanlBtanlC
2 2 2 2
1= tan%Atan%B +tan%Atan%C +
tanlBtanlC
2 2
s . 1 1 1
Dividing each side by tanEAtanEBtanE C
cotlAcotchoth = cotlA + cotlB + coth
2 2 2 2 2 2
Example 24
Prove that the angle 6, between the straight

line y = myx + ¢; and the straight line

. . mo—m
y = MyX + C, is given by tanf = ———~
1+m,m,

Let the lines be inclines at angles a and B with
the x-axis respectively

y/




From the diagram above

6=B-a

= tanB=tan(f—a)

_ tanf-tana

1 +tanftana

m,—m
tanf = —2—2L
1+mymq

Revision exercise 3

1.

(a) show that sin(a +B) - sin(a - B) =

2cosasinp

(b) If sin(a +B) = 5cos(a - B) show that

5—tanf

1+tanf

(c) Without using tables or calculator,
show that cos15° = sin75°

tana =

(d) If a+B =45° show that tana = 1-tanp
1+tanf

Prove that:

., sin(a+p) __ (1+tanp)(1+cota)

(I) cos(a—-f3) t1= cosa+tanf

.. _ sin(a—p)

(i) tana - tanp = cosacosh

__sin(a+p)

(iii) cota + cotf = Snasing

(. ) sin(a-p) _ tana-tanf
v sin(a+p) " tana+tanp
cos(a—p) _ cotacotf+1

(v) cos(a+pf) ~ cotacotB-1

. cotAcotB—1
(VI) COt(A + B) " cotA+cotB

(a) Determine solution of tan2x + 2sinx =0
for 0° < x < 180° [x: x= 0°, 60°, 120°, 180°]
(vii) Show that in triangle ABC,

tanA + tanB + tanC = tanAtanBtanC
Find the values of tan a for each of the
following
(a) sin(a - 30° = cos a [V3]
(b) sin(a+45° =cos a [V2 — 1]
(c) cos(a+60°) =sina[2-V3]
(d) sin(a +60°) = cos(a — 60°) [1]
(e) cos(a +60°) = 2cos(a + 30°) [4 + 3V3]
(f) sin(a +60°) = cos(45° — ) in‘_‘/f]
Given that
(a) tan(a—B) =" and tana = 3 find the

value of tanp [1]
(b) tan(a +B) =5 and tanp = 2 find the

3
value of tana[—]

11
Given that
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(a) tan(B —45° = 4, find the value of &

5
T3
-]
(b) tan (8 + 60°) find the value of cot®
[8 + 53]

Double angles and half angles

(b) From cos (6 + 8) = cosBcosb — sinBsinB
= 0520 = c0s’0 —sin’f............. (i)

Either
0520 = cos°0 -1 + cos’0 (cos’ +sin’0 = 1]
0520 = 2€05°0 -1 ceoeereeeererereere e (ii)
Or
0520 = 1- sin°8 — sin°8
= 0520 =1-2sin’0 ................ (iii)

It follows that

cos’ = % (14 c0520) coueevverrrerrrne, (iv)

sin’0 = % (1 —c0S20) e (iv)
The identities imply
Cos60 = cos’36 —sin’30
=2c0s°30-1=1-25sin’30
Cos 8 = cos? — sin?
2 2
=2c0s2 —1=1-25sin?
2 2

(c) sin(B + B8) =sinBcosB + cosbsind
= sin20 = 2sinBcosb

It follows that

sin60 = 2sin36cos36

sind = Zsingcosg
272

tanf+tanf
(d) tan (6 +8)=— e

2tanf
= tan20 =
1- tan?6

It follows that



2tang
tanf = —=25
1- tanZE

2tan3f

tan6ﬁ = 1- tan?3p

Note that in all cases, the angles on the right
hand side are half the angles on the left hand
side [half angle formulae]

Example 25
Show that
(a) cosec26 + cot26 = cotd

Solution

1 cos26
sin26 sin26

cosec26 + cot20 =

_1+ cos26
sin26
_ 1+ 2cos?6-1
" 2sinfcosh
_ 2cos®6
“2sinfcos6
3tanf-tan36
(b) tan3 = ———
1-3tan?0

Hence deduce that if 36 + a = 45°, then
_ 1-3tanf-3tan®6+tan6
T 1+2tanf6-3tan26- tan36

= cotf

tana

Solution

tan26+tan6
1-tan26tan6

2tan6 ) } { 2tanf
= — =1 - — }
{(1—tan29 + tand 1-tan?6 tant
_2tan@+tanf—tan®0 _ 3tanb-tan®6
" 1-tan?6-2tan?6 ~ 1-3tan?@

tan36=tan(206 + 8) =

3tanf—tan36

« tan30 = 1-3tan26

Hence 30 + o = 45° =>a =45"-30

Tana = tan(45° - 36)

_ tan45°-tan36 _ 1-tan36
" 1+tan45%an30  1+tan36

1_(3tan9—tan39)

_ 1-3tan?6

- 3tanf-tan30
1+< 1-3tan?6 )

_1-3tanf-3tan?6+tan36
T1+42tanf-3tan26—- tan30

1-3tanf-3tan?0+tan30
1+2tanf-3tan20—- tan36

~tana =
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Example 26

3 . . .
If tana = " and a is acute, without using tables

or calculator work out the value of

(a) tan2a
3 2
ran2a = 2tana 2Xz 5 24
MC = tanta ~ 3?2 37
-(z) 1
[04
(b) tan;
ilarly ¢ _ 2tanl 3
similarly tana = a2

= 3tan2%+ 8tan%— 3=0

(3tan% - 1)(tan% + 3) =0

tan< = 1 or tanZ = -3

2 2 2
Since a is acute, tana cannot be negative
o 1‘,’a‘nz = 1
2 3

Example 27

(a) Show that cos3a = 4cos” a -3cos a. Hence

solve the equation 4x® — 3x - % =0 for
0°<a<180°

Solution

Cos3a = cos(2a +a)
= cos2acosa — sin2asina
=(2cos’a -1)cosa — 2sin*acosa
=(2cos’a -1)cosa — 2(1-cos’a)cosa
= 2c0s’a — cosa -2cosa. + 2cos°a

2
=4cos” a -3cos a

Hence 4x® — 3x = %

. V3
i.e. 4cos’ a -3cos a =

0° < a <180°% cos3a = %

For the range 0° < a < 180°

= 0°<3a<540°



3a=54.7°, 414.7°
a=18.23°% 138.23° (2d.p)
[o: a=18.23° 138.23%

(b) Giventhatt= tanZZ%, show that
t?+2t-1=0,

0
Hence show that tanZZ% =-1+V2

Solution
0 2tan22t’
tan45" = 25
1—tan2225
2t
1= 1-t2
1-—t2=2t
t*+2t—1=0 (as required)
solving
£ = —2+,/22—(4x1 x-1)
- 2x1
—ZHD2_ 14

0
Since 22% is an acute angle,
0
tan22% = -1+ V2 is positive

10
.'.tan225 =-1+V2
Example 28

(a) Show that 3sin® = 3sin® — 4sin’0. Hence
solve the equation sin30 + sinB = 0 for
0°< 0 < 360°
Solution
Sin38 =sin(26 + 6)

=sin20cosO + cos26sinB
= 25inBcos’0 + (1- 2sin”0)sind
= 25inB(1- sin’B) + (1- 2sin’B)sind
= 3sin® — 4sin’0
Hence sin30 +sin6 =0
3sin® — 4sin®0 +sinB=0
4sin@ —4sin°8 =0
4sinB(1-sin’0) = 0
4sinB(1-sinB)(1+sinB) =0
sinB = 0; 8 = 0° 180°, 360°
sin@=1; 06 =90°
sino =-1; 6 = 270°
~8:0=0° 90° 180° 270°, 360°
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29_
(b) Prove that cot 26 = cot7o—1
2cotf

the equation cot26 + 2cotB = 2 for
0°< 0 <360°

. Hence solve

Solution

c0s26 _ cos?0-sin?6

cot 20 =

sin260 ~ 2sinfcosO
dividing through by sin’0

cot?6-1

cot 206 = py—s

Hence, cot26 + 2cotB =0

cot?6-1

2cotd + 2cot8 =0

5cot’0 -4cotb—1=0
(5cotB + 1)(cotb-1)=0
cotf = —%or cotb=0

= tanB=-5ottan6=1
When tanf=-5; 8= 101.3°, 281.3°
When tanf = 1, 6 = 45°, 225°
~{0: 6=45° 101.3° 225°, 281.3%
Revison exercise 4

1. Prove that
(a) sinacosecP + cosasecf = 2sin(a +
B)cosec2p

(b) cos®® +sin®0 = 1- %sinZZH

in3 .
(c) "% — sina and hence deduce that
1+2cos2a
sin150 = 371
2V2

2. (a) Solve the equation for 8, 0°< 8 < 360°
sin’0 — 2sinBcosd —3cos’0 = 0
[0:0=71.6° 135° 251.6°, 315

(b) show that 1?;;919 = cot(g +459),

Hence or otherwise solve the equation

c0s9_ _ 1 for0° <6 < 360° [0= 36.8"]
1+sinf 2

3. (a) solve the equation 4c0s26 — 2cos6 + 3
=0 for0°< 0 <360°

[6: 6= 60°, 104.5°, 255.5°, 300°]
(c) Solve the equation sinB + sing =0 for
0°<0<360°




[6: 8= -360°, -240°, 0°, 2405°, 360

Vs Vs
(a) Prove that tan (Z + 9) - tan(z - 9) =
2tan26
(b) By expressing 2sinBsin(0 + a) as
difference of cosines of two angles or
otherwise, where a is constant, find

its least value [_Ta]

(c) Solve for 8 in the equation
CosB — cos(B + 60°) = 0.4 for
0°<0<360° [0 =126.4° 353.6]
(a) Show that cos36 = 4c0s®0 — 3cosb.

Hence solve the equation 4x> — 3x % =0

[x: x=-0.746, -0.204, 0.959]

(b) Find all solutions of the equation
5cosx —4sinx = 6 in the range
-180° < x £ 180° [x: x = -59.1°, -18.37%]

in260-cos26-1\ .
(a) Express \/(w) in terms of

2-2sin26

1
tand [‘/ (tan@—l)]

(b) Find the solution of the equation
V3sinf — cosf + 1 = 0 for 0<0<2n

6:0 = 2n 2
[' 3" ”]

Factorize cosB — cos30 — cos76 + cos90 in
form AcospBsingBsinr@ where A, p, g and
r are constants [A=-4, p=5,9=5,r=2]
(a) Given that sina + sinp = p and
cosa + cosP = g show that
(i) tan(azj) = s
q*-p*
q%+p?
(b) Solve the simultaneous equation:
cosa +4sinf=1
4seca — 3cosecP = 5 [B= 78.5°, 281.5°)
(a) Express sinB + sin36 in form
pcosBsingd where p and g are constant
[P=2,q=2]
(b) Find the solution of
c0s70 + cos56 = 2cos0 for

0°< 6 <360°[0° 60° 270°, 3607

SinA+sin4A+sin7A

(c) Prove that = tan4A
C0SA+cos4A+cos7A

Eliminate 8 from each of the following
pairs of expression

(a) x+1=cos26,y=sinB [x + 2y2 =0]

(b) x =c0s26,y =cosb -1 [x =2y + 4y + 1]

(ii) cos(a + B)=
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(c) y—3=c0s26,x=2-sinB
[2x*—8x +y + 4 =0]
10. Solve the following equations for
-180°< B8 <180°
(a) Sin26 +sin® =0 [+120°, +180°]
(b) Sin28 —2cos’@ = 0 [-135°, 45°, +90°)
(c) 3cos26 + 2+ cosd =0 [£70.5°, +120°]
(d) sin26 =tan® [0°, +45°, +135°, +180°]
11. Solve the following equations for
-360°< 6 < 360°, giving your answer
correct to 1 decimal place

(a) sind = sin(g)[oo, £120°, +360°]
(b) 3cos(§) - 25inB [+180°, 97.2°, 262.8°]
. 0
(c) 2sinB = tan(g)
[0°, +120°, +240°, +360°]

(d) 2cosB = 15cos(§) + 2 [+209°]
12. Prove the following identities

(a) 2cos’®@—cos26=1

(b) 2cosec26 = cosecBsecH

(c) 2cos0 + sin26sind =2cosO

(d) tan® + cotb = 2cosec26

(e) cos*® —sin’® = cos28

1—cos26
() = tan?0
1+cos26

(g) Cotb—tand = 2cot26
(h) cot26 + cosecB = cotb

(i) —CO;Zi;n 5 = cost — sin®

0 = co
1-tan<6

(k) cos28 = " taZZB .
3tanf— tan

(I) tan3i = P?bt'w

sin
(m) tan (E) - 1+cosf

10
13. Express tan225 in the form a + bv/2

where a and b are integers [a = -1, b= %1]
14. Solve the equation

(i) 4cos®—2cos20=3for0<O<m E]

(i) Cos26 + cos36 + cosd = 0 for 0° < 6 < 360°
[6 = 45°, 120°, 1359

(iii) cos® +sin20 = 0 for 0° < 6 < 360°
[6=90° 210° 270° 330

(iv) 2sin20 = 3cosB for -180° < 6 < 180°
[0 =-90°, 48.6° 90°, 132.4%

(v) SinB —4sin46 = sin26 —sin30 for

-T —m —-37 m 1w 3T
_T[SGST[I:_I_I_I I_I_I_]
572 5 2'5° 5



Harmonic form

These are trigonometric functions expressed
in the form of Rcos(x £ a) and Rsin(x ta).
They are in two ways

(i) solving equations in the form
acosB + bsinB+c=0
(ii) determining the maximum and minimum
values of the function
acosB + bsinB+c=0
where a, b and c are constants

A: Solving equations
Example 29

(a) Express 3cosB —4sinB in the form
Rcos(6 + a), where R and a are constants
Solution
Let 3cosB — 4sinB = Rcos(B + a)
= R(cosBcosa — sinBsinay)
= RcosBcosa — RsinBsina
Comparing coefficient of cos8 and sinB
Rcosa =3 ........... (i)

Egn (ii) = eqn (i)

tana = g; a=53.1°

Eqgn. (i)* + eqn. (ii)?

R’cos’a + R’sin’a = 3% + 4° = 25
R’[cos’a + sin‘a] = 25

R*=25

R=5

~3c0s0 — 4sinB = 5cos(0 + 53.1°)

(b) Solve the equation 3cosB — 4sinB =5 for
0°< 6 <360

Solution

3c0s6 — 4sind = 5cos(0 + 53.1°)

= 5cos(B +53.1% =5
cos(6+53.1%9 =1

x +53.1°=0° 360°
=-53.1°% 306.9°

Hence x = 306.9°

Example 30
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(a) Expresssin® ~/3cos0 in the form
Rsin(6 — a)
Solution
Let sinB -v3cos6 = Rsin(6 — a)
=R(sinBcosa — cosBsina)
Equating coefficients

Egn. (ii) =+ eqn. (i)
tana = \/3; => o = 60°
R’[cos’a + sina] = 4
R?=4;R=2
= sinB -v/3cos6 = 2sin(6 — 60°)
(b) Solve the equation
sin -v/3cosB + 1 = 0 for 0° < O < 360°
sinB -v/3cosh = 2sin(6 — 60°)
= 2sin(@-60°) +1=0

sin(8 — 60°) = —%

6 -60°=210° 330°
0 =270° 390°
Hence 8 = 270° for the given range
Example 31

(a) Express 4cosB — 5sinB in the form Acos(6 +
B), where A is constant and B is an acute
angle
Let 4cosB — 5sinB = Acos(0 + B)

= A(cosBcosp — sinBsinp)
= AcosBcosf — RsinBsinf
Comparing coefficient of cos® and sin®

Egn (ii) + eqgn (i)

tana = % a=51.3°

Eqgn. (i)* + eqn. (ii)?

A’cos’B + A’sin’B = 4>+ 57 =41

A’[cos’a + sin‘a] = 41

A*=41

A=41

~3c0s0 —4sinb = \/41cos(9 +51.39
(b) Solve the equation 3cosB —4sinB = 2.2 for

0°< 0 <360°

Solution

3cos0 —4sinBb = \/41cos(9 +51.39



= \/41cos(6 +51.39=2.2
0y - 22 _
cos(B +51.3%) = T =0.3436
(6 +51.3% =69.9%, 290.1°

~ 0=18.6° 238.3°
B: Maximum and minimum values

The maximum and minimum values of a
circular function may be obtained using three
methods

(i) Express the given function either in for
Rcos (0 + a) or Rsin(0 + a) if possible,
where R and a are constants.

(ii) Differentiating the given function with
respect to the given function say 8

(iii) Sketching the graphs of the function given
and noting their maximum and minimum
points.

In this chapter approach | will be considered.
Example 32

Determine the maximum and minimum values
of the following, stating the value of 6 for
which they occur

(a) V/3sind + cosb + 7
Let v/3sinB + cosO = Rsin(0 + a)
=R(sinBcosa +cosbsina)
Equating coefficients

Eqgn. (i) =+ eqn. (ii)
tana = %; => 0o =30°
R’[cos’a + sina] = [12 + (\/3)2]: 2
R?=4;R=2
= V/3sind + cosO = 2sin(6 + 30°)
= /3sin0 + cosB + 7 = 2sin(6 + 30%) + 7

The minimum value occurs when
sin(6 +30°%) =-1

= Minimumvalue=2(-1)+7=5
Now for sin(6 +30°) = -1

8 +30°=270°
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8=240°=""
3
The minimum value is (4—”, 5)
3
And maximum value occurs when
sin(6+30% =1
= Minimumvalue=2(1)+7=9
Now for sin(6 +30°% =1

6 +30°=90°

. . s
The maximum value is (5, 9)

(b) 5cosB —12sin6—13
Solution
Let 5cosB — 12sinB = Rcos(O - a)
= R(cosBcosa + sinBsinay)
= RcosBcosa + RsinBsina
Comparing coefficient of cos and sin®

Rsina =12 ............ (ii)
Eqgn (ii) = eqn (i)
tana = %; a=67.4°
Eqn. (i)* + eqn. (ii)?
R’cos’a + R’sin’a = 5> + 12° = 169
R’[cos’a + sin‘a] = 169
R* =169
R=13
~2c0s6 — 12sin6 = 13cos(6 — 67.4°)
= 5c0s0 — 12sinB — 13 =13cos( — 67.4°)-13

The minimum value occurs when
cos(0-67.4% =-1
=  Minimum value = 13(-1) -13 =-26
Now for cos(6 —67.4°) = -1
0 -67.4%= 180°
0=247.4°
The minimum value is (247.4°%,—26)
And maximum value occurs when
cos(0-67.4% =1

= Minimum value=13(1)-13=0



Now for cos(6 —67.4°%) = 1
0-67.4°=0°
0=67.4°

The maximum value is (67.4°,0)

Example 33

(a)

(b)

Given that p = 2cosO + 3c0s26 and

g = 2sinB + 3sin26, show that
1<p’+q°<25

If p> + g> = 19 and 6 is acute, find 8 and

show that pq = %\/3

Solution
p’° = 4cos’0 + 12c0s0cos20 + 9cos°20 ....(i)
g’ =4sin’0 + 12sinBsin20 + 9sin°20 .......(ii)
Egn. (i) + egn. (ii)
p’+q° = 4 + 12(cosOcos20 + sinBsin26) + 9
p° +q”> =13 + 12cos6 [cos(-8) = cos]
But-1<cosb<1
Multiplying through by 12
-12<12cos6 <12
Adding 13 throughout

1<12cosB+12 <25
~1<p®+q”< 25 as required
If p> + > = 19, =>13 + 12cos6 = 19
cosB = %; 8 =60° [6 is acute]

p = 2c0s60° + 3c0s120° =1 - ; = _%

q = 2sin60° + 3sin120° =v/3 + 3? _5ve

2
- (-2)(E) -2

Express f(x) = 5sin’8 — 3sinBcosd + cos’O in
the form p + gcos(26 — a)
Hence show that% <f(x)< 5%

Solution

digitalteachers.co.ug

Using sin’8 = % (1 —cos26)and

cos’0 :% (1 + cos26)

f(x) = E(1—c0526) - 3sinBcosO + l(1 +c0s20)
2 2

=2 200520 - 3.2 5iNBCOSO + = +=c0s20
2 2 2 2 2

=3-2c0526 - > 5in26

=3 - [2c050 + > 5in26]
Now:
3 —[2cosB + % sin26]= p + qcos(26 — a)
=3 + [gcos20cosa + gsin26sina]

. . 3

By comparing: p = 3, gsina = > and
qcosa =2

= tana= % a=36.9°

nda= [{G) +@7=3

> 3-[2c056 + 5in26] = 3 - 2cos(26 - 36.9)
But-1<cos(26-36.9% <1
Multiplying through by -

NIU—INIU‘I

; >- gcos(Ze ~36.9%>-
Adding 3 throughout
3 ; <3- gcos(Ze -36.9°) < 3+§
2s<f) <53

(c) Find the maximum and minimum points
of the function; f(x) =3cosB — 4sinB + 20
for 0° < 8 < 360°
Solution
Let 3cosB — 4sinB = Rcos(B + a)

= RcosBcosa - RsinBsina
Comparing coefficient of cos® and sin®
Rcosa =3 .......... (i)

Egn (ii) + eqgn (i)
tana = g; a=53.1°
Eqn. (i)* + eqn. (i)’
R2cos’a + R%sina = 3%+ 42= 25
R’[cos’a + sin’a] = 25
R*=25
R=5
~3cosB — 4sind = 5cos(B — 53.1°)
= 3cos0 — 4sind +20 =5cos(0 — 53.1°%) + 20



The minimum value occurs when
cos(6—-53.1% =-1
=  Minimum value = 5(-1) +20 = 15
Now for cos(6 —53.1) =-1
0 -53.1%= 180°
0 =126.8°
The minimum value is (126.8° ,15)
And maximum value occurs when
cos(0-53.1%9 =1
= Minimum value = 5(1) 20 = 25
Now for cos(6 —53.1°) =1
8 +53.1°=0° 360°
0 =-53.1° 306.8°
The maximum value is (306.8°,25)
Example 34

Find the maximum and minimum points of the
following
1
(a) f(e) "~ 3+sinf-2cosf
Solution
Let sinB® — 2cosB = Rsin(0 - a)

= RsinBcosa - RcosBsina
Comparing coefficient of cos8 and sin®
Rcosa =1 .......... (i)
Rsina =2 ............ (ii)
Eqgn (ii) + eqn (i)
tana=2; a =63.4°
Eqn. (i)* + eqn. (ii)?
R’cos’a + R%sina=1*+2°=5
R’[cos’a + sin*a] = 5
R’=5
R=v5
~.5inB — 2cosB = v/5sin(6 — 63.4°)
= 3+ sinf — 2cos6 =v/5sin(6 — 63.4%) + 3

1
= f(0)= 3++/5sin(6—63.49)

Note: for a fractional function, a
maximum point is obtained when the
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denominator is minimum and the vice
versa for the maximum point

The minimum value occurs when
sin(0—63.4% =1

. 1
Minimum value =3 0.31

Now for sin(6 —63.4)=1
6 -63.4%=90°
0 =153.4°

The minimum value is (153.4°. 0.31)

And maximum value occurs when

=

(b)

sin(6-63.4% =-1

Maximum value = —1 1.31
3+,/5(-1)

Now for sin(6 —63.4°%) = -1
0-63.4°=270°
0 =333.4°

The maximum value is (333.49,1.31)

1
f(e) " 4sinf-3cos0+6
Solution

Let 4sin® — 3cosb = Rsin(6 - a)

= RsinBcosa - RcosBsina
Comparing coefficient of cos® and sin®

Rsina =3 ............ (ii)

Egn (ii) + eqgn (i)

tana = 0.75; a = 36.9°

Eqn. (i)* + eqn. (i)’

R%cos’a + R%sina = 3% + 42 =25

R’[cos’a + sina] = 25

R*=25

R=5

= 4sin® — 3cosB = 5sin(6 — 36.9°)

= 4sin® — 3cosB + 6 = 5sin(6 — 36.9°)+ 6
1

= f(0) = Ssme—sevyve

The minimum value occurs when

sin(6-36.9% =1



1

5(1)+6 11

= Minimum value =

Now forsin(6 -63.4)=1
0 —36.9°= 90°
0 =126.9°
The minimum value is (126.9°. %

And maximum value occurs when

sin(6 —36.9%) =-1

1 —
5(-1)+6

= Maximum value =
Now for sin(6 —36.9%) = -1
0-36.9°=270°

0 =306.9°

The maximum value is (306.9°,1)

The t-formula

Although this form has been tackled
indirectly, it is formally stated here

Suppose thatt = tang, we have

t N

19
2

1
From the triangle above

t
Vi+t2

1 .1
00559= andsm;9=

1
V1+t2

1 o1
But cos6 = cos? 59 — sin? 59

- (\/111:2)2 N (\/1:-1:2)2

1-t2
1+t2

~ cosf =

And sinf = ZSin%OCos%G

=2(7=) (=)
- sinf = 132
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The t- formula is used widely in solving
equations and proving trigonometric
identities. These can be extended as follows

2t 1-t2

() Fort=tanb, sin20 =— and cos26 = >
1+t 1+t

(ii) Fort= tan(%x), sin(%x) =1ittz and

5x 1-t2
cCoS \— —
2 1+t2

Example 35

2t
1+t2

Show that if t = tan®, then sin206 = and

1-t2
20 =
1+t2

V/3c0s26 + sin 26 = 1 for 0° < 6 < 360°.

. Hence solve the equation

Solution

t NeEs

1

From the triangle above

L and sinf = :
V1+t2 V1+t2

cosf =
But cos26 = cos?8 — sin%6

- (x/:rtz)z B (\/1;2)2

1-t?
1+t2

~ €0S20 =

And sin26 = 2sinfcos0

=2(7=) ()
. sin26 = lztz
+t

Hence vV3co0s20 +sin 20 =1
1-¢t2 2t

= 3 (1+t2 ) t (1+t2) =1

V3—=V3t2+2t =1+t2

(1+V3)t1 =2t 4+1—-v3=0

3 Zi\/22—4(1+\/§)(1—\/§) _24V1Z2 1443

t 2(1+v3) T2(14+V3) | 1+V3




_1+V3
T14v3

(i) (57) -2+ 3

If tan® = 1; 6 = 450, 2250

t 1lor

If tan® = -2 +V/3; B = 165°, 345°
~0:0=45° 165°, 225°, 345°
Example 36

Find all the solutions of the equation
5c0s0 — 4sind = 6 for -180° < 6 < 180°

Solution

6
Lett= tan; then

1-t2
cosf = —
1+t2
. 2t
sinf =
1+t2

(7) - 4(55m) =
5(1 —t?)— 8t =6(1+t?)
5-5t"-8t=6+6t
112 +8t+1=0
¢ = -8+V82—4x11x1 _ —8+4.4721

2x11 22
t="2%4721 _ _0.1604 or
22
t=—2"24721 _ 5669
22

Taking t =-0.1604

tan? = —0.1604; 6 = —18.2°
Taking t =-0.5669

tan? = —0.5669; § = —59.1°
~0=-59.1° -18.2°

Example 37

Solve the equation

3tan’ + 2sec’ O = 2(5 — 3tan®) for
0°< 6 <180°
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Lett=tan B

3t2' 2(1 + tz) = 2(5 '3t)

5t°+6t—8=0

(o SoH/EPAEO(E) 614 _ 4
20 10 5

Takingt =-2; 6 = tan(-2) = 116.57°
Taking t = g; 9= tan‘l(g) = 38.66°
Hence 6 = 38.66°, 116.57°

Example 38
4t(1—t?
Show that tan46 = 4(—2) , Where t = tan®.
t4—6t2+1
Solution
2tan26 2tan 6
tan4d = ———-"_ and tan26 = 2
1—tan? 20 1- tan?9
2t
2(1— tz)
- 2t \2
1- (1— tz)
_4t(1-t?)
T t—6t2+1
Example 39

Solve the equation cosB + sinB + 1 =0 for
0°<8<360°

Solution

cosO +sinB+1

0
Let t =tan—-
2
1-t2 2t
=1
1+t2  1+t2

1-t2+2t=1(1+t)

2t+2=0;t=-1
-'-tang:—l

2
0 0 0
== 135,315

2 =

8 =270° 630°

Hence 6 = 270°
Revision exercise 5

1. Solve equation 3cosB + 4sinB = 2 for
0°<<360°[119.6°, 346.7°]

tan*x —6tan’x+1
2. (a) Show that cosdx = —————
tan*x+2tan?x+1

(b) Show that if g = cos2x + sin2x, then
(1+q)tan’x - 2tanx+ q—1=0.



Deduce that if the roots of the above
equation are tanx, and tanx,, the
tan(x+ %) =1
3. Find the values of R and tana in each of
the following equations

(@) 2cosB + 5sinB = Rsin(0 + a) [\/_
(b) 2cosB + 5sinB = Rcos(O - a) [\/_
(c) V3cosB + sinB = Rcos(6 - a)[ ,

N|U101|N

5
(d) 5sinB—12cosb = Rsin(6 - a) [13,?

(e) Cos®—sind =Rcos(6 +a) [V2,1]

4. Find the greatest and least values and
state the smallest non-negative value of x
for which each occurs
(i) 12sinx + Scosx [13, 67.4% -13, 247.4°]
(ii) 2cosx + sinx

[V5,26.6°% —/5,206.6°]
(iii) 7 + 3sinx — 4cosx
[12,143.1% 2, 323.1%
(iv) 10 — 2sinx + cosx

[10 ++/5,296.6°; 10 - /5, 116.6°]

1 [2+\/_ 50 2— \/— 450]
1

2+sinx+cosx 2
[—,311.80- —,131.8°|

1
[1,112.6% 2926]

(v)
(vi)
(vii)

7—2cosx+V5sinx
3

5cosx—12sinx+16

5. Solve each of the following equations for
0% < x <360°
(a) sinx +v3cosx = 1 [90°, 3307
(b) 4sinx — 3cosx = 2 [60.4°, 193.3°
(c) sinx + cosx = \/ii [105°, 345
(d) S5sinx + 12cosx = 7 [80.0°, 325.2°%
(e) 7sinx —4cosx = 3 [51.6°, 187.9°
(f) cosx—3sinx =2 [237.7°, 339.2°
(g) 5cosx + 2sinx = 4[63.8°, 339.8°]
(h) 9cox2x —4sin2x =6 [14.2° 141.8°,

194.2°, 321.8°]

(i) 7cosx + 6sinx = 2 [118.1°, 323.1%
(i) 9cosx — 8sinx = 12 [313.6°, 323.1%

The factor formulae

The following identities were developed from
compound angles

cos (A + B) = cosAcosB —sinAsinB .......... (i)
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cos(A — B) = coaAcosB + sinAsinB ............ (ii)
sin(A + B) = sinAcosB + sinBcosA ............. (iii)
sin(A — B) = sinAcosB — sinBcosA .............(iv)
eqn. (i) + eqn (ii)

cos(A + B) + cos(A — B) = 2cosAcosB

eqn. (i) — eqn (ii)

cos(A + B) - cos(A — B) = -2cosAcosB

eqn. (iii) + eqgn (iv)

sin(A + B) + sin(A — B) = 2sinAcosB

eqn. (iii) - eqn (iv)

sin(A + B) - sin(A — B) = -2sinBcosA

For simplification, A+ B=aand A—B=

Add: 2A=a+Bie A= (‘”ﬁ)

2

Subtract2B=a-Bie. A= (#)

Substituting for A and B in the above equation
_ a+ f a-f

cosa + cosP = 2cos(—2 )cos(—2 )

cosa - cosP = -2COS(#)COS(¥)

sinat + sinP = Zsm( ;B)cos(a_zﬁ)

sina - sinP = 2cos(a;B)sm(¥)

Example 40

Show that if X, Y and Z are angles of a triangle,
then

. X .Y . Z
(a) cosX+cosY+cosZ—1= 45|n55|n55|n5
solution

LHS cosX + cosY + cosZ — 1

X+Y X-Y . 2Z
=2cosTcosT+ 1-2sin 5—1

(to eliminate -1)

800 -z

X-Y A
oS - - 2sin’=

1
= 2cos
2

(since X +Y = 180° - 2)



. Z X-vY . 2Z
= 2sin = cos — -2 sin’=
2 2 2

(Since cos(90° — A) = sinA)

- 0_
2 2 2

. Z X-Y X+Y)
=2sin— [cos— — cos {—}]
2 2 2

(Since sin (90° — A) = cos A)

. Z LX . -
= 2sin= [—ZSlTl—Sln —]
2 2 2

=2sin> [ZSinE sin Z]
2 2 2
(Since sin(-A) = -sinA)

. X .Y . Z .
4sm;smgsmg as required

(b)Sin3X + sin3Y + sin3Z =
3X 3Y 3Z
- 4cos— coS —coSs —
2 2 2

Solution

LHS: Sin3X + sin3Y + sin3Z

3(X+Y)  3E-)

. . 3Z  3Z
= 2sin + 25|n7cos7

o_ _
:Zsin3(180 7) cosS(X Y)

. 3Z 3Z
+ 2sin—cos—
2 2

3(X-Y)

3Z . 3Z 3Z
= -2COS7 Cos + 25|n7cos7

Since sin(270° — A) = -cosA}

3Z[ 3(X-Y . 3Z
=-2cos7 cos *r) _ n—

3Z[ 3(X-Y . 3{180°—(X+Y)
=-2c0sZ [cos 2ED) _ gin ;]

2 1 2

3Z[ 3(X-Y 3(X+Y
=-2C05— cosg - SQ]

2 1 2 2

3Z[ 3X -3y
:—Zcos7 ZCOS7 + cos—-

Since cos(-A) = cosA
3X 3y 3Z

=-4Cc0S— COS — COS —
2 2 2

(c) cos4X + cos4Y + cos4Z + 1
= 4co0s2Xcos2Ycos2Z

Solution
LHS: cos4X + cos4Y + cosd4Z + 1

= 2c0s2(X + Y)cos2(X = Y) + 2cos*2Z -1 + 1
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= 20s2(180° - Z)cos2(X — Y) + 2cos’2Z
= 2¢0s2Z[cos2(X — Y) + c0s2{180° — (X + Y)}]
= 2c0s2Z[cos2(X —Y) + cos2 (X +Y)]
= 2c0s2Z[2cos2X cos-2Y]
Since cos(-A) = cosA
=4c0s2Z2cos2X cos2Y
(d)sin®Y + sin’Z =1 + cos(Y — Z)cosX
LHS: sin’Y + sin’Z
1

=3 (1 — cos2Y) +%(1 — c0s27)

=% (2 = cos2Y — cos2Z)
=1— %(cosZY + cos2Z)
=1 - cos(180° —X)cos(Y — 2)
=1+ cos(Y — Z)cosX
Example 41

(a) Factorize cosBcos30 —cos76 + cos98 and
express it in the form AcospBsingBsinrd
wher A, p, g and r are constants

Solution

f(6)= cos96 + cosB — (cos76 +cos36)
= 2c0s50c0s40 — 2c0s50c0s20
=2c0s50(cos46 — cos206)

= -4¢c0s50(-sin36sin0)
=-4c0s56sin36sin6

= A=-4,p=5,q=3,r=1
(b) Given that
p = sina + sinfp
g = cosa + cosP. Show that

2pq
p?+q?

=sin(a + B)

Solution

2pq
p+q?

2(sina+sinf)(cosa+cosf)

“sin2a+2sinasinf+sin?f+cos2a+2cosacosf+cos?f




=2 [Zsina:—ﬁcosa;—ﬁ] [Zcosa:—ﬁcosa;—‘g]

2+2(cosacosB+sinasinf

=2 [Zsin‘t’—ﬁcos%—ﬁ] [260520!;_3]

2+2cos(a—B)

_2[sin(a+p)][1+cos(a—f)
- 2[1+cos(a—pB)]

=sin(a +B)

Example 42

Solve 5cos°30 =3(1 + sin30) for 0°< 8 < 90°.
Solution

5cos’30 =3(1 + sin30)

5(1 - sin?38) = 3(1 + sin36)
5—5sin’30 = 3 + 3sin30
5sin’30 +3sin30 - 0=0
(sin30 + 1)(5sin36-2) =0
sin36+1 =0

30 =sin~1(—1) =-90°, 270°
Example 43

(a) solve the equation cos2x = 4cos’x -2sin’x
for0< 0 <180°
c0S2X = 4c0s°X -25in’X
cos’x — sin’x = 4cos’x -2sin’x
3c0s’x - sin’x = 0

4cos’x—1=0

(2cos x+1)(2cosx—1)=0
Either

2cosx+1=0

Ccos X = —%

X = cos ™ (— %) =120°

Or

2cosx-1=0

Ccos X = %

X= cos'l(%) =60°

~ x(60° 120°)

Alternatively
cos2x = 4¢cos’X -2sin’x
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(b)

= % (1 + cos2x) — ;(1 — €0S2x)
=2+ 2co0s 2x—1 + cos2x
2cos2x+1=0
1
COS2X = —
2
2% = cos.4(— %) =120°, 240°
x = 60°, 120°

Alternatively

cos2x = 4cos’X -2sin’x

cos’x —sin’x = 4cos’x -2sin’x
3c0s’x —sin’x = 0

Sin’x = 3cos’x

tan’x =3

tanx = +/3
Either

tanx =/3

x = tan"1+/3 = 60°
Or

tanx = —/3

x =tan~! —/3 = 120°
Hence x = 600, 120°

Alternatively
c0s2x = 4cos’x -2sin’x
1-2sin’x = 4(1-sin’x)-2sin’x

1 =4 —4sin’x
4sin’x = 3
.2 3
sin“x ==

4
sinx:i\/§= 3

4 2

x = 60°, 120°

Alternatively
cos2x = 4cos’x -2sin’x
1-2sin’x = 4cos’x -2sin’x

Acos’x = 1
Cosx = i—\F = 4 1
4 2
x = 60°, 120°
Show that if sin(x + a) = psin(x — a) then
- (P
tanx = (p_l)tana.

Hence solve the equation
sin(x + a) = psin(x —a) for p=2and a=
20°.



1 1
= tanAZEand B:E
sinxcosa + coxsina = p(sinxcosa - coxsina)

cosxsina (p + 1) = sinxcosa (p - 1)

cosxsina(w) = sinxcosa V5
P-1 1
cosxsina (p_—l—l) __ sinxcosa
sinxcosa \p—1 ~ sinxcosa B
tanx = (p—ﬂ) tana 2
P—1
For sin(x + 20°) = 2sin(x — 20°) = tanB=2
241 0 0 2
tanx =—tan20” = 3tan20
>y 0 LHS =tan" 12 +sin"! ==A+B
x = tan~1(3tan20°) = 47.52 =tan “o+sin To==A+
Example 44 =tan"![tan(4 + B)]
1 1
_+_
Prove that in any triangle ABC, =tan~! <%>
sin(A-B) _ a*-b? 3/\2
sin(A+B) - c2 =tan—! 3_+i
Solution =tan~! g =tan11 =§
a?-b? _ (2Rsin A)?— (2Rsin B)?
cz (2Rsin C)?
-1 1 -1 1 _T
4R%(sinA- sin’B (b)2 tan 3 + tan b
- 4R2sin2C Solution
_ (sin A+sin B)(sin A—sin B) Let A =tan~?! 1 and B =tan~! 1
= 3 7

sin2[1809—(A+B] 1 1
= tanA = 3 and tanB =

_2 sin(*22) cos(42F) 2 cos(#) sin(%)

in2(A+B 23
sin?(A+B) LHS: tan™* tan(24 + B) but tan2A =—>2-
_ sin(A+B) sin(A-B) 1_(5)
B sin2(A+B) 3.1
_+_
_sin(A-B) ~tan™?! tan(2A+ B) = W
sin(A+B) 4/\7
Inverse trigonometric functions =tan~?! (%)
Note that =tan"11
T
(a) If8=cos™ ! (%) then cos® :% ) ) 4 -
(b) tan~!(tana)=tan(tan™! ) =a (c)cos™ x +sin""x = 3
(c) cos™[cos(x + y)] Solution
= cos[cos ™ (x + y) = x+y Let 8= cos™1 x; =>x = cosB = sin(g - 0)
(d)sin(sin~1 @) = sin~!(sin"! 9) sinx="_9
2

To avoid errors test the values ~cos lx+sinlx = %
Example 45 Example 46
Show that Solve the equations

11 o1 1 T _ R -
(a)tan™?! S +sin 1 =3 (a)tan™(20 + 1) + tan™(26 — 1) = tan™(2)

Solution

i1 1 Solution
A=tan " -andB=sin""—=
3 V5
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B w



Let A=tan"1(260 + 1) and B =tan"1(260 — 1)
= tanA=260 + landtanB=26 — 1

~A+B=tan"!2 ortan(A +B) =2

20+1+260-1
1-(26+1)(26-1)

40=2(1-406°-1)
20°+86-1=0
(26-1)(0+1)=
9=%or9=—

(b)tan™(1+ 6) + tan™(1 - 8) =32
LetA=tan"1(1+ 6) and B=tan™1(1 —9)
= tanA=1+6andtanB=1—-6

~ A+B=32ortan(A +B) =tan32

Introducing tangents

146+1-8
1-(1+6)(1-6)

= tan32
6*an32=2
0 =+2cot32 =+1.789

Example 47

If x = tan'a and y = tan™'B;

_ af at+p
Show that x + y =tan (1_04;)
Solution
tanx = q; tany =

(x +y) = tan[tan™(x + y)]

o1 atB

= tan (1—0{B)
Example 48
Solve the equation

1
tan ( 1) +tan™(x + 1) = tan(-2)
Solution

1

Let A=tan’ ( 1) and B =tan™(x + 1)

= A+B=tan"(-2)
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—+(x+y)
1( )(x+y)
1+x2-1 - >

x—1-x—-1

x% =4;x = +2

Example 50

Without using tables or calculators determine

41 11 11
the values of tan 15+tan 1§+tan 15.
Solution

11 41 _
tan 1E+tan 1E+tan 1

@ | =

1
+o 11
—25 — +tan 15

o

-1 7 -1 1
=tan”" -+ tan " -
9 8

7 1
__otg tan_l(G—s)zz
=06 65/ 4
Example 51
Solve equations
(a)cos™tx + cos™1 x/8 =§
Solution
Let A=cos 'x and B =cos ! x/8

A+B=Z
2

Cos (A+B)= cos(g)

1 41— 8x2 1

1—x2

A
- G

x(xv8) - (V1—x2)(V1-8x2) =0
x(x\/g) = (\/1 - xz) (\/1 - 8x2)

8x" = (1 —x2)(1 — 8x?)

1-9x°=0

(1-3x)(1+3x)=



. 1 1
Eitherx== orx=—-=
3 3

We discard the negative value, so the root is

X==
3

(b) 2sin~! (g) +sin!(xv2) ==

2

Solution

Let A =sin~! (32—5) and B = sin_l(x\/f)

JA+B=Z2
2
2A=2_B
2

Sin(2A) =sin (g - B)

2SinAcosA = cosB

N 1 xV2 1
2 ) 5

2 V1 -—2x?
Ny
2(%). J1-% =vi-22?
2/ 4 x
X. /4‘4"2=v1—2x2

~ VA —xZ=V1-2x2

xz 2 2
T.(4—x )=(01—-2x*)
X*—12x*+4=0

2 _ 124/144-4(x D
2x1

X

o2 = 124128
- 2

x =6+ 42

After testing for x = v/ 6 + 4+/2 and for
x = /6 — 4+/2, the value that satisfies the
equationisx =6 — 4+/2 = 0.5858

=6+4V2

Hence the value of x = 0.5858
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Revision exercise 6

1. If p=sina +sin B and g = cosa + cosP show
that 2 = tanﬂ
q 2

2. (a) Prove that:
(i) (sin2x — sinx)(1+ 2cosx) = sin3x
(i) cos4® _tan*6-6tan?6+1

tan*6+2tan?6+1
...y Sinx+2sin2x+sin3x 2X
(iii) = - - =tan*“=
sinx+2sinx+sin3x 2

3. Solve the equation for 0° < x < 180°:
(a) sinx +sn3x+ sin5x +sin7x=0
[x: x=0° 45° 90° 135°, 180°]
(b) sin7x + sinx + sin5x + sin3x =0
[x: x = 60° 180°]
(c) sinx+sindx=0
[x: x= 0° 60° 72° 144° 180°]
(d) cos (x +10°) — -cos(x + 30° =0

[70°]

(e) cosbx —sin2x = cosx
[x: x=0° 70° 90° 110°180°]

(f) sin2x +sin10x + cos4x =0
[x: x=22.5° 35° 55° 67.5° 95°,
112.5° 115°% 157.5°, 175

4. Show that
(a) tan"1x + cot™lx = %
o1 (1) -1 (V3
(b) 2sin (E) =sin (2)
(c) the positive value that satisfies the

equation tan™! 3x + tan~!2x = % is
1

6
(d) tan~'(—=x) = —tan"'x
63 1 . 1 /(3
(e) cos™t (E + 2tan~! (E) =sin™! (E)
5. Prove that
SinA—-sinB A-B A+B
(a) sinA+sinB tan( 2 )COt( 2 )
(b) Sin3x + sinx = 4sinxcos’x
sinx+sin2x+sin3x

(c) = tan2xx
COSX+Cc0S2x+Cc0S3x

(d) sin(A + B) —sin(A — B) =2cosAsinB

sin5x+sinx
(e)

——— = 2cosx — secx
sin4x+sin2x

(f) Cos3x + cosx = 4cos’X — 2COSX



Solution to triangles Similarly;

In a triangle ABC b’ =a’ + ¢* — 2accosB (2)
C ¢’ =a’*+ b’ - 2abcosC (3)

It follows that

b b%+c?-a?
a COSA = —

2bc
a?+c?-p?
cosB =— 12—

R
A ¢ C 2. p2_.2
a“+b“—c

cosC = ———

2ab

(a) Six elements are considered: three angles
and three sides (b) Given an obtuse angle A

Capital letters denote angles and small bold
and italics letters sides

(b) The opposite side of angle A is a, of angle
Bis b and of angle Cis c.

(c) The angle sum of a triangle is two right In triangle ABC, A is an obtuse angle and CD is
anglesi.e. A+B+C=180° the altitude.
(d) The sides are independent except that the
sum of the two sides of the triangle From triangle
should be equal to or greater than the ACD: X+ h> = b7 oo (i)
third side BCD: (c—x)*+ h*=a’
=2ex+x+h’=a .. (ii)
How to deal with triangles Substituting eqgn. (i) into eqgn. (ii)

2 2 2
. _ +hi=
1. The cosine rule ¢ -2cx+b =a

(a) Given an acute angle A But o
x = bcos (180" — A) = -bccosA
C From triangle ACD

a’ = b’ + c>-2bccosA as before

b a The cosine rule can be derived using the
h vector approach.
C
A [T R
S X DS—x 2
. ¢ b a
From triangle
ACD: X* + h? = b7 e (i)
BCD: (c—x)*+ h* = a*
-2ecx+x2+h=a ... (ii) A c B
Substituting eqgn. (i) into eqn. (ii)
-2cx+b*=a’ Given a triangle above with BC = a, AC = ¢ and
But AB=b
)'; lzczofiz — 2bccosA = a’ BC=BA+AC=AC-AB
a’ = b? + c*2bccosA (1) a=b-c
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= aa=(b-c)(b-c)
=b.b—-2b.c+c.c
=b.b+cc—2b.c
~a’> =b*+ ¢’ = 2bccosA
since b.c = |bc|cosA

Example 52

Solve the triangle in which AB = 6cm, BC =
4cm and angle ACB = 48°12’

Solution

4cm

48°12’

6cm

lov}

Using: b* = a” + ¢’ -2accosB
=6° +4° - 2(6)(4)cos48.2°

1° (degree) = 60’ (minutes)

b=4.47cm
_ b%+c2-a? _ 20.0+36-16
Using: cosA = — - — =< 0 ®
A =41.8°

ButA+B+C=180°
41.8°+48.2°+ C=180°
Cc=90°

~ AC=4.47cm, angles BAC = 41.8° and
ACB =90°

Example 53

In a triangle ABC, prove that

(@) a’°=(b—c)*+ 4bcsin2(§) hence that
Vbesin(4
a = (b —c)seca where tana = %C(Z)

From cosA=1-2 sinz(g)
Substituting for cosA into the cosine
formula a® = b*+ ¢ — 2bccosA

2 _ g2 2 ) . oA
a =b°+c —2bc[l -2sin (2)]
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a’ =b*+c*—2bc+4 sinz(g)
2 _(h_ ~)2 .2 é
a“=(b-c)” +4bcsin (2)
. . . 2[A\.

Hence, substituting for sin (E)mto tana
expression we get
a’=(b-c)®+(b-c)tan’a
a’=(b-c)’(1 +tan‘a)
a’ = (b—c)’sec’a

a=(b-c)seca

2. The Sine Rule

T~
~

< RYA
A

The figure shows a circle with centre O and
radius r circumscribing triangle ABC

s~ r
~

4

Angle BOC = 2A [angle subtended by the same
arc at the centre of the circle is twice the
angle formed at any point on the
circumference]

Triangle BOC is isosceles
OD bisects angle BOC and side BC
~BD =%a

From triangle BOD

. a .
sinA=— i.e.— = 2r
2r SinA

if instead we consider triangles AOC and AOB,
we obtain _L = 2rand — = 2r
sinB sinC

a b c
Ingeneral: — = — = —
SinA sinB sinC




Example 54

Solve the triangle in which AB = 5cm, AC =
4cm and angle ACB = 600

Solution
C
60°
4cm
A 5cm B

Using sine rule

b c . _q (bsinC
— = ——=>B =sin
sinB sinC c

B=sin"! (isin60°) =43.9°
5
From A + B + C+ = 180°

A=(180-60-43.9)°=76.1°

bsinA 4sin76.1°
— = — =5.6cm
sinB sin43.90

Similarly a =
. AB = 5.6cm,BAC = 76.1°,ABC = 43.9°
Example 55

Prove that in any triangle

a’-b? _ sin(A-B)
c2  sin(4A+B)

Solution

From sine rule formula;
a = 2rsinA, b = 2rsinB, ¢ = 2rsinC

By substitution

a?-b? _ (2rsind)?>—(2rsinB)? _ sin?A-sin’B
cz (2rsincC)? - sin2c

But A + B+ C = 180°

C=180°- (A +B)

sinC = sin[180° — (A + B)] = sin (A + B)
By substitution

a?-b? _ sin®?A-sin’B (sinA+sin B) (sinA—sinB

¢z~ sin(4+B) sin(A+B)
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Zsin%(A+B)cos%(A—B).Zcos%(A+B)sin%(A—B)
B sin(4A+B)

1 1
_ ZsmE(A—B)cosE(A—B) _ sin(A-B)
sin(A+B)

a?-b? _ sin(A-B)
¢z sin(A+B)

Hence

Example 56

Prove that in any triangle ABC,
sinl(B —-C) = b=¢ costa

2 a 2
Solution

From sine rule formula;
a = 2rsinA, b = 2rsinB, ¢ = 2rsinC

By substitution

b—c _ 2rsinB—2rsinC _ SinB-—sinC

a 2rsinA - SinA

But A +B+C=180°
A=180°—(B+C)
sinA = sin[180° — (B + C)] = sin(B + C)

By substitution

b—c _ SinB—sinC _ SinB—sinC

a SinA - sin(B+C)

2c05§(3+C)sin%(B+C)

- Zcos%(B+C)cos%(B+C)

sin%(B+C)
- cos%(B+C)

From A + B + C = 180°
B+C=180"-A
1 _ 0o 1
~(B+0) = (90 2A)

.1 . 0_1 _ l
SlTlE(B+C)—SlTl(90 2A)—coszA
By substitution

b—c sin%(B+C)

- 1
a cos-A
2

wsin=(B—C) = P=C cos2A
2 a 2



3. The Tangent Rule

It states that in a triangle ABC
tan- (A B) = ( +b) cot> lc
tan- (C A) = ( )cot B

1 b-c 1
tan (b—c)= (m) cot EA

Proof

b c
From =—=—
SinA smB sinC

a = 2rsinA, b = 2rsinB, ¢ = 2rsinC

a—b _ 2rsinA-2rsinB _ sinA-sinB

a+b  2rsinA+2rsinB  sinA+sinB

2cos%(A+B)sin%(A—B)

- Zsin%(A+B)cos%(A—B)

2cos(90—%C)sin%(A—B)

25in(90—%C)cos%(A—B)

cos(90—%C)tan%(A—B)

sin%(90—C)

sin%Ctan%(A—B)

cos%C
a-b 1 1
b tanECtanE(A — B)

a-b
+b

1
..tanE(A—B)= ( ) cot> ic
Example 56

Show that in a triangle PQR

tan- (Q C)—( )ct P

Hence solve the triangle in which g =15.32, r =
28.6 and P =39°52’

Solution

r
From ,p = ,q = —
sinP sinQ SinR

p = 2rsinP, q = 2rsinQ, r = 2rsinR

q—r __ 2rsinQ-2rsinR _ sinQ-sinR

q+r - 2rsinQ+2rsinR - sinQ+sinR
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Zcos%(Q+R)sin%(Q—R)

- 25in%(Q+R)cos%(Q—R)

2c05(90—3P)sin>(Q—R)

25in(90—>P)cos2(Q—R)

cos(90—%P) tan%(Q—R)

sin(90—P)

L1 1
smEPtanE(Q—R)

cos%P
a-r _ 1 10_
e tantham2 (Q—R)
. tan= (Q R) = (q+r) cot> Lp
Hence
. 1( R) = 15.32 — 28.6 13905 "
an3 (Q ~1532+296°°
=-0.3621

~(@—R)=-19.9%ie.Q-R=-39.9°
ButP+Q+R=180
Q+R=180-39.9=140.1°

Solving Q = 50.15% and R = 89.95°

0
gsinp _ 15.32sin[39+2]

Now p = sinQ sin50.15 =12.79

~p=12.79,Q=50.15% R = 89.95°

Example 57

Show that atb-c

—tan Atan B

Solution

a+b—c
LHS =
a+b+c
_2rsinA+2rsinB—-2rsinC

2rsinA+2rsinB+2rsinC
_ sinA+sinB—sinC

"~ sinA+sinB+sinC
Zsin%(A+B)cos%(A—B) —Zsin%Ccos%C

Zsin%(A+B)cos%(A—B) —Zsin%Ccos%C

25in(90 —lc)cosl(A—B) —2siniccos=c
_ 2 2 2 2

25in(90 —lc)cosl(A—B) —2siniccos=c
2 2 2 2

1 1 1 1
B ZcosECcosi(A—B) —ZsmECcosEC

= 1 1 1 1
ZOSECCOSE(A—B)—ZSlnECCOSEC
cos%(A—B)—sin%C

- cos%(A—B)+sin%C



_cos%(A—B)— sin(90-3(4+B))

=1 ; 1
cosE(A—B)+sm(90—5(A+B))
cos%(A—B)—cos%(A+B)

cos%(A—B)+ cos%(A+B)
—ZsinlAsin(—lB)
2 2
COS=A+ COS=B
2 2

= tanlA tanlB
2 2
. . .1 1,
Expressions for sinA, smEA and cosEA in
terms of the sides of the triangle
(a) sinA
From the identity

sin’A =1 —cos’A = (1 — cosA)(1 + cosA)
b%+c%-a? b%+c?-a?
_(1 - 2bc ) (1 + 2bc )

_(2bc—b2+c2—a2) (2bc+2+c2—a2)
- 2bc 2bc

_ [a?-(-0)?][(b-c)?-a?]
- 4p2¢c2

(a+c-b)(a+b—c)(b+c—a)(b+c+a)
4b2c?

~ sin’A =

Lets =- [perlmeter of triangle]

NII—I

=[a+ b+ c]

2s=[a+b+(]

at+b=2s—cji.e.a+b-c=2s-c-c=2(s—¢)
a+c=2s—b;i,e.a+c—b=2s—b—-b=2(s—b)

b+c=2s—-a;i.e.b+c—a=2s-a—a=2(s—a)

_2(s—b).2(s-c).2(s—a).2s
- 4bp2c2

sinA =%\/S(S —a)(s—b)(s—c¢)

sin’A

Similarly, sinB =%\/S(S —a)(s—b)(s—0)

, 2
sinC :E\/S(S —a)(s—b)(s—c)
(b) sin%A and cos%A

From sinZ%A :% (1 —cosA)
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1 (1 b2+c2—a2)
2 2bc

2bc— b2+cz—a )

a?—(b- c))

4bc

2(s— b) 2(5 c))

(=
(e
((a+c b)(a+b— c))
(e
(=5

(s=b)(s— C))

.'.sin%Az (—(s_b)(s_c))

bc
Similarly;
L1 (s—=b)(s-c)
sing B = |(*=2c=2)

antc = )

Also;

CosZ%A = %(1 + cosA)

2bc+b2+c -a )

(b+c)%-a?
4bc )

4bc

2(s—a). Zs)

(=
(e
((b+c a)(a+b+c))
7
(

s(z a))

[}

oa= (&)

Similarly;

cos%B = ((S_b))

ac

witc - (D)




The expression for tan%A can be deduced as

follows
inta Y
tans A = Smi = /(S Cmd
2 COSEA s(s—a)
Similarly;

1p_ [=a)G-o
tanzB— SG-b)
tant ¢ = [C06D)

2 s(s—c)

Area of a triangle

Area, A = % (base)(perpendicular height)
=2 ch
2
=L chsinA
2

Substituting for

sinA :%\/s(s —a)(s—b)(s—0)

A =%bcx%\/s(s —a)(s—b)(s—¢)

A :\/s(s —a)(s—=b)(s—rc)

This a convenient form given the three sides
of a triangle. The formula is called Hero's
formula from the first mathematician who
suggested it.

Example 58

The area of a triangle is 336m”. The sum of the
three sides is 84m and one side is 28m.
Calculate the length of the remaining two
sides

Solution

GivenA=336,a+b+c=84anda=28
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1
S=-
2

(@+b+c) =§(84)=42
28+b+c=84
b+c=56,0orc=56-b

But A>=s(s —a)(s — b)(s — ¢)
336° = 42(42-28)(42- b)(42 - 56 + b)
b’>—56b +780=0

_ 56+V56%2—4x 1x 780

2x1

b

b=300r26

substituting forc =56 —-b

c=260r30

~the remaining sides are 30m and 26m

Applications of trigonometry in finding
distances and bearings

Example 59

A vertical pole BAD stands with its base D on a
horizontal plane where BA=aand AD=b. A
point P is situated on the horizontal plane at a
distance C from D and the angle APB = 6.

Prove that 8 = tan™?! (L)

b2+ab+c?
Solution
B
a
AV
b 0
D c : P

Let angle APD = a

For triangle APD: tana =§

For triangle DPB: tan(6+a) =a7+b

tanf+tana a+b

1-tanftana ¢

Substituting for tana



tanf +% a+b

1—(2)tan9 N T
c*tan® + bc = ac + bc —abtan® — b*tan®

(b? + ab + c?)tanB = ac

ac
b2+ab+c?

~0=tan"! (L)

bZ2+ab+c?

tanb =

Example 60

The angle of the top of a vertical tower from a
point A is 20° and from another point B is 50°.
Given that A and B lie on the same horizontal
plane in the same direction where AB = 100m.
Find the height of the tower

Solution

Let OT be the height of the tower
T

0
H 507 20

—
o BS 100m A

ATB=50-30=30°

Using sine rule
TB 100
sin200 ~ sin30°

_100sin 20°
"~ sin30°

B

But OT = TBsin50°

_1005in20°sin50°
- sin 300

oT =26.2m

Example 61

From a point A, a pilot flies in the direction
N38°20’'W to point B 125km from A. He then
flies in the direction S50°40’E for 125km. He
wishes to return to A from this point. How far
and in what direction must he fly.

Solution
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From the digram
Let BAC=BCA=0
10 0
= 20+ 135 =180
0
6=83%
3

But38§+a=8

0
38ty =83t
3 3
a=45°

From the sine rule

AC 125

sin13§ - sin83§
AC = 29km
= he has to fly 29km in the direction $45°W

Example 62

tan A—-tanB

(a) Prove that tan(A—B) = ——
1+ tanAtanB

sin(A-B)

tan (A—B) = cos(4—B)

_ SinA cosB—cosA sinB

~ cos AsinB+sinAsin B

Diving numerator and denominator on the
R.H.S by cosAcosB

SinA cosB cosA sinB

cosAcosB _cosAcosB
~cos AcosB | sinAsin B

cosAcosB = cosAcosB

tan (A —B)

_ tanA-tanB
"1+ tanAtanB
1-tan15° 1

Hence show that 10 - 3



1-tan15° _ tan45°-tan1s°
1+tan15% 1+ tan45°tan1s®

_ 0_ 1g0 o_1
=tan (45 —15") tan30 =5

(b) Giventhatcos A= % and cos B = % where
A and B are acute, find the values of
(i) tan (A + B)
(ii) cosec (A + B)

Solution
5
4 13
A B
3 12
cosA=E cos B=E
5 13
sinA=i sin B=i
5 13
tanA=i tanB:i
3 12

SinA cosB+cosA sinB

(i) tan (A + B)=

cos AsinB—sinAsin B
412,35
5 13 513
=35 235 =3.9375
513 5713
(ii) cosec (A+B) =

sin(A+B
_ 1
"~ sinAcosB+cosAsinB
1
=212 35
513" 513
=1.0317

Example 63

Express cos (6 +30)° — cos (6 + 48)%in the
form RsinPsinQ, where R is constant.

Hence solve th3 equation
cos (6 +30)°—cos (6 + 48)°= 0.2
Solution

cos (6 +30)° — cos (0 + 48)°

. (0+30°+6+48°\ . /0 +30°-0—48°
=-2sin sin >

= -2sin (6 + 39%)sin(-9°)
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cos (6 +30)° — cos (6 + 48)° = 0.

= -2sin (8 +39%)sin(-9°) = 0.2
sin (6 +39°) = 0.63925

0 +39°=39.74°
0 =0.74°
Example 64

Express 7cos 20 + 6sin 20 in form
Rcos (26 — a), where R is a constant and a is
an acute angle.

7cos 20 + 6sin 26 = Rcos (26 — a)
7cos 20 + 6sin 20 = Rcos 26 cos a +
Rsin28sina

Comparing both sides

(i)2 + (ii)2 gives
R=V7Z T 6Z=B5
From equation (i)

\/Ecosa =7

a = cos™! (\/%) =40.6°

Hence solve 7cos 28 + 6sin 26 = 5 for 0°
< 6 <180° (07marks)

= 7¢0s 20 + 6sin 20 = /85 cos(28 — 40.6°) =5

20 — 40.6 = cos~? (\%) - 57.16°, 302.84°

6 = 48.88°,171.72°

Revision exercise 7

1. Solve the triangles
(a) a=17m, b=21.42m, B=51%34’
[A =38.44° C=90° c =27.34m]
(b) b=107.2m, c= 76.69m, B =102°25’
[A=33.26°, C=44.32° a=60.21m]
(c) a=7m,b=3.59m, C= 47°
[A= 103%2’, B = 29°52’, c= 5.25m]
(d) A=60° b=8m,C=15
[a=13,B=32.2°,C=87.8°]
2. Show that for all values of x

cosx+cos(x+2?n)+cos(x+3?n)=0



3.

sin360 . cos30 [Zsin(39—a)]
sina cosa sin2a
(b) Express 5sin@ + 12cosB in the form

rsin(6 + a) where r and a are constant.
Hence determine the minimum value
of 5sinB + 12cosH + 7.
[r=13, a=67.4° -6]

(c) Given thattanB = %, where 8 is acute,

(a) Simplify

. 6
find values of tan26 and tan;
[tan26 R and tang =1 ]

7 2 3

(a) Show that 2 tan™?! G) + tan G) = %
(b) Find x given that
tan~(1+ x) + tan (1 — x) = 32
[x =+1.789]
(c) Given that sina+ sinf3 = p and
cosa +cos P =q

Show that sin(a + B) = Zrq

p*+q®

(a) By expressing 2sinBsin(0 + a) as a
difference of cosines of two angles or
otherwise, where ais constant, find the
least value [minimum value = cosa — 1. It

—-a
occurs when 6 = 7]

(b) Solve for x in the equation
cosx — cos(x + 60°) = 0.4 for
0°< x<360° [x: x = 126.4°% 353.6"

(a) Prove that in any triangle ABC

b2-c? _ sin(B-C)

a? sin(B+C)

(b) Show that for any isosceles triangle

ABC with AB = c the base, is given by

A =§c,/s(s — ¢) where s is the

perimeter of the triangle

Given that A=+/3 and s = 4, determine

the sides of the triangle [1, 3.5, 3.5]
Giventhattan 'a = xandtan™! g =y,
by expressing a and B as tangents ratio of
xandy and manipulating the ratios show

that x +y=tan™?! (%)

Hence or otherwise
(i) Solve forxin

tan~! (ﬁ) + tan(x + 1) = tan(—2)
[x=42]

(ii) Without using tables of calculators
determine the value of
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8.

10.

11.

12.

13.

-11 -11 —13[21
tan 2+tan 5+tan p

4
(a) Prove that ﬁ = SiiB = ﬁ = 2R
where ABC has all angles acute and R is
the radius of the circumcircle.

(b) From the top of a vertical cliff 10m
high, the angle of depression of ship A
is 10° and ship B is 15°. The Bearings
of A and B from the cliff are 162° and
202.5° respectively. Find the bearing
of B from A [301.5°]

(a) Prove that

(sin2x —sinx)(1 + 2cosx) = sin3x

(b) A vertical pole BAO stands with its
base O on a horizontal plane, where
BA = cand AO = b, a point P is situated
on horizontal plane at a distance x
from O and angle APB=0

cxX
Prove that tan@ = hirhe
As P takes different positions on the
horizontal plane, find the value of x
for which 8 is greatest.
[18°26’, when x = b = ¢]

(a) Prove that sin3x = 3sinx — 4sin’x.

(b) Find all the solutions to 2sin’x = 1 for
00< x< 360°. [x =10°, 50°, 130°, 170°,
250° 290

Solve cosx +V/3sinx =2 for 0° < x < 360°

[x = 60°]

From the top of a tower 12.6m high, the

angles of depression of ship A and B are

12° and 18° respectively. the bearing of
ship A and ship B from the tower are 148°
and 209.5° respectively

Calculate

(i) How far the ships are from each other
[53.14m]

(ii) The bearing of ship A from ship
B[108.1°]

(a) Solve sin3x + % = 2cos’x for

0°<x<360°

[x =30° 60° 120° 150°, 240° 300°]

(b) Given that in any triangle ABC,

B—C b— A
tan(—) =" cot (—) solve the
2 b+c a

triangle with two sides 5 and 7 and
the included angle 45°.
[A=45°B=289.4° C=45.6"]




14.

15.

16.

17.

18.

19.

20.

21.

22.

(a) Solve cot®x = 5(coscx + 1) for

0°<x<360°[9.6°, 170.4° 270°

(b) Use tang =t to solve 5secB — 2sinB = 2
for 0° < x < 360° [46.4°, 270°]

Given that sin2x = cos3x, fins the values of

sinB, 0 £ x <1 [0.309 3dp]

(a) Show that

tan (457) - tan (%) = 220

(b) Find in radians the solution of the
equation cosB + sin206 = cos306 for

0<0<mn [0,%,71,37”,211]

(a) Show that cotA + tan2A = cotAsec2A
_+3
(b) Show that tan3x = Bt—tz,
1-3t
where t = tanx. Hence or otherwise

show that tan™1 (%) =2-/3

(a) Find all the values 6, 00 < 6 < 3600,
which satisfies the equation
sin°® — sin20 — 3cos’0 = 0 [6 =135°, 3157

(b) Show that =22 = cot (§+ 450).
CcoSXx _ 1'

1+sinx
7

Hence or otherwise solve——— =
1+sinx 2

0° < x <360° [x = 36.8°]
(a) Given that X, Y and Z are angles of a
triangle XYZ. Prove that

X-Y -
tan (—) =XV ot 2.
2 2

Hence solve the triangle if x =9cm, y =
5.7cm and Z = 57° [z = 7.6cm, X= 84.4°]
(b) Use the substitution t = tan(g) to
solve the equation 3cosB — 5sinB = -1
for 0° < 0 < 360° [40.84°, 201.1°)
Prove that
T T
tan (Z + 9) —tan (Z — 9) = 2tan20
(a) Solve the equation 3cosx + 4sinx = 2
for 0° < x<360° [x = 119.5°, 346.7°
(b) If A, B, C are angles of a triangle. Show
that

Cc0s2A + cos2B + cos2C = -1 —4cosAcosB

(a) Solve 2sin26 = 3 for -180° < x < 180°
[-90° 48.6°,90° 131.4°]
(b) Solve sinx — sindx = sin2x — sin3x for

“MSXST
s T 3T T 1T 3T
B
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23.

24,

25.

26.

27.

28.

29.
30.

31.

32.

34.

(a)

Without using tables or calculator, show
that tan150 = 2-V/3

(a) Solve the equation cosx + cos2x = 1 for
0° < x <360° [x = 38.67°, 321.33°]

. cosA+cosB A+B
(b) (i) Prove that ————— = cot —
SinA+sinB 2
. coSA+cosB C
(i) ————— = tan—where A, B and
SinA+sinB 2

C are angles of a triangle
Given that sin(6 — 45°) = 3cos(6 + 45°)
show that tan8 = 1. Hence find 6 if
0°< 0 <360°[45°, 225
(a) Use the factor formula to show

sin(A+2B)+sinA _
thatcoa(A+ZB)+cosA = tan(A + B)

(b) Expressy = 8cosx + 6sinx in the form
Rcos(x — a) where R is positive and a
is acute

Hence find the maximum and
1

minimum values of —
8cosx+6sinx+15

[0.2,0.04]
Express sinx + cosx in the form Rcos(x — a).
Hence, find the greatest value of
sinx + cos x — 1. [0.4142]

(a) Solve cosx + cos3x= cos2x, 0 < x < 360°
[x =45° 60° 135° 225° 300° 315°]

T 6 1+sinf
(b) Show that tan (Z + E) = ost

Show that tan™?! % + tan‘lé =tan~!

NN RN

(a) Solve 3sinx + 4cosx = 2 for
-180° < x < 180°. [-29.55°, 103.29°]
(b) Show that in any triangle ABC
a?-b? _ sin(A-B)
c? sin(A+B)

2tanx
(a) Prove that
1+tan?x

(b) Solve sin2x = cosx; 0° < x < 90°
[x =30° 90%

(a) Solve the equation

8cos’x —10cos’x + 3 =0; 0°< x < 180°

[30° 45° 135° 150°]

(b) Prove that cos4A — cos4B — Cos4C =
4sin2Bsin2Ccos2A -1 given that A, B
and C are angles of a triangle

= sin2x

. Given that cos 2A - cos 2B = -p and

sin2A —sin2B = g, prove that

sec (A+B)= %w/pz + q*

Solve

4sin’0 — 12sin26 + 35c0s°0 = O; for
0°< 6 < 90°[74.0°]



(b) 3cosB - 2sin@ = 2, for 0°< 6 < 360°
[6:6 = 22.62°,270.00°]

35. Solve the equation sin20 + cos26cos40 =
c0s48cos60 for 0< 6 < %.[9 = O,i—z

36. (a) solve the equation cos2x = 4cos’x -
2sin’xfor0< 6 < 180°[6 = 60°, 120°]

(b) Show that if sin(x + a) = psin(x — a)

1
then tan x = (p—:)tana. Hence solve

the equation sin(x + a) = psin(x — a) for
p =2 and a=20° [x = 47.52°]
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37. Solve the equation
3tan’0 + 2sec’ 6 = 2(5 — 3tanb)
for 0°< 0 <180° [0 =38.66% 116.57°]

38. (a) Show that tan40 = tt(l—_ztz)
t4—6t2+1
t=tanb
(b) Solve the equation
sinx + sin5x = sin2x + sindx
for 0° < x < 90°[x = 60°]
39. Solve 2c0s20 —5cos 6 =4
for 0° < 8 < 360°.[ 8 = 138.59°, 221.41°)

, Where

Thank you
Dr. Bbosa Science



