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Differentiation

Consider point A(x, y) lying on a curve drawn
below, if another point B(x + 8x, y + y) lies in
the same curve, where &x and 8y are small
increments in x and y respectively, the straight
line AB, drawn through the curve is called a
chord of the curve.

Y’F
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As the distance 6x becomes smaller and smaller,
point B moves close to A and the chord AB
approaches the position of the target at A

. +8y—
Now, Gradient, Mag = O+oy-y
xX+6x—x
Sy
Mpg = —
AB Sx

As &x tends to zero, i.e.b6x =0.

% approaches the value of the gradient of the

target line at A. This value is called limiting value
Sy

Sy . . .
f = and is written as lim e
of 52 d is written as limg,_,q x

The limiting value of% is called a differential
coefficient or first derivative of y with respect to

x which is denoted by 3—3;.

Note: the process of finding this limiting value is
called differentiation.
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Direct differentiation of explicit functions

Explicit functions are functions where one
variable is expressed in terms of the other
variable. Examplesy = X%, y = x* + 2x etc.

Given the function x = x", the derivative of y

. . dy .
with respect to x, denoted by either y’ or ﬁ is

. dy -1
ivenbyy =—=nxn".
g YY =%

This result applies for all rational values of n. this
means that multiply the term given by the give
power index and then reduce the power by one.

Note: If
(i) y="f(x)+g(x)+ h(x), then

d d d d
= = - (F) +—(90) + = (h()
(i) Ify=a, thisis writtenasy = 0a°,

dy _ -1y _
dx—O(ax )=0

Example 1

Find the derivatives of the following with respect
to x

(@) y=x°
solution

d _
2 = 3x372 = 3x2
dx

(b) y=2x*+3
Solution
y= 2x% +3x°

ay _ a4 5.2y 4 4 2,0

dx_dx(zx )+dx(3x )
=2(2x*>"1) +0(3x%1)
=4x + 0 = 4x

(© v=1



Solution
y=x"'
dy
dx x2

(d) y=vx
Solution
1
y = X2
d 1 1 1 1 1 1
—y=—x2 1 = —
dx 2 2 3 2Vx

(&) y=="

Solution
y=-2x"
A _ g q.-1-1) _ 9,2 _ 2
= 2(—1x ) =2x ==
(f) y=x"+3x+2

Solution

y=x4+3x2+2x0

2 = 4x*71 4 2(3x271) + 0(2x°7Y)
=4 +6x+0
=4x> + 6X

() v=7z—2Vx

Solution
1 1

y = 3x 2 —2x2

dy _ 1 _1_1 1 1_1
a-—z<3x (2 ))

(h) y=x4(x+1)
solution
y=x+x*

‘;—z =5x571 4+ 4x*"1 = 5x* + 4x3

(i) y=6vx(x*—2x)
Solution
3 3
y = 6x2 — 12x2
dy _ 5 5.1 3 3_ 4
dx 2 (6x2 ) 2(12x2 )
3 1

15xz — 18x2
Revision exercise 1

Find the derivatives of the following with respect
to x

(a) y=3x [6x]
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(b) y=2x"+2 [8x°]
(c) y=b[0]

9 27
dy=sa [
(e) y=2x? [-4x7]
(0 v=1 [
(g) y=Vx [%]

4Xx%4
(h) y=cz

]
e
X2
. -6 2
0 Y= 5]
(G) 6vVx(x® —2x+1)
5 1
[21x5 —18x7 + -
x2
Differentiation of functions from first principles

There are four basic steps followed when
differentiating functions from first principles.

Given the function y = f(x), the steps are

(i) Add small changes in x and y to the function
y =f(x)i.e.y+ 6y = f(x = 6x)

(i) Subtract y = f(x) from the established
function in step one above i.e. Oy
= f(x+6x)- f(x)

(iii) Divide the function in step (ii) by &x
ie. 8y _ fGx46x)-f(x)

ox Sx
(iv) Find the limit of the above quotient when

6x—>0. This is the derivative required

Differentiation of polynomial functions from
first principles

These are functions in terms of y = ax" where n is
both rational and irrational numbers.

Example 2

Differentiated the following with respect to x
from first principles

(a) y=x’
Solution
y=x
y + 8y = (x + 6x)?
8Y = (X +8X) = X% eereererreerennnes (i)
Eqgn. (i) is difference of two squares
expression

Oy = (x +6x + X)(x + &x — X)



8y = (2x + 6x)6x = 2x6x + (6x)? Solution
sy

g = 2x + 6x y= 2X3
& _ maxg Od—y = 2x
‘Sxdy ¥ ax y+ 38y = 2(x + 6x)3
oo E = 2x
8y = 2(x + 6x)° — 2x°
(b) y=vx 8y = 2x% + 6x%6x + 6x(6x)? — 2x°
Solution
y=vx 8y = 6x*6x + 6x(6x)?
y#+Oy =Vx +6x % — 6x2 + 6x6x
oy =Vx+6x—y ox
8y =Vx +6x —Vx 5—y=max5x_)0d—y=6x2
Dividing through by &x ox ax
dy _ Vx+éx—x LAy 6x2
dx Sx Tax
Rationalizing the numerator on the RHS x
8y _ Vx+dx—Vx ((\/x+6x+\/§)) (e) y= 14x2
5x Sx Wx+6x+Vx)
Sy _ x+8x—x . 8x Solution
Sx Sx(Vx+8x+vx) - Sx(Vx+8x+vx) x
LA S V==
x  (Vx+8x+vx)
5__’)/ — d_y — —1 — L + = &
ox | ex-0y T (Vx+vx)  2vx y+dy 1+(x+6x)2
d_y = L\/_ SV = x+6d X
" dxl 2Vx Y= 1+(x+6x)2  1+x2
c)y==
x2 sy = FroD(ra?)-x(1+(x+60)?)
Solution Y= (1+x2)(1+(x+6x)?)
1 Sy = x+x3+6x4+x285x—x—x3-2x286x—x(6x)?
y== Y= (14x2) (14 (x+6%)?)
1
y+dy= Sx—x28x—x(85x)>?
5x)2 _
5 (JlH- 2 6}1 (14+x2)(1+(x+6x)?)
y = -y
(x +16x)2 1 Sy _ 1-x2%-x86x
OV = GCren? = 5x  (1+xB)(1+(x+6%)?)
Sy = x%—(x + 6x)? _ (x+x+dx)(x—x—6x 5 dy 1—y2 1—x2
Y x2(x + 6x)? x2(x +6x)2 ox  M&ex-0, = (A+x2)(14x2)  (1+x2)2
2
_ (2x46x)(=6x) _ —2x6x—(6x)?2 ay _ _17x
5}] ToxZ(x+6x)2  x2(x + 6x%)2 dx (1+x2)2
Dividing through by 6x (f) y=x"
Sy _  —2x—dx Solution
Sx  x2Z(x + 6x)2 N
y _ dy —2x =2 y=X
px = MMpo0g, SIS
Loy -2 y+ 06y =(x+5x)"
Tsx T a3
oy = (x + 6x)" — x"
(d) y=2¢°
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Since n is assumed to be positive, we expand

(x + 8x)™ using binomial expansion

Sy =x"+ (111) x"18x + (721) x™72(6x) + o+ —x"

8§y = nx"16x + (721) x"2(6x)% 4+ -+ (6X)"

ox
Sy dy n-1
— = max — =nx
ox 6x-0 dx
d —
Y nxn1
dx

Revision exercise 2

LA nxn‘1+(1zl) x"26x + -

-+ (6x)™1

Differentiated the following with respect to x

from first principles

(a) y=3x’
(b) y=2x"+2
(c) y=b[0]
(d) v=55
(e) y=2x?

-3

) vy=1

4x%

(g) y=Vx

(h) =27

(i) y=12

G) y=6Vx(x3—2x+1)

5 1 3
[21x2 — 18x2 + —1]

2
() y= )
(m)y = 4x + 2x2

2
3
5x2

[6x]
[8x’]

[ 27
2x%

[-4x7]

[

2

4
L3

x2

[3x° +2x]

e
[4 + 4x]

Differentiation of trigonometric functions

from first principles

These include trigonometric functions with

single or multiple angles and those with higher

or fractional powers.

Note the following formula as well

A+B
cosA + cos B = ZCOSTCOS—
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A-B
2

. A+B . A-B
cosA — cos B = —ZSstmT

A-B

. . . A+B
SinA + sinB = ZSmTcosT

sinA — sinB = 2cos %sin%
Example 3 single angle

Differentiate the following functions from first
principle

(a) cosx

Solution

Let y = cos x

y + 6y = cos(x + 6x)
Oy = cos(x + 6x)- y

8y = cos(x + &x)- cosx

. A+B . A-B

From cosA — cos B = —ZSlnTS‘lTlT
. ox .1

8y = —sin (x +7) smz&c

Dividing through by éx

5y —Zsin(x+%6x)sin%6x
E - Sx
8y . 1 sin%(Sx
— = —2sin (x + —6x)
Sx 2 ox
1
8y .. dy . 6x
—= = lim = =-2 =
8x 8x-0 gy sinx 8x
_ —2sinx
T2
=—sinx
d .
JSo—COSX = —SInx
dx
(b) sinx
let y = sinx

y + 8y = sin(x + 6x)
8y = sin(x + dx) — sinx

. . A+B . A-B
From sind — sinB = ZcosTsmT

8y = 2 cos (x +%6x) sin%dx

Dividing through by &x



5_y _ 2cos(x+%6x)sin%6x

5x ox
S 1 siniéx
= 2cos(x+—6x) z
ox 2 5x

1
Sy . dy 56x
== = lim == =2cosx.2—
85x 6x-0 g 8x

2cosx
= 2 = Co0S X

isinx = cosx
dx
(c) tanx
lety = tanx
y + 8y = tan(x + 6x)
6y = tan(x + 6x) —tanx
__ sin(x+6x) _ sinx
- cos(x+d8x)  cosx

__ sin(x+8x)cosx—cos(x+d8x)sinx

cos(x+d8x)cosx
_ sindx
- cos(x+8x)cosx
Divide by 6x
5_3/ _ sinéx 1

5x  cos(x+6x)cosx “ox

§y _ lim dy s6x 1
5x 8x>0 gy ~ cosxcosx ' 6x
__ 1 _ 2
= cosZ x = Sec~x

d
& —tanx = sec®x
dx

(d) secx
Lety =secx
_ 1
y - Ccosx
y+ 6)/ - cos(x+dx)
Sy = 1 1

cos(x+dx) cosx
cox—cos(x+6x)

cos x cos(x+8x)

_ —Zsin(x+%6x) sin%&x

cos x cos(x+8x)

Dividing by 6x

5y —Zsin(x+%6x) sin(—%&x)

sx cosx cos(x+8x)6x

8y . dy +Zsinx.%6x
S, = Mgy o === ————
6x dx C05X.C05X.6X
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sinx 1
= . = tanxsecx
CcoSX cosx

d
s —Secx = tanxsecx
dx

(e) cotx

Lety =cot x
COosXx

~ sinx
__cos(x+6x)

y+ 6)1 - sin(x+6x)

__cos(x+8x) cosx

- sin(x+6x) sinx
__ sinxcos(x+8x)—cosxsin(x+8x)

sinxsin(x+68x)
__ sin{x—(x+6x)}

sinxsin(x+8x)
sin(-8x) _ —sinéx

sinxsin(x+8x) - sinxsin(x+8x)
Dividing by &x

8_y _ —sinéx 1
8x  sinxsin(x+6x) " &x

oy . dy = —bx 1 -1
Sx S50 dx ~ sinxsinx 6x  sin?x

= —cosec?’x
d
& —cot = —cosec?x
dx
Example 4 double angle

Differentiate the following functions from first
principle

(a) cos 2x
Let y = cos2x
Yy + 0x = cos2(x + 6x)
6y = cos 2(x + 6x) — cos2x
= —2sin(2x + 6x)sindx
Dividing through by &x

5_3/ 9w
s 2sin(2x + 6x)

Sy
Sx 591}30 dx ox
icost = —2sin2x
dx
(b) sin2x
(c) Lety=sin2x
y + 6x = sin2(x + 6x)

sinéx
Sx

&y = sin2(x + 6x) — sin2x

= 2co0s2(x + 8x)sindx

y . bx .
= —2sin2x.— = —2sin2x



Divide by 6x

sinéx

5—y = 2cos2(x + &x )
5

dy
= hm,;x_)0 ool 2c052x5— = 2cos2x

Sx
d .
s —Sin2x = 2co0s2x
dx
(d) cos%x
Let y = cos%x
y+dy = cos%(x + 6x)
oy = cos%(x + 8x) — coslx

= —2sin (g + 64 ) sin (5:)

Dividing through by &x

5 _ _ZSin(era_x)ﬁ

ox 2 4 Sx
5 Sx
px ~ Mox-0 g, Zsin (2) 5x
2 . (1 ) 1 . (1 )
= —=Sin{-x)=—=-Sin\-x
4 2 2 2

Example 5 higher and fractional power

(e) tan2x
let y = tan2x
y + Oy = tan2(x+ 6x)
Oy = tan2(x+ 6x)-tan2x
_sin2(x+6x) _ sin2x

_0052(x+6x) cos2x
__ cos2xsin2(x+8x)—sinxcos2(x+8x)

cos2xcos2(x+8x)
sin26x

" cos2xcos2 (x+6x)

Dividing through by &x

5_y _ sin28x 1
8x  cos2xcos2(x+6x)  5x
6y dy 26x 1
m — —_— .
8x  ox-0dx  cos2xcos2x Ox

2

= —— = 2sec?2x
c0S“2x

d
& —tan2x = 2c0s?2x
dx

Differentiate the following functions from first principle

(a) sin’x
Lety = sin’x
y + 8y = sin?(x + 6x)

8y = sin?(x + 6x) — sin®x

={sin(x + 6x) + sinx}{sin(x + 6x) — sinx}

= {ZSin (x + 'Sz—x) cos 'Sz—x} {2cos (x + 62 )SlTl Sx}

ox

oy = 251n(x+ )Zcos(x+62)cos—sm—

ox

Dividing through by &x

) . Sx 8x Sx Sin—
Y= 4sm(x +—)cos (x +—) cos ——=
ox 2 2 2 6x
5 dy 5x

y 8x
P hmgx_)o ™ = 4sinxcosx. 5x

4 . .
= ESLTIXCOSX = 2sinxcosx

d . 2 .
.o sintx = 2sinxcosx
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ox

Sx

=4sin (x + (Sz—x) cos (x + 52 ) cos —sm—



(b) cos?x
Lety =cos?x
y + 8y = cos?(x + 8x)

8y = cos?(x + 6x) = cos?x
={cos(x + 8x) + cosx}{cos(x + 6x) — cosx}
= {Zcos (x + %6x) cos%dx} {—Zsin (x + %636) sin%tﬁx}
= —4cos (x + %Sx) sin (x + %696) sin%&xcos % 6x
Dividing through by &x

Dividing through by 6x

1
S 1 . 1 sin=8x 1
Y = _4cos (x + —6x) sin (x + —6x) 2 cos=0x
ox 2 2 Sx 2
1

% _ lim @y _ —llcosxsinxﬁ =— icosxsinx = —2cosxsinx
&x 8x=0 gy 8x 2

d 2 .
s\ —C0S°Xx = —2c0SxSinx

dx

2

(c) cos“2x

Lety = cos?2x

y + 8y = cos?2(x + 6x)

8y = cos?2(x + 6x) — cos?2x
={cos2(x + 6x) + cos2x}cos2(x + 8x) — cos2x}
={2cos(2x + 8x)coséxH{—2sin(2x + 6x)sindx}
=—4cos(2x + 8x)sin(2x + 6x)sindxcosdx

Dividing through by &x
Y = —4cos(2x + 6x)sin(2x + 6x) %cos&c
— % v _ in2x 2%
= limg, g o 4costsm2x.5x
= —4cos2xsin2x
@ L c0s?2x = —4cos2xsin2x
dx

(d) Vcosx
Lety =+/cosx

y + 6y=y/cos(x + 8x)
8y =+/cos(x + 6x) —/cosx

by rationalizing
1/cos(x+5x —+cosx +/cos(x+6x)+ Vcosx
" Jcos(x+6x)+ vcosx
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(e)

(f)

(g)

cos(x+8x)—cosx

Jcos(x+8x)+ Vcosx
—Zsin(x+§6x)sin§6x

= Jcos+6x)+ Veosx
Dividing through by &x

. 1 .1
6_y_ —251n(x+56x)5m56x

sx (1/cos(x+6x)+ \/cosx)é‘x

1
dy _ —sinx .E6x _ —sinx
dx 2v/cosx.6x 2+v/cosx
sinx

2\ cosx

5y .
5 = Mg

. L \cosx =
" ax N

3x% + cos3x
Lety = 3x% + cos3x
y + 68y = 3(x + 6x)? + cos3(x + 6x)
8y = 3(x + 6x)? — 3x% + cos3(x + 6x) — cos3x
8y = 3(x?% + 2x6x + (6x)%) — 3x% + {—ZSin (Bx + z&c) sin§6x}
8y = 6x6x + 3(6x)* + {—ZSin (3x + %6x) sin%é‘x}
Dividing through by 6x
.3
Sy _ o 3 sinz6x
o 6x + 35x+{ 25m(3x+26x) o }

Sy
ox

% (3x?% + cos3x) = 6x — 3sin3x

= limg,_o 2 — 6x — 2sin3x.2 8x = 6x — 3sin3x
dx 2

2x% + sin2x

lety = 2x2 + sin2x

y + 8y = 2(x + 6x)? + sin2(x + 6x)

8y = 2(x + 6x)? — 2x? + sin2(x + 6x) — sin2x

8y = 2(x? + 2x6x + (6x)?) — 2x? + {2cos(2x + 6x)sindx}
8y = 4x6x + 2(6x)? + {2cos(2x + 6x)sindx}

Divide through by 6x

oy sindx

— =4x + 26x +{2cos(2x + 6x)

ox ox

oy . dy ox

— = lim —= = 4x 4+ 2c0s2x.— = 4x + 2cos2x
Ox Sx—0dx ox

d
S (2x2 + sin2x) = 4x + 2cos2x

Given that x =0 —sin 6 and y = 1- cosB. Show = sin®.
8y 9 ~ 1-cos6

that Sx = cot > __ sin@(1+cos6)
Sol t'x - (1—cos6)(1+cosB)

olu IOI‘? __ sinf(1+cosB)
x=0-sinB T (1-cos?6)
ox __ sinf(1+cosB)
50— 1 — cosf = p—y
y=1— cosf — (+cost)
sy _ . sinf
30 sin® _ 1+Zcoszg—1
sy &y 66 - 6 6
- ==, = 2sin=cos=
dx 80 8x 22
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COSQ
2

sing
2

= cotg
2
Example 6

_ L
Ify= Vx, show that ox = TG0 E

Hence

d
deduce .
dx

y+ 6y =/ (x + 6x)
8y = /(x + 6x) —V/x

Dividing through by &x
8y _ J@x+8x)—/x

ox ox

By rationalizing the numerator

8y _ Jx+80)—Vx [(x+8x)+Vx
5x Sx " J(x+8x)+x

sy _ (Jere) (&' ex
sx  sx(Jx+ox)+vx)  6x(J(x+6x)+Vx)

L0y 1

Cex (Jx+6x)+vx)

5 d
As 6x =>0; LEANEN 4
5x dx

v ___ 1 _ 1
ax — (Vx+vx)  2Vx

Example 7

1+sinx

Differentiate y= PE—

_|@+sinx)(1+sinx) _ [(A+sinx)? _ [(1+sinx)?
y= (1-sinx)(1+sinx) 1-sin2x cos?x
= y=1+x

cosx

dy _ cosx(cosx)—(1+sinx)(1-sinx)

dx cos2x

cos?x+sinx+sin?x

_ 14sinx _ 1+sinx
cos?x cos?x 1-sin2x

1+sinx
(1+sinx)(1-sinx)
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_ 1
1-sinx

d |1l+sinx
Hence — — =
dx ] 1-sinx

Revision exercise 3

1

1-sinx

1. Differentiate with respect to x

(a) 5x°
(b) 1-x

(c) x-%

(d) Vx

(e) cos3x
(f) cot2x
(g) x+sinx
(h) cos’x

(i) Vsinx

(i) sin?5x

(k) Sin*2x

() 6sinvx

(m) (1 + sinx)?

(n) (sinx + cos2x)?

[15%°]
[-2x]

1+
11

B
[3sin3x]
[-2cosec?2x]

[1 + cosx]
[-cosxsinx]

[ cosx

2Vsinx
[10sin5xcos5x]
[6sin®2xcosx]
[3005\/5

N

[2cosx(1+sinx)]

[3(cosx-25in2x)(s_inx +c0s2x)?]

dy 1
dx  1-sinx

d _ 2
™ (tanx) = sec?x

(O) 1 sinx ]
1+cosx | (1+cosx)?
[ [ —3cosx
(p) 1 - bsinx _\/1—6sinx]
(@) 3x+4 [ —7x—24 ]
9 \2x2+3x-2)  2\/2x2+3x-2)
(I‘) 3x—1 [ x+3 ]

VxZ+1 | VxZ+1.
(s) (1+2x)2 [2(1+2x)

14+x | (1+x)3

(t) x3 3x%—axt

J(1-2x) [ (1- 2x2)%

2. Giventhaty = 1+Sljnx show that
1-sinx

Show from first principles that



Differentiation of product and quotient of a function

Given the function y = uv and that u and v are functions of x, the derivatives of y with respect to x is
done from first principles.

Let 6x be a small increment in x and let du, v and by be the resulting small incrementin u, vandy
y=uv
y+ 6y = (u+déuw)(v+ 6v)
6y =(u+duw)(v + 6v) —uv
= udv + véu + Sudv

Dividing through by dx

6_y _ uc‘i_v vtS_u Sudv
5x 6x Sx ox

Asbx > 0;6u—>0;6v>0anddy >0

é‘y_)dy_tSu_)du_ 6v_)dv andc‘iu&v_)o
Sx dx’ &x dx’ &x dx ox
d dv du
B
dx dx dx

This can also be expressed as (uv) =u’v+uv’

Example 8

Differentiate the following functions with respect to x.
(@) x*(x+2)?

Here u =x*and v = (x+2)?

du _ w_ 2
o 2x and o 3(x+2)
d d d
But—2 = u— + v—
dx dx dx

% = 2x(x +2)3 + 3x%(x + 2)*
= (x +2)2(2x? + 4x + 3x?)
= (x + 2)?(5x% + 4x)
= x(x + 2)2(5x + 4)

f @ +2)° = x(x +2)2(5x +4)

(b) (x+2)%(1 —x*)*
u=(x+2)3andv= (1—-x%)*

du _ 2
o 3(x + 2)% and
g = 4(1 — x2)3(=2x) = —8x(1 — x?)3
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d dv du
But =X =y Z +v—
dx dx dx

2= —8x(x +2)°(1 — 22)° + 3(1 — x2)*(x + 2)?

=(1—x2)3(x+2)? [-8x(x +2) + 3(1 — x2)]

= (1 —x%)3(x +2)? [-8x% — 16x + 3 — 3x?]
=(1—-x%)3(x+2)?(3—16x — 11x?)

%{(x +2)3(1— %)% = (1 —x2)3(x + 2)% (3 — 16x — 11x?)
(c) 7x*vVx2 -1
1
u=7x%andv=(x?—1)z
au _ W _ L2 _ 1) 3(2x) = x(x% — 1) 2
= 14x and =3 (xs =1 z22x) =x(x*—1)"2
dv d_u

dy
But—=u—+v
dx dx + dx

d -1 z
d_z = 7x2 [x(x2 -1 ] + 14x(x? — 1)2

1

= 7x? [ a 1] + 14x(x? - 1)2
(x%2-1)2

_ 7x3+14x(x?-1) _ 21x3-14x) _ 7x(3x%-2)

(xz—l)% (xz—l)% (xz—l)%
.S 2.7 _ 7x(3x2-2
e (7x2Vx2 —1) = Nt
(d) 2x*(3x%2 — 6x +2)3
u=2x*andv = (3x? — 6x + 2)!

u_ .3 av _ 2 _ 3 _
o, = 8x” and dx—3(3x 6x + 2)°(6x — 6)
Butd—y=uﬂ+vd—u

dx dx dx
dy 4 2 2 30242 3
a=2x [3(3x* — 6x + 2)*(6x — 6)] + 8x°(3x* — 6x + 2)

= 4x 3 (3x% — 6x + 2)? {9x% — 9x + 6x% — 12x + 4}
= 4x3 (3x% — 6x + 2)? {15x2% — 21x + 4}

%(2x4(3x2 —6x+2)3) = 4x 3 (3x% — 6x + 2)? (15x2 — 21x + 4)
(e) \/(6 + x)\/(3 — 2x)

1 1
u=(6+x)2andv = (3 —2x)2

du 1 1 dv 1 1 _1
E_E(6+x) z and E—E(B—Zx) 2(—=2) = —(3—2x)2
ButZ =y &y &

dx dx dx

dy _ —/(6+x) + J(B=2x) _ —12-2x+3-2x _  —(9x+4)

dx ~ V3=2x  2/(6+x) 2vV3-2x,/(6+x) 2vV3—2x./(6+x)
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—(9x+4)

dd—x VE+0/B-20) = == NN ]
(f) sin’xcos2x

u = sin’x and v = cos2x

u = sin’x and v = cos2x

du . dv .
— = 2sinxcosx and — = —2sin2x
dx dx
dy dv du
But—=u—+v—
dx dx + dx
dy _ 2 . 2 .2 2 2 .
- = T2sin2xsin®x + cos x(2cosxsinx)

—2sin2xsin®x + cos2xsin2x
= sin2x(cos2x — 2sin’x)

a . . ;
asmszOSZx = sin2x(cos2x — 2sin’x)

Quotient rule = 12 = sec?’x
cos“Xx

d
s —tanx = sec?x
dx

This is an extension of the product rule

Given the functiony = %

(c) secx
Then
From sec x =
CcoSXx
du dv ' —_ —
dy Vo —ug- u vu' —uwr u=1andv=cosx
dx = 2 or v = 2 du dv .
— =0and — = —sinx
dx dx
Example 9 du__ dv
P d_y — ‘de udx
. . . . dx v2
Differentiate the following with respect to x cosx.0—1(=sinx)  sinx
= > = —— = secxtanx
2 cos“x cos“x
( ) x“+6 . d _ ¢
Py ~ —-secx = secxtanx
u=x*>+6andv=2x-7
du dv X
—=2xand—=2 d) 5=
dx dx (d) (x2+4)3
ay v u=uandv=(x?+4)3
dx v2 du =1
@2x-7)x—(x%+6).2 dx
= dv
(2x-7)2 — = 2(x% +4)%.2x = 6x(x? + 4)?
2 2 2
_ 2(2x%-7x-x%-6) _ 2(x%2-7x—6) du__dv
(2x—=7)2 (2x-7)? ay _ Vax Yax
d (x2+6) 2(x2-7x—6) dx v2
oo — = 2 3 2 2 2
dx \2x-7 (2x-7)2 — (x%+4)"-6x%(x*+4)
((x2+4)3)2
4—5x2
(b) tanx = @-5x)
, (x2+4)6
sinx
Fromtan x =
CcoSsx
sinx and v = cosx .. .
du v _ Revision exercise 4
— = cosx and — = —sinx
dx dx . . . .
P 1. Find the derivatives of each of the following
&Y _ Zdx dx sinx xcosx—sinx
dx v? a. —/ -
sinxcosx—(—sinxcosx) x x
= cosx —(xsinx+2cosx
cos?x b. 2 [—3]
sin?x+cos?x x x

cos?x
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o Al [ -11 ]
" 3x-4 [(3x—4)2
3x—4 [ 11
d. ]
2x+1 | (2x+1)2
o x%-3 [—2(x2+1+3)
to2x+1 (2x+1)2
f 2x+1 [—2(x2%+1+3)
o x2-3 (x2-3)2
x3 [V (x2-3)
& x2-1 | 2Vx2-1
h 3+x [ 11 ]
' 2-3x |2/ (3+x)/(2-3x)
i Va+1 [ 1 ]
. = = 2
Vit VR (E-1)
i 2x [ Vx+2 ]
2
Vx+1 [ (Vx+1)
x2+1 [3x —2x-3
k. =
3x—1 | (3x-1)?
| x(x-1)3 [3(x2—4x+1)(x—1)2]
) x—3 (x—3)2
m coS2x [2(x+1)sin2x+0052x]
Tox+1 (x+1)2
n 1=sin2x [2(1+sin2x)
" cos2x cos?2x
o x [1+2xsinxcosx+coszx]
" 14cos?x (1+cos?x)?
1+sinx [1+sinx+cosx]
P 1+cosx (1+cosx)?
2. Show that
(a) d ( x(x-3)3 )2_2x(x—3)5(x3+27x2+69x—4-5)
dx \(x+3)(x+5)2/) ~ (x+3)3(x+5)5
(b) i(cosx+sinx)_ 1
dx \cosx—sinx 1-sun2x

Differentiation of functions by use of chain
rule

Chain rule is a rule used to differentiate a
function of a function i.e. if y is a function of u
and u is a function of x, then

dy _dy du
dx  du’dx
Example 10

Find Z—z of each of the following using chain rule

(a) (x+5)°

Let u=(x+5); thusy=u®

d du
Y —3u2and £ =1

du dx
. . d dy du
Using chain rule; Y
dx du dx

9 _ 32,1 = 32
dx
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Substituting for u

ay _ 2
dx—3(x+5)

.4 3 _ 2
..dx(x+5) =3(x+5)

(b) (2x —5)*°

Letu = 2x — 5 so thaty = u'®

du d
Z=2and Z=10u°
dx du

d dy du
But, X =2 &

dx du dx
d

Y= 10u.2 = 20u°
dx

Substituting for u

dy _ _ E=\9
2 = 20(2x - 5)

. a _ )10 _ _e\9
..dx(Zx 5% =2002x —-5)

(c) cosx?
Let u = x* so that y = cos u

du d .
£ =2xand £ = —sinu
dx du
dy dy du

But, —=—.—

ut, dx du’ dx
d . .
2 = —sinu.2x = —2xsinu
dx

Substuting for u

dy

—= = —2xsin x?
dx
d ,
& —cosx? = —2xsin x?
dx
(d) cos?x

Since cos?x = (cosx)?
Let u = cosx so that y =u?

du . d
2= —sinxand £ =2u
dx du

d dy du
But, oLy

dx du dx
d . .
é = 2u.—sinx = —2usinx

Substituting for u



d .
& = _2cosxsinx
dx

d 2 .
~ - C0s x=—2co0sxsinx

(e) sin 5x
Let u = 5x so that y = sinu

du d
25 and = = cosu
dx du

dy du

d
But, = =¥,
du dx

dx

dy

= cosu.5 = 5cosu
dx

Substituting for u

d
Y = 5c0s5x
dx

d .
~ —sinbx = 5cos5x
dx

6 (x?+x-—1)*

letu=x2+ x — 1sothaty=u*

du d
Z=2x+1land Z =43
dx du
dy du
B t — = _y__
dx du dx

% =42x + 1)(x% +x — 1)3

d
a(x2 +x—-1D*=42x+ D(x?+x —

Revision exercise 5

1. Differentiate each of the following with
respect to x using chain rule

1)3

(a) 2(1—x)° [—10(1 — x)*]
(b) (x?% + 3)* {8x(x j|-3) ]
(c) 3—17x (3—-7x)2

(d) V6x + 1 =]

(e) (6x% — 5)‘; [48x(6x% — 5)3]4
(f) (2x—5)~ [-6(2x — 5)7*]
(g) Bx+2)? [-3(3x + 2)7?]
(h) (x*>+3)72 [—4x(x? +3)73]
(i) (5—-2x3"1 [6x2(5 — 2x3)72]
L1 -4

(J) 3+4x [(3+4x)2]
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K (2x— 1)z
() (6-x)3
(m) (3 — 2)3
() (4—x%)7
(0) m

(p) x2-3x+5

(q) sin (4x - %)
(r) cos* (2x - %)

1
==

1 ]
2
:3(6—x)§

2x

2 ]
1
L(6—x)3

x* ]
6
[(4—x5)5

'3(x2—2)]
| 2Vx3—6x

[ 3-2x2 ]
| (x2—3x+5)2

[4cos (4x = 5]

_ 3 A _r
[ 8cos (2x 5_) sin (2x 5)]
1
(s) (x+ Dz(x +2)? M}
2(x+1)2
(t) 2x%4+3x [(x—4)(4x+3)—2(2x2+3x)
(x—4)? (x—4)3
( ) coS2x [ -2 ]
u 1+sin2x 1+sin2x__
(V) 3x—1 x+3
VaZ+1 (x2+1)%_
d (1+sin’x 3sin2x
2. Show thata (coszx+1) T (cos2x+1)2

Differentiation of para

Parametric equations are

metric equations

expressed in terms of

a third variable say t such asy =t and x = 2t +1,
here the parametric variable is t. Chain rule is
often used to find the derivatives of these

equations.

Example 11

Find the derivatives of the following in terms of

parameter t.
(@) y=3t2+2t, x=1-2t

dt

dy _ dy dt

dx  dt dx
:(6t+2)._i2
= —(3t+1)

(b) y=(1+2t) x=1t>

2 — 6(1 + 2t)? and ‘;—’;

d—y=6t+2and%=—2

= 3t?

dt

dy _dy dt

dx  dt dx
_6(1+2t)% _ 2(1+2t)?
R



(c) x=t% y=4t-1
dy dx

— =4and— =12t
dt dt
dy _dy dt
dx  dt dx
4 2
T2t ¢

2
(d) x=s Y= Ve

-1

1

x=2(3 +t5)
-2
dx l 1 -1
E——2(3+t2) Str=—
<3+t2)t2

dy _ 1
dt 24t
dy _dy dt
dx ~ dt dx

1 2
1 12 1 —(3+t7>
—(3 + ti) tz=— L

Tt 2
. Vs
(e) x=acostandy = bsint whent =
dx . d
£ = _asint and 2 = bcost
dt dt
dy _dy dt
dx  dt dx
_ bcost
" _asint
T
Att=-
4
dy bcos% b
dx —asin% - a
T
(f) x=asectandy=Dbtant whent= p
dx d
X = asecttant and 2 = bsec?t
dt dt
dy _dy dt
dx  dt dx
bsec’t b

" asecttant  asint

Att==2
6

dy b 2b
= =— -
dx asing a

Revision exercise 6

Find %for each of the following

(a) X=2\/E,y =5t—4 [5\/?]
(b) x=4T —t,y = t2 — 2Vt [zm

2-t

2 3 3|(3t—4)*
(€) x=qm=y = Vot +1 [\I (6t+1)2]

(d) y =tan®*(3x + 1)
[6tan(3x + 1)sec?(3x + 1)]
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(e) x=t+5,y=t-2t [2(t—1)]
(f) x=t°,y=6t3-5  [3t73]

@ x=Vi-Ly=; [

t2

(h) x =t?(Bt—1),y = /3t +4

=

(i) x=3(20 —sind),y = 3(1 — cos26)
[cotd]
(j) x = cos26,y = cosf Esece]

2—-3tsin3t ]

(k) x =t?sin3t,y = t%cos3t [—
2tan 3t+3t

() x=t+ 2cost,y =t+ 2cost [ﬂ]
3+cost
(m) x =1+ 2sint,y =sint +cost
1-2sint
[3+COSt]

Differentiation of implicit functions

The functions given in the form y = f(x) such as y
= 2%,y = X + 3x etc. are known as explicit
functions whereas functions that cannot be
expressed in the form y = f(x) such as y*+2xy = 5,
x>+ 5xy + y” =4 etc. are known as implicit
functions because y cannot be expressed easily
in terms of x.

When differentiating such functions with respect
to x ory, we consider each of the individual
terms in the equation given

Example 12
Find Z—z for each of the following functions.
(@) x2—-6y3+y=0
~ () =6y + () =0
2x —18y2 2+ 2 =0
%(18)/2 —1) =2x

dy _ 2x
dx ~ 18y2-1

(b) x?y =5x+2
d2.y_ 4 a
L x2y) = L0 +L2)
;—x (x2y) is done by use of product rule

XL +y () = (50 + - ()



dy

2 —
xc—+2xy =25
dx + Y

dy _ 5-2xy

dx x2

() (x+y)5—=7x2=0
a s_d5.2 _
dx(x+y) dx7x =0
5(x+y)4%(x+y)—14x =0

5(x +y)* (1 + %) = 14x

dy _ 14x
dx  5(x+y)*

_ 14x-5(x+y)*
T s5(x+y)t
(d) Siny + x2y3 - cosx = 2y

d

. 2d 3 3d o, d _d
siny+ x*—vy° +y°—x*——cox =—2
dx Y dxy y dx X dx y

d

cosyZ—z + 2y%x? Z—z + 2xy3 + sinx = 2 %

d
%(cosy + 2y%x? — 2) = —(2xy3 + sinx)

dy  —(Qxy?®+ sinx)
dx  (cosy + 2y2x2 — 2)

(e) y2+x3—y3+6=3y

d d d
ay2+—x ——y3+a6=a3y
dy 2 _ 2.2 — 3%
Zydx+3x 3y dx+0—3dx
3x2 = 2 (3y2 — 2y + 3)

dx

dy 3x?2
dx  (3y2-2y+3)

() y2+x3—xy+cosy=0

%yz +:—xx3 —x%y—yﬁx+%cosy =0
2y2—i+2x2—x3—z—y—siny3—z:0
Z—i(Zy—x—siny) =y —2x?2

dy = y-2x?
dx (2y—-x-siny)

Revision exercise 7

1. Find Z—z for each of the following functions
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3 [3x 2 —

(@) 2= N

(b) 2x —y* = 3xy o]

(c) x© = 5xy* = 9xy )
2 :

(d) 2 = 2x &

(&) 77 = %° ]

(f) Vx+y \/i]

(g 2+5=1 %]

(h) siny + x* + 4y = cosx %ﬁ:ﬁ"]

, , 2 _ 9.3 &]
(I) 3xy + Cosy” = 2x°+5 [6xy—2y5i1’ly2
() 5x* = x3siny + 5xy = 10
x3cosy—5x
2

(k) x — cos x? +y7+ 3x° = 4x3

[12x4—15x6+y2—2x3 sin xz—xz]

2xy

() tan5y — ysinx + 3xy? =9
[ ycosx—3y? ]
5sec25y—sinx—6xy

(mx?+xy+y?—3x—y=3

3-2x-y
[x+2y—1]
5y—16x
[ 2y—5x]
2. For each of the following find the gradient of
the stated curve at the point specified,

(n) y2 —5xy +8x%2 =2

(a) xy% —6y =8at (2,1) [%]
(b) 3y* —7xy? — 12y = 5 at(-2,1) E]

(© 2= =8at(42) o)
(A $+5=2xyat(;,5) .
(e) (x+2y)*=1at (5-2) [_ %]
(f) x2+6y? =10at (2,—1) E]

(8) x3+4xy =15+ y?at (2,1) [—2—]

Differentiation of inverse trigonometric
functions

Example 13

Differentiate the following functions with
respect to x



(a) cos™x
Lety =cos ™ 1x
cosy = X
—sinyd—y =1
dx L
-(1- coszx)EZ—z =1

1
—(1—x2)2 % =
¢! x)zdx 1
dy _ 1

dx \/(1—7

(b) sin"1x
Lety = sin™lx
siny = x

d
cosyé =1

. Lay
(1- smzx)za =1
1
A-x2Z=1
ay _ 1

dx  J(1-x2

(c) tan~lx
Lety = tan™1x
tany = x
2,8y _
sec ydy 1

2.9 _
(1+ tan y)dx—l

dy
1+x)==1
( + )dx
d_y_ 1
dx  1+x2

(d) cos™1(—2x3?)
Lety = cos 1 (—2x?)
cosy = (—2x2?)

. d
—smy—y—— —4x
dy 2

V(1 — cos?y) Z—z = 4x
Ja =20 2 = 4x

dy _ 4x
dx  Vi-4x*
.1 (1—x
(e) sin ™ (—
1+x

1-x

Lety = sin™?! (—)

1+x
. 1-
siny =(35%)
-(1+x)—-(1-x)

dy
coSsy — =
ydx (14x)2
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ay _ 1 —(14+x)—-(1-x)
dx 1-x\2 (14x)2
1-(35%)
1+x —(1+x)—-(1—x)

T JaF02—(1-02° (1+x)?
_ 1 -2
T JA+02—(1-%)2  (1+x)

1 -2
4x " (1+x)

-1
Vx(1 + x)

Revision exercise 8

Differentiate the following with respect to x

(a) 2sec™Wx ﬁ]

(b) cosec™(cotx) m]

(@ cos™ (375) el

(d) cot™'x ﬁ

(e) cosec™lx %]

0 tan™ () ]

@ sin” (575) =

(h) tan” (53)

(i) sin~1(2x —1) m]

() tan 11— 3x) — ]

(k) sin~t(x%?—1) ﬁ]

() xsin~'x [sin‘lx + ﬁ]
(m) xtan™1x [tan‘lx + 1-:Cx2]
(n) (x? + Dtan"'x [2xtan™tx + 1]

Second derivatives

Suppose y is a function of x, the first derivative

of y with respect to x is denoted as Z—z or f'(x)

The result of differentiating Z—z with respect to x

2
is the second derivative denoted by % or f’(x)

d?y . .
Note that If d—x}; is used to determine the natures

of stationary points



A stationary point on a curve occurs when

dx

is a stationary point, the type of stationary point
(maximum, minimum or point of inflexion) can

be determined using the second derivative.
d%y . . . .. .
Ifﬁ is positive, then it is a minimum point

da’y . . - . .
IF <2 s negative, then it is a maximum point
dx?

d? . . .
Ifd—xj; =0 then it could be maximum, maximum or

point of inflection

Example 14
Determine the second derivative of each of the
following
(a) x*
L — gx3
dx
@y _d 4.3y _ 19,2
— o (4x3) = 12x
(b) cos2x
@y _ —2sin2x
dx
a?y _d . o - _
Tz —dx( 2sin2x ) = —4cos2x

(c) x?(1—x)2
x2(1 —x)? = x2(1 — 2x + x?)
=x2 —2x3 +x*

L — 2x — 6x2 + 4x3

dx

a2y _ o _ 2

= 2—12x + 12x
(d) xsinx

d ,
&= sinx + xcosx
dx

d?y .
—= = C0SX + coSsx — xsinx

dx2
= 2Xx0SX — xSinx
(e) x3sinx
d .
d—z = 3x?sinx + x3cosx
d%y
dx?

= 6xsinx + 3x%cosx + 3x%cosx — x3sinx

= (6x — x3)sinx + 6x?cosx
1

(f) xtan™x
YW _ ton-1 x
vl tan” "x + s
dz_y _x (1+x2)(1)—x(2%)
dx2 ~ 1+x2 (1+x2)2
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@y _ 0 Once you have established where there

_ 2
T (1+x2)2

2 —v2 =3 find @and £
(g) fx*+3xy—y- =3, find dxand Tx? at
the point (1,1)

dy ay _
2x +3Y+3XE_2yE_O

dy _ 2x+3y

dx 2y—-3x

At (1,1)

dy _ 2(D)+3(1) _ _s

dx ~ 2(1)-3(1)

a2y _ (2y-32)(2+352)—(2x+3y)(222-3)

dx? (2y—3x)2

Substituting for x =1, y= 1land % =-5

d%y _ (2-3)(2+3(=5))—(2+3)(2(-5)-3)

dx? (2-3)2

_ (=1)(=13)=(5)(=13)
N (-1)2

13465 _
===

78

Example 15 (parametric equation)

. dPy. .
Flnd—Zln terms of t if
dx

(a) x =a(t? —1)andy = 2a(t + 1),

dx
— = 2at
dt
d
2= 2a
dt
dy _dy dt
dx  dt ' dx
_2a _ 1
T 2at ot
d’y _d (dy) dt
dx2 ~ dx \dx/ dx
d ., _qy dt
=—(t —
dx( ) dx
-1 1
T t2 "2at
" 2at3
(b) x = cost + sint and y = sint — cost
dx .
— = —sint + cost
dt
d .
d—’t’ = cost + sint
dy _ dy dt
dx ~ dt ' dx
__ —sint+cost
" sint+cost
d’y _d (—sint+cost) dx
dx2 ~ dx \ sint+cost / dt



__ (=sint+cost)(—sint+cost)—(cost+sint)(—cost—sint
(—sint+cost)2(—sint+cost)

2
" (—sint+cost)3
Revision exercise 9

1. Fmd — of each of the following

x? 2
(@) 77 [(1+x)3]

sinx (6—x2)sinx—4cosx
(b) x2 [ x* ]
(c) tan’x [4y(1 +y)?]
(d) tan3x [18y(1 + )]

2
(f) sec2x [4y(2y - 1]
2
2. Findd—gin terms of t or 0 if
dx
(a) x=cotB, y =sin’® [25in39sin30]
1+t2 2t [ 1-t \3
b) x =T y=1=% 4 () ]
(c) x=t+3,y=t>+4 [2]
2942 ., 1 (3
(d) x=3-2t%y = t 16t5]
_ 42 — 2 _

(&) x =t +2t,y=1t-—3t 4(”1)
3. Given that y = cot5x, show that

S+ 10y =0

4. Giventhatx = 1 —sintandy = 1 — cost
show that y2=—=+1=10

Differentiation of exponential functions

An exponential function is the function given in
the form y = e*, where y is said to be an
exponential function of x.

These are differentiated using product and
guotient rules.

Example 16

Differentiate each of the following with respect
to x
(a) e”

i X\ — X

™ (e =e

2

(b) e3x

Letu = 3x?and y = e*

du d
= = 6xand = = e
dx du
d dy du
_2 = 6x.e"
dx du dx
= 6xe3*
(C) e,sinx
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letu = tanx=>y =e%

u d
= cosx and 2 = et
dx du

d dy du
oD 2 pu sk
dx du dx
et cosx
(d) e3x

letu = 3x=>y =e¢e"

du d
Z=3and 2 =ev
dx du
dy dy du u 3
dx  du'dx ’
— 3e3x
x2+1

(e) y =2e

letu = x2+1=>y = 2e%

du d
2= 2x and 2 = 2¢v
dx du
d dy du
& 2 geu 2x
dx du dx
— 4xex2+1

(f) e*cos2x
Z—Z = e*cos2x + e*(—2sin2x)
= e*cos2x — 2e*sin2x
(g) e*sin2x
Z—Z = e*sin2x + e*(2cos2x)

= e*sn2x + 2e*cos2x
1

1
dy xzd%ce_f‘/}—e_f‘/}%(xz)
dx x“
)

_ 4/x 1

= >

1
_ e_f‘/}(x+8\/§)
="

4x3

Differentiation of logarithmic functions

Logarithms of numbers to base e is called
natural logarithm or napeilian logarithm.

The natural logarithm of a number say x is
denoted by log, x or Inx

Lety =log, x

e¥ =x

=@ =2
ay _m _ @@
dx e ey



Example 17 z—i’ = yIn2 = 2*In2

Differentiate with respect to x (i) 2%’
Iny = In2*" = x2In2
(a) Inx A
Lety = Inx yax 2xInx
dy _ @) _1 Y — yaxinx = 2 2xin2
woooxx () 3x2.3%
(b) In(1+2x) Lety =3x2.3*
Lety =In(1 + 2x) Iny = In3x2.3%
dy _ La+) = In3 + Inx? + In3*
dx ~  1+2x  142x
= In3 + 2Inx + xIn3
(c) In(1-x)
Lety =In(1-x) ydx x
dy 2+xInx 2+xInx
o e R
dx  1-x  1-x
= 3x.3%(2 + xInx)
(d) In(4x3)
Lety = In(4x?) K [x+1
dy _ L% 12?3 Xl
dx  4x3  4x3  x _ 3x+1
(e) In(tanx) Lety = x—1
3 X+l
dy dix(tanx) sec?x yo= x—-1
. = Y — = —— = secxcosecx ,
— 2cosec2x Iny®? =In(x+1) —In(x — 1)
M) 2y* wldy 11 -2
letq = 2y? y3 dx  x+1 x—-1  (x+1)(x—1)
Ing = 2y?=2In(2y) dy _y —2
1at _ zdd—y(Zy) 2 dx 3 (x+1)(x-1)
ady vy (x+1)% 2
dq _ 2q _ 4y* _ = —
w=y Ty Y N e
But &4 = &4 4 2
dy dy dx —
dq dy 2 3
e S 4y_ 3(x+1)3(x—1)3
dx dx
(g) Iny
Letq =Iny
dq _ 1 Revision exercise 10
dy ¥ . o
Byt — d4 1. Differentiate with respect x
dy ~ dy dx 2y 2y 4y
d _1 ay (@) e 2
dy v dx (b) eSiny cosye
(h) 2% , [ y
Lety = 2% (c) 4x? + = [8x A
Iny =In2%*=xIn2 (d) xe™* [
1Y m2 (e) Insinx [cotx]
ydx
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(f) In(tany)

(&) Vx2+1
g (2x—-1)2

x%e*
(x—1)3

.\ Sindx
(I) 52X

(h)

eXZ\/COSx

[secxcosec —]

[ 234344 ]
(x2+1)2(2x 1)3

=]

2sin*x?(4xcotx?-In5s)
1

() S

(2x+1)3
2e™%

(k) 2¥cosx
(x-1)(2-3x)

(l) (1+x)(x+2)

(m) In(1 + x?)

(n) In(x3—2)

(o) In(e* +4)

(p) In(Vx)

(@) (3 —2Inx)?

(r) x*Inx

(s) xIn(1+x)

(2x+1

=

(t) x2In(3 + 2x)

(u) ——
(v) 7%

(w) 2*°

(X) 32x—1

(y) elnx

2. Giventhaty

— erx

x— =(2x + 1)y

3. Giventhaty =

2Xcosx

B (Zx

-2 tanx — L)]

2x+1

(tanx — In2 — 1)]

[2(8—4x— 7x2)]
| (14+x)2(x+2)2

[ 2x ]
| 1+x2
[ 3x2 ]
| x3-2
ox ]
leX+4
[ 1

|2x
[—6(3— 21nx) ]

[x(l + 2Inx)]

[— +In(1+ x)]

[H + 2xIn(3 + 2x) |

[
[7*Inx]
[x2%° In4]
2 32%)m3]
[1]

, show that

show that

(1+e")a—y=0

2

x
4. Giventhaty = eT, show that

dy _ Zexz—y
dx x

5. Giventhat e* —

dy 2 -
(dx) yo= 4
6. Given that Ae** + Be™*¥, where A and B

¥ show that

2
are constants show that % —16y =0
7. Given that y = In(Inx), show that

() &2+ 2

8. leenthaty—ln( )showthat
— 2 Y _ 5
1 x)dx 2=0
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10.

11.

1n(1+x)

Given thaty = , show that

1

24y _
x dx + ny T 1+x
Given that y = In(I1 + e*), show that

2
dz_y:ex(l_d_y)
dx? dx

Given that y = e3*sin2x, show that
azy —e™
Tz +13y =6 Tx

Revision exercise 11

1.

Find the derivative of y = sin?x from the
first principles [2sinxcosx]
If &x and by are small increment in x and y

respectively and y= tan2x, write down an
26x

oszx]

Differentiate the following with respect to x

expression of 8y in terms of x and 6x. [C

(a) x3 3x%2—4x
Ja-2x2 (- sz)g
tanx
Sln X
(b) logs (=)

(c) (x—0.5)e*
(d) (sinx)*

-2 -2

(e) exsin3x [e x sm3x( + 3cot3x)]

1 2, _

[1115 (sec®x — 2cotx) ]
[2x e?¥]
[(sinx)*(Insinnx + xcotx)]

0 tan () [

(g) tan™" (1—62xx2) [1—2;ﬁfix4]
(h)

(cosx)?* [2(cosx)?*(Incosx — xtanx)]
(i) e*™sinbx [e**sinbx(a + bcosbx)]

S (x+1)2(x+2) 2
0 [3(x +3)7]
-1 1—X2 2
(k) cos (1+x2) [1+x2]
() 3xInx? [3In(x? + 2)]
(m) cot2x [—2cosec?2x]
(n) (sinx)* [(sinx)*(xcotx + Insinx)]
(o) EHD° ESIE]
(x+4)3 L (x+4)*
(0) 3x+4 —(7x+4)
Pl oxzt3x2 _(2x2+3x_2)%
1
1+x [ 1
(@) loge (;5)" [
() 1+sin’x [ 3sin2x ]
r cos2x+1 | (cos2x+1)2
1 4x(1+6x)
(s) tan” ( +2x ) [4+(x2+4x3)2]
(t) eax2 [zeaxz]

wa-20t [



) ]
(v) (x+1Dz(x + 2)? M]
2(x+1)2
() 2x%+3x [(x—4)(4x+3)—2(2x%+3x)
(x—4)? (x-4)3
(x) 3x-1 x+3
Vx2+1 _(X2+1)%_
( ) cos2x [ -2 ]
y 1+sin2x | 1+sin2x]
(z2) In(secx + tanx) [secx]
1+2x\2 [2(1+2%)]
(aa)( 1+x ) L (1+x)3 |

2
4. Ify= tan(xTH) showthat%—yd—y =0

dx
Given that y = et show that
@y _ oy
dx2 ~ dx

_ @v_ 1
6. Ify =+/x show that el v

7. Ify = V(5x24), show that
a? dy\?
(@) s

dx? dx
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1

i — _1) — (-1
8. Giveny=1In (1 u) ,2Uu = (x x), show
d_y _ (x+1)
that dx — (x2+1)(x-1)
9. Ify =e tcos(t + ), show that
a%y 59y _
dx2+2dx+2y—0
10. Given thaty = 1+Sl:nx, show that
1-sinx
dy _ 1
dx ~ 1-sinx
11. Show from first principles that
a — 2
™ (tanx) = sec*x
. _ 2 _ o dPy
12. Given that x = —zand y =——, find_-2.
6 (1+1t3)°
[? (2— t3) ]
13. Differentiate y = 2x* + 3 from first principles
[4x]
Thank you

Dr. Bbosa Science



