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Differential equations (D.Es)
Definition

These ae equations involving differential

coefficients (derived functions) like
dy d?y dty

dx’dx2’ """ dxn
The order of a differential equation

The order of a differential equation is the order
n
n of which the highest derivative Zx—il/ contained

in the differential equation. E.g.

(a) d—y +2=y (1* order D.E)
(b) =2+ 52 +2 =0 (2™ order D.E)
(c) &y 3d—y =0 (4" order D.E)

dx*

Solution to differential equations

This involves the elimination of all the
differential coefficients in the given equation.
This is normally done by integrating

Example 1
Solve the differential equations

@ _c_
(a) o 5=0
Solution

(b) Z+3=
Solution
dy _
— +3=0

[dy =—[3dx
y =-3x +c

Types of solutions of differential equations
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There are two types of solutions to differential
equations, i.e.

- General solutions remain with arbitrary
constant c unsolved, e.g.

SoIved—y— 1=0
dx

[dy = [dx
y =X + ¢ (general solution)

- Specific solutions where the arbitrary
constant c is eliminated and replaced with
specific value, e.g.
ydy = xdx, given thaty =1 whenx =0

Jydy = [ xdx

1.2_12

Sy =sx+c

Substituting forx=0andy=1,c :%
~yr=2xt 4+

=> y? =x2+ 1 (specific solution)

Forming differential equations

This involves forming equations with differential
coefficients by eliminating the arbitrary
constants.

If the equation has got only one constant of
integration, then the differential equation
formed will be that of first order.

On the other hand, if the equation has got two
constants of integration, the differential
equation formed will be that of a second order.

Example 3

Form differential equations from the following
equation:

A
(@) y=x+—



Solution
x4
y - b

= A=x(y-x)

dy _ A

dx x2

Substituting for A:

S ) R
dx x x

dy _ st
x> 2x —y (1 order D.E)

Let x = tan(Ay) wooceveeereiereeenen. (i)
1=Asec’(A )d—y =A[1 + tan’(Ay)] ay
Y dx v dx
Substituting for tan(Ay)
_ 2y 9y
1 =A1+x )dx

_ 1 dx
T (1+x2) dy

Substituting for A into eqn. (i)

_ y oy
X = tan ((1+x2) dy

(b) y = Acosx tan-ly = Y4
(1+x2) dy
Solution dy
(14 x®)tan"'x—=—vy = 0 (1" order D.E)
_ y dx
cosx Exercise 1
2y _ —Asinx i . ) .
dx Form first order differential equations from each

Substituting for A of the following equations

@&bv__ Y a) y=3x"+ Ax 9 _ 6x + 4
dx cosx sinx @y A g;ﬁ p ]
(b) y =~ = -0
% + ytanx = 0 (1* orderD.E) * 'dg‘y xiz ]
©y =% -==1]
2 x ox «x
(c) y=Ax"+Bx 2 'dy
(d) y = 4x2 — A 2 gx = 0]
Solution _ A x? :d_y _ x% _
2 0 (e) y = Ae = 2Axe* = ]
Lety = AX" + BX cecverevrenennen. i _ ,x3 ay _ a.2,x
f) y=e [d 3x“e ]
dy : -
—=2AXx+ B . (ii) _ |Ltsinx dy _ _ 1
(g) y= 1-sinx ldx 1—sinx]
d? _ [dy A
d—x};= 2A e, (iii) (h) y = Alnx a2 0]
. i [dy  3cosvVx _
Substituting for A in euation (ii) (i) 6sinyx lax — Vx 0]

X
. 2 2 _ [dy | x _
() x*+4y%=A4A _dx+4y_o]

dy d%y
—=x—+8B -
b (k) y*=xy+A4 @2y -0~y =0
dy d*y -
B=-— X2 (I) y=x+sinx _Z—z=1+cosx]
Substituting for A and B in equation (i) (m) y=sin"x % = \/(11—2]
| -X

d d?
D _ L)
dx dx?

1
y = Exz + x ( Solving 1* order differential equation

5 .

Lyt 1,2 d_;zz 3 _y (2™ order D.E) There ;.are three b:.:\sm me'Fhods em.ploy.ed to
2 adx dx solve first order differential equations i.e.

(d) x=tan(Ay) (a) Separable differential equations.

(b) Differential equations with no separable

variables.

Solution
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These may either be exact or Non-exact y = sin (x — %n)
(Inexact)

(c) Homogenous differential equations. dy
(c) Solve the equation v 2y + 3, given that

y=0whenx=0
Solution

dy _
f2y+3_fdx

%In(2y+3) =x+c

Separable differential equations

These are solved by separating variables 1
Wheny=0andx=0;c= Eln3

Suppose that thedgiven differential equation is in By substitution
the form of f(y) d—z = g(x), we separate the %In(Zy +3)=x+ %In3
variables in such a way that f(y)dy = g(x)dx. lln(Zy +3) - 1m3 = x
Then we integrate both sides 2 2

(2y+3) — er
Example 4 3 3.,

(a) Solve the equation (1+c0526)3—z = 2. Hence

find the particular equation given that, y=1 (d) Given that Z—y + xy3 = 2xy and that x=0
X

1
when 6 = LT when y =0, show that
Solution o y= ,262/32 1 when x = 1
(1+c0529)£ =2

Separating variables Solution

2
fdy - f1+c0529 de Z_z+xy3 = 2xy

2
= deo
fZCOSZG Z—z = 2xy — xy3 =xy(2 - yz)
= [ sec?6d6 X
=xy((V2) = ¥?) =xy(VZ = ) (V2 +)
y =tanb + ¢

Hence: [ 1 dy =
——————dy = [dx
Substituting fory=1and 8 = %n yV2-y)(V2+y)

1 A B Cc

1 A, B _C
1=tam mHc=>c=0 e e v ey | Vo
-~y =tanf
g = 1=A(2-y)+By(V2 —y) + Cy(V2 +y)
. A _1
(b) Solve the equation z—z =J1-y2(y=0 Puttingy = 0; A=~
ingy =- -1
when)(:%n-_ Puttingy = \/E B= :
. 1
Solution Puttingy =2 c=—12
By separating variables Jlpdy 1o dy 10 dy _
yd)f) _ gd 12fy1 4f\/§—y 47 V2+y fxd}f
J 7= dx Uny = L[m(VZ - y) + In(VZ +y)] = 2x? + ¢
in~ly = 1 1 1
sin 'y IX+C ) EIny—ZIn[(\/_—y)(\/E+y)]:Ex2+c
Substltutlnlg fory=0and x =°T i[ZIny— In@ - y»)] = %xz +c
-1 —
sin 0—g7T+C 1 y2 =lx2+c

n
4 (2-yY) 2

1 1
O=m+c=>c=—-m
6 6 Whenx=0,y=1=>c=0

1 1
SoSin y:x—gﬂ.’
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y?=@2-y*)e*
y2(1+ erz) = 2¢2%°

2

yz _ 202X
(1+ezx2)
ZerZ
Y= [re?)
2e2
Whenx=1;y = @D

(e) Given that x =0wheny =2, solve

4y _

Yoo = 2x(1+y)

Solution
Y dy =

ny dy = 2xdx

Using long division
y _ 1

1+y 1+y
1
f(l _E) dy = 2xdx
y—In(1+y)=x*+c
Substituting forx=0and y =2
2—In(14+2)=04+c=>c=2-1In3
y—In(1+y)=x%+2-1In3
3 )= 2

y+1n(1+y)—x +2

(f) Solve the equation

(x2+1)%+y2+1=0giventhat y=1

when x=0

Solution

J(x?+ Ddx = - [(1+y?)dy
tan~ly = —tan~lx + ¢

Substitutingy=1andx=0

tan™'1 =tan 0+ c=>c=tan1
= tan~ly = —tan"lx + tan™!1

tan"ly = tan™'1 — tan"1x

tan~ly = tan™! (I_—X)

1+x
_1-x
Y =T
Exercise 2

1. Find the general solution for each of the
following differential equation.
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dy x+1

(@) 2=

dx y
[y2 = x% + 2x + ]
2_
(b) Z_ﬁ — 3x2 2
y

[4y? = 9x2 — 2x + ]
24y _
(c) ¥ dx—2x+3
[y3 =12x? + 9x + ]
(d) 2 =3x2fy
[2\/—=x + ]
dy _ 2x
(e) dx  18y2—1
[x? —6y° +y = A]

() dy _ —(2xy3+sinx)
dx  (cosy+2y2x2-2)

[Siny + x%y® - cosx — 2y = 0]
d
(g) E%:z 3x2}, [y ::ex3+C]
(h) Vx 22 = sinyx = 0
[y = —2cosvx + ]
(i) Z=e3sin2x
dx
[y = %ezx(3sin2x — 2cos3x) + C]

. d x2
() =2 =x%
(k)

dy 7
dy - .2
() == = 2sinxcosx [y = sin“x]

) B
y=eT(x2—1)+c]

dx  (3-7x)2 Y = 3% + C]
dx

dy 1 1+sinx
(m) == ]

dx  1-sinx 1-sinx’

v _ 3
(n) o tan>x

[y = 1tanzx — Incosx + c]

02
[gsm Tx®) + c]

Find the particular solution for each of the
following differential equations

(a) d—y=4—3x2,y=5atx=1

dx

[y =4x —x3 + 2]

d_y x+1 _
(b) Tx ,y 3atx=-2

[y2 = x%2 4+ 2x + 9]
(c) (v — 3)——x+3y 4atx=0
[y2 —6y —x? —6x + 8 = 0]
(d) 3y2dy+2x—1y 2atx=4
[y3 —x + x% = 20]



(e)

d 1
d—z = sec3xtanx y = s whenx=0

1 3
y =;sec’x

dy _ sin?x
dx  1+cos2x

V2tan™t 2 ranx) — x
[ (5 tanx) - x|

, ¥ =0.027nt when x = %

Exact differential equations

An exact first order differential equation
(O.D.E) is an equation written in form

A(x, y)dx + B(x, y)dy = 0 such that there exist
a function f of two variables x and y which
have continuous partial derivative such that

fx =A(x,y)and f, = B(x,y)
Testing for exactness

This is done by using partial derivatives, such

2802
Sy T dx
Example 5

Show whether the following equation are
exact or not.

dy _
(@ y+ X = 5
Solution
. dy
Expressing y + x o= 5
in form A(x,y)dx + B(x,y)dy = 0, we have
y=5+ x% =0
(y—=5)dx+xdy =0
= A(x,y) =y->5and B(x,y) = x

54 5B
5 =1 and g =1
. §A 6B
Since — = — = 1, therefore the
Sy ox

equation is exact.

(b) 2xy3 + 3x2y? % = cosx
Expressing 2xy3 + 3x2y? 3—3; = cosx
in form A(x,y)dx + B(x,y)dy = 0, we have
2xy3 — cosx + 3x2y? Z—Z =0

= A(xy) = 2xy3 — cosx and B(x,y) = 3x2y?

4 _ 2 8B _ 2
3y 6xy“ and P bxy
. 54 6B
Since — = — = 6xy?, therefore the

Sy ox
equation is exact.
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Expressing x2 Z—z + xy? = 5x
in form A(x,y)dx + B(x,y)dy = 0, we have
dy
x? —+ xy? = 5x
= A(x,y) = xy? — 5x and B(x,y) = x?
SA

6B
3 = nyanda— 2x

. 54 | 6B L
Since — # —, therefore the equation is
Sy ox

not exact.
Solving exact differential equation

After testing that a given differential equation is
exact, this means that, the terms on the LHS are
a result of the derivatives of the main function.

Note: the main function is equal to the integral
of B (the coefficient of dy) with respect to y.

Example 6

(a) Solve the following equations
. dy _
(i)y+x-=5
Solution

Since the equation is exact; the main
function = xy (integral of x with respect

toy)
> ~(xy) =5
fdix(xy)dx = [ 5dx

xy=5x+¢c
(i) 2xy? + 3x2%y? Z—z = cosx
Solution
Since the equation is exact; the main
function =[ 3x2y2dy = x’y’
= ;—x(x2y3)dx = [ cosxdx
x%y3 =sinx + ¢
(b) Solve the following equations
(i)xZZ—z+ 2xy =1
Solution
Since the equation is exact, the main
function = [ x2dy = x?y
= %(xzy) =1
f%(xzy)dx = [1dx
xly=x+c

2
(i) Y 2X 4 2tinx = 3cosu
x du



Solution

Since the equation is exact, the main
2
function = fu?dx = u?Inx
d
= — (u?Inx) = 3cosu
dx
d
fa(uzlnx)du = [ 3cosudu
u?Inx = 3sinu + ¢
(3sinu+c)
Orx=e\ u?
d .
(iii) x2 cos t 2 + 2xsint = =
dx x

Solution
Since the equation is exact, the main
function = [ x2 cos t dt = x?%sint
d . 1
= — (x?sint)dx ==
dx x
d, o . 1
J - (3sint)dx = [ —dx
x2sint = Inx + ¢

Inx+c
—in—1
Or t =sin ( 2 )

(iv)e” + xeyZ—z =2
Solution
Since the equation is exact, the main
function = [ xe¥dy = xe¥
= %(xey) =2
f:—x(xey)dx = [2dx

xe¥ =2x+c
eV =242
X

Inexact differential equation

If we have ordinary differential equation in the
dA  dB
form Alx, y)dx + B(x, y)dy = 0, where = # ==,

the equation is said to be inexact.

An inexact ordinary differential equation is
solved by first converting it into an exact
differential equation. This is done by multiplying
the given equation by an integrating factor.

Examples of inexact ordinary differential
equations are the linear ordinary differential
equations.
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Linear ordinary differential equations

A linear ordinary differential equation is an
equation expressed in the form Z—z +py =0

where P and Q are function of x.

Converting inexact ordinary equation into and
exact ordinary equation

This is done by multiplying through by a factor
known as an integrating factor.

Suppose A = integrating factor, then
25 _
A =t Apy = AQ

d _dy | dA ,
= a(x,y)—/ldx+ydx ......................... (ii)

Comparing (i) and (ii)

da

APY =Y g
aa
Py =

By separating variables

da
Pdx = 7

[Pdx = fd%:In/l

1 = el Pax

~ Integrating factoris A = el Pax

Note: multiplying the original equation with
integrating factor an exact equation is formed,
i.e.

edexZ_z+ edexpy — edexQ

Main function=[ e/ P4*dy = y ¢J Pdx

= %(yedex) — edexQ
f%(yedex Ydx = fefpdedx
yedex - fefpdedx



Example 6

Solve the differential equation
@y 3, - =
X + Ty = 5x + 4, given thaty =3 when
x=1.
Solution
Comparing the given equation with
4 _
o, TPy=0
P=§and Q=5x+4
- the integrating factor,
3
1 = el Pdx — oJ3dx _ g3inx _ 3
Multiplying the equation by integrating
factor.
34y 2., _ o4 3
x dx+3x y = 5x* + 4x
Main function = [ x3dy = x3y
%(x‘?’y)dx = [5x* + 4x3 dx
x3y=x>+x*+c
Whenx=1andy=3
3=1+1+cc=1
sxdy=x+xt+1
Or
— .2 1
y =x"+x+-
Find the general solution of the equation
Z—z + ycotx = 3 sin xcosx
Solution
1= efcotxdx = elnsinx — ginx
Multiplying the equation by integrating
factor.
sinx z—z + ycosx = 3 sin? xcosx
Main function = [ sinxdy = ysinx
;—x (ysinx) = 3sin? xcosx
f:—x (ysinx)dx = [ 3sin? xcosx dx
ysinx = sin3x + ¢
Or
y = sin?x + c(cosecx)
1
Solve the equation x? % + y = x2eXx given
thaty =2 whenx =0.
Solution
Dividing through by x
dy 1o o
dx + x? y=ex
1 1
A= efx_zdx =e x

Multiplying through by A
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Lagy 1 -t LA
exa+x—2e xy = ex,e x=1
1

Main function = e =y

> &(ety=)

d _1
fa(e xy)dx—fldx
_1
ye x=x+c¢
Whenx=0;y=3=>c=0
1
sincee 0o =e® =0
1
.'.ye_E:x

Or

. dt
d. Solve the equation o + tcotx = 2cosx

given that t =3 when x = %
Solution
A = el cotxdx — giny

Multiplying through by A.

sinx% + tcosx = 2sinxcosx

Main function = [ sinxdt = tsinx
= ;—x (tsinx) = 3sin? xcosx

f% (tsinx)dx = [ 3sin? xcosx dx

tsinx = sinx +c

Given that t =3 when x = g;

35in90 = sin90+ ¢ =>c=2

. t = sin®x + 2cosecx

Exercise 3

Show that each of the following differential
equations is exact and use that property to find
the general solution

1 y _
~dy—dx=o0 [y = Ax]

2. nyZ—z + y? — 2x=0 [y?x — x? = A]
2(ye*dx + 2(e* —2y)dy =0

[(y + De* —y? = 4]
4. (2xy + 6x)dx + (x2 + 4y3)dy =0
[x%y + 3x2 + y3]
5. (8y—x2y)z—z+x—xy2 =0



1
52—y +4y? = 4]
6. (e*™ + 2xy?)dx + (cosy + 2x%y)dy =0
1
[Z e?™ + x%y? + siny = A]
7. (3x? + ycosx)dx + (sinx — 4y3)dy = 0
[x3 + ysinx — y*]

-1 x? _
8. xtan™"y.dx + 2(Hyz).dx =0

x?
Ttan y=2A
9. (2x + x%y3®)dx + (x3y% + 4y3dy = 0)

X3 3
[x2+ 3y+y4]

10. (2x°- 3x°’y + yZ)Z—i = 2x% - 6X°y + 3xy°
LA PIP
2 2 Ty

11. (y*cosx —sinx)dx + (2ysinx + 2)dy = 0

[y2sinx + cosx + 2y = A]
12. 242 =Zex[ =Eex+Ae‘3x]
T dx y y 3

13. xZ—i=2y=x2 [y = x%Inx + Ax?]
., - =2 A
14. dey—\/} [y_3\/z+x]
_t22t+26]

15. (1+t)%+u=1+t,t>0[u- o

16. Z—z + 2y = e **cosx [y = e **(sinx + A)]

D, _x -1
17.2xdx—x y+3[y—3+3+Ax ]
A(x+1)]

X

18. xd——y=% [y=x1n

19. x% + 2y = x"cosx [y = x~?(sinx + A)]
. dy o

20. sinx ™ +y =sin“x

1
[y = (x — sinx + A)cotzx]

21. 3y+(x—2)%=i

x—2
[y=(0-2)""+A(x—2)7%]

Homogenous differential equations

If the degree of the individual terms in the

differential equation is the same and constant,
then the equation is said to be homogeneous.

Or: A differential equation is said to
homogeneous if there is no isolated constant
term in the equation i.e. each term in the
differential equation for y in each term.

Examples of homogeneous equation are
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(a) xﬁ +y=x 1* degree
(b) x2 3—3; +y2=xy 2" degree
(c) x? Z—i —x?—yZ=xy 2" degree
(d) t3 Z—f +t20 =t62+t3 3" degree

The above equations are solved by use of
substitution mainly y = vx or y =ux which
transform them into separable differential
equations.

Example 7

(a) Use the substitution y = vx solve the
equation x? Z—z = x2 + y? + xy, given that y
=0whenx=—.

4
Solution
Using y = vx
dy d_

v
— =X +v
dx dx

Substituting in the given equation

dv
x? (x; + v) = x% + v%®x?% + vx?

[the product rule]

xZrv=1+v2+v
dx

Separating variables
dv. _ rdx

f1+v2 )y

tanlv=Inx+c

tan~! (%) =Inx+c
Wheny =0, x= %
= tan" 10 =1In (%) +c

c--in(2)

Substituting for c

tan~! (%) =Inx—In (g)
% = tan (In%x)

y = xtan (In %x)

(b) Solve the equatioan—z =2y

Solution

Either by separation of variables

dy d_x
J5 =213
Iny =2Inx+ ¢

Iny = Inx*+ InA



(c)

Iny = InAX’

y=Ax2

Inv=Inx+c
Inv = Inx + InA
Inv = In(Ax)

v = AX

%= Ax

Yy = Ax?

Solve the equation yZ—z = 2x — y using the

substitution y = vx.

Solution

dy

— = x— v
dx dx +

vx(xd—v+v) =2x —vx
dx

dv
vV2+uox—=2-v
dx

W5 2 =(1—
vxdx—Z v—v =01-v)1+v)

vdv _ d_x
1-v(1+v) «x

(¥ A B
S G+~ -n) " (+v)

v=A1+v)+B(1—-v)

Puttingv=-2;-2=Bi.e.B= _?2

Puttingv=1,1=3A1l.e. A= %

v 1 2

(1-v)(1+v)

T 3(1-v)  3(1+v)
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f(1 v)(1+v) _f3(1 v)__f3(1+v) x

—gln(l - ) —gln(l +v)=Inx+c

—%In(l - ) —%In(l +v)l=Inx+c

In(1—-v)(1 +v)? = InAx~3 where InA=c

XA -v) (A +v)2=4

Substituting for v = %

(x—y)y+2x)?2 =4

(d)

()

2 4x3—3xy?—y3 =4
Using the substitution y = vx or otherwise
show that the solution of the equation

&y _y v -
2 T x + |s given by = A where A
isa constant
Solution
Lety = vx
dy _
dx x dx tv
The given equation becomes

dv _ 2
Z(xdx+v) =v+v
dv

ZXE =v(v—1)

2dv d_x
v(v-1) T x

A B

Let vw-1) v | (v-1)
2=Bv+A(v-1)
Whenv=1;B=2and whenv=0;A=-2
.2 —_2 n 2
” v(v 1) - (v—1)
f dv = dv = [

v(v 1) x
—2Inv + 2In(v - 1) = Inx + c

In (UT_l)Z = Incx or( ;1)2 =cx

2
21
| =cx
x

2
—-X
(6% 2) - cx
y
(y—x)* _ c
xy? -

Solve the differential equation

ay _ 2 [~2 2
xydx ye+xxc+y
Solution
Lety = vx



dy _ _dv
ool + v (product rule)

Substituting in the given equation

dv
vx? (xa + v) = v2x% 4 x/x2 + v2x2

v(x%+v)=vz+v1+v2
vx%+v2=v2+v1+v2

vdv __ dx

Vitv?  x
ot s
In(1+ vz)% =Inx+c
In(1+ vz)% = Inx + InA
In(1+ vz)% = InAx
1+ vz)% = Ax

y

Substituting v = o

1

(1 + G)z)E = Ax
\/x2x+y2 — Ax

or
x? 4+ y2 = Ax*

Exercise 4

Using the substitution y = vx or otherwise solve

the following differential equations

2 _ 2 —o [ =,4
1. (x y)dx+xydy—0[x2—lnx]

2. (x—y)dx+xdy=0 x=e_§+c
3. 2(x+2y)dx+ (y—x)dy=0;y(1)=0

E+2) =2(+1)

4, xzz—i=3x2+xy

y

[x3 = Aei]
5. xydy = (x? — y?)dx
[x%(x* = 2y%) = A]

6. x22_y2 =24y

dx
[tan‘1 Y= InAx]
X
dy _ y_2 _ _
7. 3—-=4 [3x —y + Axy = 0]
x2

8. (x?+y*)dy = xydx [y = Ae2?

dy _ 4x _ _ _
9. == Ty [2x = (2x — y)InA(2x — y)]
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10.

11.
12.

d
xo—y=@%-y?

[sin_lf = In(Ax)]
x 2 [y = x(4x — 1)]

2= [y (2x—y)? = 4]

1
2

—2y=x

ﬁ —1= x—zyz
i -1 2y—x
\Etan (x\/§) = In(A4x)



Applications of differential equations

Differential equations are applied in the

following fields

1. Gradient of tangents

2. Rates of decay, decomposition, cooling
etc.

3. Rates of formation, growth, spreading
etc.

4. Displacement, velocity and acceleration

Note that in any of the above fields, an
increase is a positive change/variation while
a decrease is a negative change or variation.

Gradients of tangents

The gradient at any given point on a gradient

. dy

interms of xand y is e

Example 8

a. The gradient of the tangent at any point
onacurveisx — % Given tat the curve

passes through the point (2, 4), find its

equation
Solution

dy 2y
—_ =X ——
dx x
dy | 2y _
dx X -

dx
The integrating factor, A = el T = x2

Multiplying the given equation by A
24y — 43

x“ -t 2xy =x
Main factor = x2y
dy _ .3

= ™ (2xy) =x
fZ—Z(ny)dx = [x3dx
2xy = ix‘* +c
At (2,4);16=4+c=>c=12
n2xy = %x‘* + 12

b. A curvein x-y plane has the property
that the slope of the tangent to a curve
in x —y plane at point (x, y) is equal to y
+ cosx. Given that the line passes
through (0, 1), find the equation.

Solution

dy

— =7y + cosx
dx y

dy

Multiplying the given equation by A
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_xd_y_e
dx

Main function e ™y

—-X

e y = e *cosx

ay —x.\ _ -x
™ (e™y) = e *cosx
fZ—z(e"‘y)dx = [ e *cosx dx

ey = [e *cosxdx

sign differentiate | integrate
+ e ™ cosx

- —e™* T sinx

+ e ™ <—-COSX

Letl= [ e *cosx dx

| = e *sinx — e *cosx — [ e *cosx
| = e *sinx — e ¥cosx — |

2l=e *sinx — e *cosx

| = %e‘xsinx - %e‘xcosx

~e Xy = [e¥cosxdx

= %e"‘(sinx —cosx) +c
Whenx=0,y=1;1 = —%+c=>c=§

e *y = %e‘x(sinx — coSx) +§
y = %(sinx — cosx) + %e"
Ly = %(sinx — cosx + 3e¥)

A curve passes through the point (0, 1)
2xy

and its slope at a point (x, y) = o

Find the equation of the curve.

Solution
. dy 2xy
Given —= = (a homogeneous
dx  x2%2-y?2
equation)

dy
Lety=vx=>—=v+x—
y dx + dx

By substitution;

v+ x dv _ 2vx? 2w
dx  x2%-v2x2 1-v2
dv 2v _ v+l

= —v =
dx  1-v2 1-v2
1-v? 1
dv = |=dx
fv+v3 fx

1-v2 A Bv+c
Let =-

v+v3 v 1402
1-v2=4A01+v®)+Bv+c)v
Forv=0;A=1
Expanding
1-v2=UA+Bv?+ccv+A4
Equating coefficients:

For vz; A+B=-1li.e.B=-2sinceA=1
Forv;c=0
1-v2 1 2v

v(14+v2) v 1+v2




J

1-v2
v(1+v2)

2v _ rdx
1+v2

dv=f%—

Inv—In(1+v?)=Inx+c
Inv —In(1+v?) =Inx +InA

In

1+v2

1+v

4

> = InAx

= Ax

Substituting for v

)

—X = Ax ory = A(x? + y?)

14(

%)

Wheny=1,x=0=>A=1

= (x*+y?)

Rates of decay, decomposition and cooling

Example 9

a.

The rate of cooling of a body is proportional

to the excess temperature above the

surrounding air. Given that the surrounding

air temperature is 20°C and the body cools

from 100°C to 60°C in 5 minutes.

(i) Determine the temperature of the body
after another 20 minutes

(i) How long does it take for the body to
cool to 30°C.

Solution

Let B be the temperature of the body.

ae
= = & (6 —20)
ae
e —k(6 — 20)
By separating variable

dao
f(e—zo) = — [ kdt

In(@ —20)=—kt+c
Whent=0,0=100=>c=1In80
Substituting for c

In(6 — 20) = —kt + In80

Whent =5, 8 =60 =>1n40 = -5k + In80

In2 -
k =—<-min 1

(@ — 20) = —%t + In80

Or
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80 _ M2

n(e—zo) T s

(i) After another 20minutes, t = 25
80 n2

In ©-20) = Tx25 = 5In2

m&2 _ 52
80

6 =22.5°

~.after another 20 minutes the temperature
will be 22.5°.

(ii) When 6 = 30°C

InM = —11n2t
80 5

t = 15minutes.
The rate of cooling of a body is proportional
to the temperature of the body at that time.
Given that the body cools from 72°C to 32°C
in 10 minutes, determine how much longer
it will take the body to cool to 27°C.

de
E x 6
de
prl —ko
By separating variables
de
- = —kdt
ae
ry —-—-j‘kdt
Inf =—-kt+c

Att=0,0=72°C

By substitution

c=1In72

In@ = —kt + In72

At 6=32°C,t=10

In32 = =10k + In72, => k = 0.0811min™
When 6 = 270C

In27 = —0.0811t + In72; t=12.1min
- it will take more 12.1 - 10 = 2.1minute
for the temperature to fall to 27°C

The rate of decay at any instant of a
radioactive substance is proportional to the
amount of substance remaining at that



(i)

(ii)

d.

instant. If the initial amount of substance is

A and the amount remaining after time t is

X.

(i) Provethatx = Ae™*, wherekisa
constant.

(i) If the amount remaining is reduced

from %A to %A in 8hours, prove that the

initial amount of substance was halved
in about 13.7hours.

Solution
L
ac ¥
X~ _kx
dt
By separating variables
& — _kdt
X
&~ _ [ kdt

X
Inx = —-kt+c
Attimet=0,x=A
By substituting InA=C
Inx = —kt + InA

m%=—kt
A

X _ ekt

A

x = Ae
Inx =—kt+c

Att=0,x=%A;=>c=InG)

—kt

Whent=8,x=%A;

1 1
In (E) =—-8k+1In (E)
k=2m2

¢l 1, 2 1
Inx = — (glng) t+1In (E)

When x is halved to iA

1 1, 2 1

m(3a) =~ (Gm3)e+m(;)

t = 13.676hours = 13.7hours
A substance loses mass at a rate which is
proportional to the amount M present at
time t.

(i) Form a differential equation connecting
M, t and proportionality constant k.

(02marks)
MM
dt
_M _ M
dt
M kM
dt
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(ii) If the initial mass of the substance is My,
show that M = Mye~*¢. (05marks)

M — _kat
M
aM
o f—kdt
InM = —kt+C
Att=0; M =M,
c=1InMjg
= InM = —kt +InMjg
INM — InMg = -kt

L — kt orM=Mye ™kt
Mo

(iii) Given that half of the substance is lost in
1600years, determine the number of
years 15g of the substance would take
to reduce to 13.6g

From Inﬂ = —kt
My
m
In% = -k x 1600
My

;In% = —k x 1600
1

k= —
1600

m?
2
Let the required time be t

13.6 1 1
n—= —In-t
15 1600 ' 2

t=226.17years

Rates of formation, growth and spreading
Example 10

(a) The rate of growth of a substance is

proportional to the original amount. Find
the equation of the amount present at any
time t.

Solution

Let x be the amount present

By separating variables
= = kat

= = [ kdt
Inx =kt+c



(b)

Suppose that at time t = 0, x = xq(initial
amount)

c=1Inxg

by substituting for c.

Inx = kt + Inx,

Inx —Inx, =kt

Inxi0 =kt

X — gkt

Xo

x = xgekt

The rate of growth of population in a
country is proportional to the number of
people living at that time. In 1980, the
population was 18m and in 1990 it was 22m.
Estimate

(i) The number of population in 2005
Solution

Let P be the amount present

ap
— P
dt

2 —kp
dt
By separating variables

P _ kdt
P

2 = [kdt

P
InP =kt+c

Att=0(In1980),P=18=>c=1n18

InP = kt + In18
Att=10(1990), P =22
In22 = 10k + In18

=55 (%)

InP =-Ln (2) t+In18
10 18

In 2005, t = 25

InP=-Ln (2) x25 + In18
10 18

= P=29.73m

(ii) How long will it take the population to
reach 36m.
From

mP =XIn (2) t+In18
10 18
In36 = ~1In (2) t +In18
10 18
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t =34.54 years
It will take 34.54 years for the
population to reach 36m

(c) The rate at which bush fire spreads is

proportional to the unburnt area of the
bush. Initially when observation was made,%
of the bush area had been burnt. Two hours
later, § of the bush area had been burnt.

Find the fraction of the bush area that will
remain unburnt after 5 hours.

Solution

Let the fraction of unbush area be x

dx
— = —kx
dt

(-ve because the unburnt area decreases
with time

= = [kdt
Inx = —kt+c
Att:O,x:(l—%):g :>c:1n(§)

Inx = —kt+ In (g)

Att:2,x=(1—§)=§

In(g) =2k +In (g)

k=3m ()
Inx = —%In(g)t+1n (g)
Att=5

Inx = —In(1.2)x5 + In (g)

x =0.32

~The fraction remaining after 5hours is 0.32

Linear motion
Example 11

(a) A body of mass m is projected upwards with

initial velocity u. Given that it experiences a



resistance proportional to the velocity, v on
its upward path, determine the

(i) Velocity v after time t,

(ii) Displacement, s, after time t.

(iii) Limiting speed of the body.

Solution
Direction Mg Resistance
of motion

Resistance, R = kv

Using Newton’s 2" law of motion

. d
(i) Resultant force = md—:

0 — (mg + kv) =m%
mdv = —dt
mg+kv
mdv
= fmg+kv_ _fdt

%In(mg +kv)=—-t+c
Initially (t =0), v = vo => %In(mg + ku) =c
%In(mg + kv)=—-t+ %In(mg + ku)

or

m mg+ku
—In( g )= t
k mg+kv

k
mg + kv = (mg + ku)e ™ m’

k
V= %(mg + ku)e m" — %

k
(i) v= %(mg + ku)e mt — %

1 k m
fdsdt = f [E (mg+ku)e_ﬁt—7g] dt
1 _k, mgt
s = [—ﬁ(mg+ku)e _T]+C
Att=0,5s=0

O=—k—12(mg+ku)+c
1
= (mg + ku)

c=
1 _k, mgt] 1
s=[—ﬁ(mg+ku)e m —T]+ﬁ(mg+ku)

1 _k,\ mgt
s=[—;(mg+ku)(1—e m)—T]

t_mg

k
(iii) Fromv = %(mg + ku)e m — p
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k
Ast >0, e m - 0
~limiting velocity =— %
(b) The rate of change of atmospheric pressure
P with respect to altitude, h in kilometres is
proportional to the pressure. If the pressure
at 2km is % of the pressure Py at sea level.
Find the formula for the pressure at any
height.

Solution

apr

= —kP (-ve because pressure decreases

with altitude)
Separation of variables
= = — [ kdh
InP =kh+c
At sea level (h=0), p=Py=>c=1InP,
~ InP = kh + InP,

When h = 2km, P = iPO
In(3P) = =2k + InPy
k =24
2
InP = ZIn4 + InP,
P = Poe—hInZ
(c) The differential equation % = kp(c —p)
shows the rate at which information flows in
a student population c. p represents the
number who have heard the information in t

days and k is a constant.
(i) Solve the differential equation.

av _ _
- = kp(c—p)
Separating variables
dp
= kdt
p(c-p)
dp
= | kdt
fp(c—p) f
[ —kt+awhereaisa
p(c-p)
constant
By partial fractions

1 A B
plc-p) b ¢
1= A(c —p) + B(p)
1=Ac—Ap + Bp
1=Ac+ (B —-A)p
Equating constants
1=Ac

A=Z

c
Equating coefficient of p




0=B-A
A=B=1
Cc
v _ 11 T
fp(c—p) B cfpdp+ cfc—pdp
1 1
—zlnp - ;In(c -p)
1 4
==]
¢ (c-p@
ailn L—=kt+a
¢ (c-p)

(ii) A school has a population of 1000 students.

Initially 20 students had heard the
information. A day later, 50 students had
heard the information. How many students
heard the information by the tenth day?

Solution
Given ¢ =1000, at t=0, p= 20

By substitution, we have

1 20
1000 " To00—20 O+a
1 20 1 1
a=——-In— =—In —
1000~ 980 1000 ~ 49
® —In—b—=kt+—In —
1000 (1000-p) 1000 49
After t = 1, p = 50; by substitution, we
have
1 50 1 1
1000 In (1000-50) k(D) + 1000 In 49
1 50 1 1
k=—In————In —
1000 950 1000 49
1 1 1
=—n— =—
1000 19 ~ 49
1 49
=—1In —
1000~ 19
= ;In P
1000 (1000-p)
( ; 49) - 1 I 1
=|—=In — ——In —
1000 19 1000 49
P =[ln (4—9)]t+lni
(1000-p) 19 49
Note: by 10" day is the same as after 9
days

Substituting fort=9

P _ 49 L
n (1000-p) [In (19)] (9 +In 49
p = 990.3835
Number of students who heard the

information by the 10" day is 990

Exercise 5
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1. The rate, cm’s™, at which air is escaping
from a balloon at time t seconds, is
proportional to the volume of air, Vem? in
the balloon at the instant. Initial volume is
1000cm’.

(a) Show thatV = 1000e~*t, where k is a
positive constant.
(b) Given that V = 500cm® when t = 6; show

that k =§1n2.

(c) Calculate the value of V when t = 12s.
[250 cm?]

2. Attime t minutes the rate of cooling of a

liquid is proportional to the temperature,

T°C of the liquid at that time. Initially T = 80

(a) Show that T =80e~*t, where kis a
positive constant.

(b) Given that T=20 when t = 6; show that

k=21h2.
(c) Calculate the time at which the
temperature will reach 10°C. [9]

3. The value of a certain product depreciates in

such a way that when it is t years old, the

rate of decrease in value is proportional to

the value, x, of the product at that time. The

product costs 12000 when new.

(a) Show that x = 12000e ~*¢

(b) Given that after 3 years the value
dropped to 400;

(i) show thatk = §1n3.

(ii) Calculate to the nearest month, the
time taken for the value to drop to
2000. [4years 11mnths]

4. Alump of a radioactive substance is

decaying is proportional to the mass M in
grams at time t. Initially M =72 and
decreases to 50 in 2 hours. Show that

M= 72/(3).

5. The rate at which a bacteria is reduced by a

chemical is proportional to the number of
bacterial present. Given that the population
of the bacteria is reduced to half in six days;
show that the population will be reduced to
1% of the original population in about
40days.

Topical revision exercise



1. Solve the equations

(a) 2 4 yeotx = 3sinxcosx
dx y
[y = sin?x + c(cosx)]
1
(b) xZZ—z+y—xZe§= 0; giveny =2
1
whenx=0 [y = xez]
(c) (x2+1)3—z—xy=x;x:0,y=1.
1
[y =2(x% +1)2 — 1]
d Z+1DZ+y2+1=0;
x=0,y=1.
=G5
y= 1+x

dt
(e) i tcotd = 2cos0;

t=3when6=§

1
[t = EcoseCQ(S - cosZH)]

(f) y‘;—z = 2x — y (use substitution y

=vx)

[G+2)(E-1) =]

(g) @y _ ytanx = cos’x

dx
1
[y = secx (sinx — §sin3x + k)]
dy _ _ox . _
(h) il + x give R(0) =3

[y = loax 1,2 _l_E]
2 2 2
(i) tanx Y — y = sinx
dx y
[y = sin?x + csinx]

o1 _ g 2
1] ~o, = Sinxsec 3y

[Z + isin6y = sinx — xcosx + c]
2 12
dy e 22X () e
(k) Tx +3y=e“*;zx=0,y=1
[y = %(ezx + 4e‘3x)]

() xZ_y=x3ex’ [y =Z(e** + A)]

dx 2
ay — x[ N E]
(m)xdx+y—e y=_e +x
dy sin?x
(n) oz = =7 x=0,y=1

[4y3 = 6x — 3sin2x + 4]
(o) (1—x2)% — xy2 =0,y=1whenx=0.
> =ma- x2)3+1]
y
(p) %= 1+ yz;yzlwhenx:O.

b = an(es )
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(a)

(b)

The rate of cooling of a body is
proportional to the difference 0
between the temperature of the body
and that of the surrounding air.

Write down a differential equation
involving 0 for this process

[ = =]

If the surrounding air temperature is
stable at 20°C and the body cools from
80°C to 70°C in 5 minutes; find the
temperature after 15minutes [54.72°C
A metallic teapot losses heat due to a
steady breeze at a rate proportional to
its temperature 6 and gains temperature
from a directed beam at a rate
proportional to time t. Show that at any
timet, 0 = At + B + ce™*t

The rate of change of atmospheric
pressure, p, with respect to altitude, h,
in km is proportional to pressure. If the
pressure at 6000m is half the pressure
PO at sea level. Find the formula for the
pressure at any height

_h —hin2
[P = Py2 s or P = Pye ¢ ]

The mass of a man together with his
parachute is 70kg. when the parachute
is fully open, the system experiences an
upward force proportional to the
velocity of the system. If the constant of
proportionality is 1/10 when the system
is descending at 10 ms?, determine the
speed of the parachute three minutes
later [7.74ms™]

A vessel in a shape of an inverted right
circular cone contains a liquid. The rate
of evaporation of the liquid is
proportional to the surface exposed to
the atmosphere. The radius of the base
of the cone is 9cm and the height of the
cone is 15cm. if it takes 1 minute for the
radius of the surface of the liquid to
decrease from 9cm to 4.5cm, how long
will it take for the liquid to evaporate
completely. [6.88minute]

A rumour spreads through town at a
rate which is proportional to the product



of the number of the people who have

heard it and that of those who have not

heard. Given that x is the fraction of the

population who have heard the rumour

after time t.

(a) Form a differential equation
connecting x, t and constant k.

dy _ _
|2 =k -x)]
(b) If initially a fraction C of the

population had heard the rumour,
c

c+(1-C)e Kt

(c) Given that 15% had heard the
rumour at 9.00am and another 15%
by noon, find what fraction of the
population would have heard the
rumour by 3.00pm [0.21]

A research to investigate the effect of a

certain chemical on a crop virus

infection revealed that the rate at which

the virus population is destroyed is

directly proportional to the population

at that time. Initially the population was

P, at time t months later, it was found to

be P.

(a) Form a differential equation
connecting P and t.

2~ -]

(b) Given that the virus population
reduced to one third of the initial
population in 4 months, solve the
equations in (a)

P = 3‘§P0]

(c) Find

(i) How long it will take for 5% of the
original population to remain.
[10.907months]

(ii) What percentage of the original
virus population will be left after 2 %
months.[50.33%]

In a culture of bacteria, the rate of

growth is proportional to the population

present at time t. the population
doubles every day. Given that the initial
population Pg is one million, determine

the day when the population will be 100

million.[7" day]

deduce that x =
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10. (i) The volume of a water reservoir is

generated by rotating the curve y
=kx’ about the y-axis. Show that
when the central depth of the water
in the reservoir is h meters, the
surface area, A is proportional to h
and the volume is proportional to h%.

(ii) If the rate of loss of water from the
reservoir due to evaporation is AA m?
per day, obtain a differential
equation for h per day.

2~

(iii) Given that A =%, determine how long

11.

12.

13.

14.

15.

it will take for the depth of water to
decrease from 20m to 2m [36days]
The acceleration of a particle after time t

. . 1
seconds is given by a =5 + cos> t.If

initially the particle was moving at 1 ms-
1, find its velocity after 2mt second and
the distance it would have covered by
then.

[v=10m +1;s = 10m? + 2w + 4]

An athlete runs at a speed proportional
to square root of the distance he still has
to cover. If the athlete starts running at
10ms™ and has a distance of 1600m to
cover, find how long he will take to
cover the distance. [320s]

A hot body at a temperature of 100°C is
placed in a room of temperature 20°C.
Ten minutes later, its temperature is
60°C. determine the temperature of the
body after another 10 minutes. [40°C]
The number of car accidents x in a year
on a highway was found to approximate

. . . d
the differential equation ﬁ = kx, where

tis time in years and k is a constant. At
the beginning of 2000 the number of
recorded accidents is 50. If the number
of accidents increased to 60 at at the
beginning of 2002, estimate the number
that was expected at the beginning of
2005. [79]

In a certain process the rate of
production of yeast is kx grams per
minute, where x gram is the amount
produced and k= 0.003.



16.

17.

18.

19.

20.

(a) Show that the amount of yeast is
doubled in in about 230 minutes

(b) If in addition yeast is removed at a
constant rate of m grams per
minute, find the
(i) Amount of yeast at time, t

minutes, given that when t = 0;
X =p grams
[x=m+ (p —m)e
(i) Value of mif p =20,000g and the
supply of yeast is exhausted in
100minutes. [77166g]

Bacteria in a culture increase at a rate

proportional to the number of bacteria

present. If the number increases from

1000 to 2000 in an hour,

(a) Find how many bacteria will be
present after 1 % hour. [2829]

(b) How long will it take for the number
of bacteria in the culture to become
40007 [2hours]

It is observed that the rate at which a

body cools is proportional to the

amount by which its temperature
exceeds that of its surroundings. A body
at 78°C is placed in a room at 20°C and
after 5 minutes the body had cooled to
65°C. what will be its temperature after
further Sminutes.

At 3.00pm, the temperature of a hot

metal was 80°C and that of the

surrounding was 20°C. At 3.03 ppm the
temperature of the metal had dropped
to 42°C. The rate of cooling of the metal
was directly proportional to the

difference between its temperature 6

and that of the surroundings. Find the

temperature of the metal at 3.05pm.

[31.27°C]

Solve the differential equation

1
% = (xy)zInx, given thaty = 1 when x =

1.

[\/} = gx VxInx — gx\/} + %

Hence find the value of y when x =4
[y =9.8673]

The rate at which the temperature of a
body falls is proportional to the

0.00St]
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difference between the temperature of
the body and that of its surrounding.
The temperature of the body is initially
60°C. After 15 minutes the temperature
of the body is 50°C. The temperature of
the surrounding is 10°C.
(a) Form a differential equation for the
temperature of the body. (09marks)

ae

= o (9 - 10)

o _

= k(6 — 10)
d

iy =kt

dao
f(e-m) =—k [dt

In(@—10) = —kt+c
Whent=0,06 =60

c=1In (60 — 10) =In50
whent=15,06 =50
In40 = —k x 15 4+ In50

15k = In(i—g)

=55 ()

Hence the differential equation is
de 1

%= (3 ©e-10

(b) Determine the time it takes for the
temperature of the body to reach
30°C. (03marks)

In (6 - 10) =-1151n G) t+1n 50

Whent=Tand 6=30

1—151nG)T = In50 —In 20

) 15m(3)
m(3)

=61.5943minutes

21. Solve the differential equationd—y +

dx
ycot x = x, given thaty =1 when x = g
(08marks)
5 _
o + ycotx =x
Integrating factor,

IF = eJ cotx dx

cosx
J‘sinx

=e
= glnsinx

= sinx



Multiplying all terms by integrating ysinx = -Xcosx + sin X + ¢

factor -
. dy . . Buty=1,x=~
sinx—— + ycotxsinx = xsinx 2
. dy CcosX . . . (T . (T T bi4
sinx=—+ y——sinx = xsinx 1sin{=) =sin{=)-|=)cos (=) +C
dx sinx 2 2 2 2
sinxdy + yCcosx = Xsinx
ax Y - C=0
d(ysin x .
2SI D) g = xsinx o
dx By substitution,

Integrating with respect to x  ySInX = SiNX - XCOSX

f d(ysin x) dx

= [ xsinxdx
dx

Ysin x = [ xsinxdx

Letu=x,—=1
dx
L sinx,v = [ sinxdx = —cosx
dx T - Thank you
Using integration by parts on RHS Dr. Bbosa Science

ysinx = -xcosx + [ cos x dx

20digitalteachers.co.ug



