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Section A

1. Solve the simultaneous equations

3x—-y+z=3
X—2y+4z=3
2x+3y—z=4
2. (a) Prove that tanez = sin26
1+tan?6

(b) Solve sin26 = cosB for 0°<6<90°.

3x-1

VaZ+1

4. Aline passes through the points A(4, 6, 3 and B(1, 3,3 3)
(a) Find the vector equation of the line

(b) Show that the point (2, 4, 3) lies on the line above

Differentiate with respect to x.

5. The sum of the first n terms of Geometric Progression (G.P) is % (x™ — 1). Find the n™ term as an

integral power of 2.

2 2
6. Theliney=mx+ cis atangent to the ellipse x—z + y—z = 1 when c=
a? 'y

2 2
+vVa?m?2 + b2 find the equations of the tangents to the ellipse x: + yT = 1 from the point
(0,V5)

7. Using a suitable substitution, find [

sin™! 2x
Vi-4x2’
8. Find the equation of the normal to the curve x%y + 3y? — 4x — 12 = 0 at the point (0, 2).

Section B
2-i)(5+12i
9. Ifz = E2C2)
(a) Find
(i) Modulus of z
(ii) Argument of z
(b) Represent z on a complex plane
(c) Write z in the polar form
10. (a) Solve the equation 8cos*x — 10cos’x + 3 =0
(b) Prove that cos4A — cos4B —ncos4C = 4sin2Bsin2Ccos2A — 1 given that A, B and C are angles of
a triangle.
11. Find

(a) the derivative with respect to x of the following.
“) CcoS2x

1+sin2x
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(ii) In(secx + tanx)
(b) JZ x*sinxdx

12. Triangle OAB has OA = a and OB = b. Cis a point on OA such that OC = Z?a D is the midpoint of

AB. When CD is produced it meets OB at E., such that DE = nCD and BE = kb.
Express DE in terms of
(a) naandb
(b) k,aand b
Hence find the values of n and k.
13. (a) Find the equation of the locus of a point which moves such that its distance from D(4, 5) is
twice its distance from origin.
(b) The line y= mx intersects the curve y=2x*—x at points A and B. Find the equation of locus
of the point P which divides AB in the ratio 2:5.
14. (a) On the same axis, sketch the curves y =x(x+2)andy = x(4x —x)
(b) Find the area enclosed by the two curve in (a)
(c) Determine the volume of the solid generated when the area in (a) is rotated about the
X-axis.
15. Solve for x in the following equation
(a) 9*-3""=10
(b) log,x? —6log,4—1=0
16. At 3.00pm, the temperature of a hot metal was 80°C and that of the surrounding is 20°C. At
3.03pm the temperature of the metal had dropped to 42°C. The rate of cooling of the metal was
directly proportional to the difference between its temperature 8 and that of the surroundings.
(a) (i) Write a differential equation to represent the rate of cooling of the metal.
(ii) Solve the differential equation using the given conditions.
(b) Find the temperature of the metal at 3.05pm.
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Marking guides

1.

Solve the simultaneous equations

3x—-y+z=3

X—2y+4z=3

2x+3y—-z=4

Solution

Method 1

BX =Y +Z=3 s (i)
X—=2Y+4Z=3eeereeeeee (ii)
2X43Y —Z=4 (iii)
2Eqgn. (i) — eqn. (ii)

5X—=2Z=3 e, (iv)
3eqn. (i) + egn. (iii)

1IX+22=13 e, (v)
Egn. (iv) + egn. (v)

16x =16

x=1

Substituting x into eqn. (iv)
5-2z=3=>2z=1

Substituting x and z into eqn. (i)
3-y+1=3=>y=1
~x=1,y=landz=1

Method 2

By using row reduction to echelon form

Expressing the equation in matrix form

5 4)0-0)

The augmented matrix

3 -1 1:3
1 -2 4:3
2 3 -1:4

Transforming augmented matrix a unity

triangular matrix

1
3-11:3 SIR =R, [1-1 1
1-2 4:3 3 0o 33
23 —1:4) 2R 3R =R {5 11
Y 2R —3R, =R \°—11 5
1oy cRi=Re ) 1
0 3 3 Z6| Slp-r 0o 3
2 — 2
o 5 -1 ¢ 5 !
~11 5 —>11R2—5R2=R3\ 0
1
LR AV AN
o i 2 )0)-(3
00 _g -6/ 2 -96
-96z=-96=>z=1
11 -6
y—?zz?=>y=1

X—t4:=1=>x=1
3 3
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~x=1y=1andz=1

tan6 .
(a) Prove that —— = sin26
1+tan?6
Solution
Considering LHS
tanf __ 2sinf ( sinze)

1+tan26  cos6 cos?6

__ 2siné cos?6

" cos0 ~ cos20+sin20

__ 2sinf _ cos?6

 cosH 1

= 2sinfcosf

= sin260

(b) Solve sin26 = cosB for 0°<6<90°.
Solution

2sinBcosB = cosf

2sinBcosO — cosf=0
CosB(2sin6—-1)=0

Either cos® = 0 => 0 = cos 0 = 90°
OrsinB =% =>6=sin" (1) = 30°
Hence 8 = 30° or 90°.

3x—1 .
weerel with respect to x.

Differentiate

Solution
Method 1
3x—1

Vx2+1

Lety=
d vdu udv
: Yy dx_dx
Using — = —=——==
& dx v2
1, d 1
& 2
ay _ (x?+1)2-(3x—1)-(Bx—1)(x¥*+1)

dx (Vx7+1)°
1 1
2, 1)2_1(,2 2
_ 3(x%+1)2—3(x%+1) *(3x-1).2x
x2+1
1 (3x—1)
3(x2+1)2-22 0
— (x2+1)2
- x2+1
_3(x%4+1)—x(3x—-1)
=71
x2+1(x2+1)2
_ x+3
- 3
(x2+1)2
Method 2
3x-1
Lety =
ety Vx2+1

3x—-1

iny=In (5

) =In(3x—-1) - In(x? + 1)%



=hﬂ3x—1)-%m(x24—1)
1dy _ 3 x
ydx  3x—-1 x2+1
_3(x%41)-x(3x-1)
T (Bx—1)(x2+1)
_ x+3
T (3x—1)(x2+1)
dy x+3 3x—-1
dx  (Bx—-1)(x2+1) VxZ+1

x+3

- 3
(x2+1)2
4. Aline passes through the points A(4, 6, 3
and B(1, 3,3 3)
(a) Find the vector equation of the line
Solution
Let point R(x, y, z) lie on the same line

Al4,6,3) B(2,3.3) R(x,y,2)

AR is parallel to AB
OP —OA =A(0OB—-0A)

@10
(-]

(b) Show that the point (2, 4, 3) lies on
the line above
Solution
If the point C(2, 4, 3) lies on the line,
then this point must satisfy the above

equation. So the value of A must be
same throughout

ARORE
-

2
3

A=
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For k

3=3
Since the value of A = g is constant, then
the point C(2, 4, 3) lies on the line in (a)
above

The sum of the first n terms of Geometric
Progression (G.P) is%(x” — 1). Find the
n" term as an integral power of 2.

Solution
_a(@m™-1)
nTora
Comparing with s,, = %(x" —-1).
= a=4
r—-1=3;r=4
The n" term, U, =ar"— 1
=4x 4n-1
=4 x 421
- 22n
OR
Given s, = %(xn -1
Forn=1
First terma = % (4'-1)
4

=§(3)=4

Forn=2
First term a :3(42 -1)
=2(16-1)—4) =4
=§(15—4)
=20—-4=16
4r=16

r=4
Uy=ar"-1

=4x 4n-1
=4x4"7Y
— 22n
The line y = mx + c is a tangent to the
. x2 y?
ellipse pr + v = 1 when
c= +Va?m? + b? find the equations of
2 2
the tangents to the ellipse xr + yT =1

from the point (0, V/5)
Solution
y=mx+c



N f sin™12x

Substituting for c= +Va?m?2 + b2
y =mx +Va?m? + b?

. x2 y?
For ellipse —+—=1

4 1

a’=2andb’=1
Substituting of a* and b?
y =mx +V4m? + 1
For point (0,/5) lies on the tangent
V5 =+V4m? + 1
Squaring both sides
5=4m’+1
Am*=4
m’=1
m =%1
Whenm =1
y=xvV5
Testing for the correct equation by
substitution using (x, y) = (0, V5)
V5=0++5
Hence the equation of the tangent is
y=x+V5
Testing for the correct equation by
substitution using (x, y) = (0, V5)
V5=0++5
Hence the equation of the tangent is
y=x+/5
Whenm =-1
Yy =-X +/5
Testing for the correct equation by
substitution using (x, y) = (O, \/g)
V5=0+£+5

Hence the equation of the tangent is

Y =-X +/5
~the equation of the tangent are
y= +x+/5

Using a suitable substitution,

find [

sin~12x

V1-4x2’

Solution
Let 2x = sinu

2dx = cosudu

1
dx = Ecosudu

= [——~— .2 cosudu
V1-4x2 Vi-sinZu ' 2

digitalteachers.co.ug

u 1
= [—.=cosudu
cosu 2

= %udu %uz +c
11 251 2
()

f sin~1 2x _ (sin_1 Zx)
V1-4x2 2
Find the equation of the normal to the
curve xzy + 3y2 —4x—12 =0 at the point

(0, 2).

Solution

Xy +3y°—4x—12=0
x2%+2xy+6y%—4= 0

2

(x? + 6y)3—2: =4 —2xy

dy _ 4-2xy

dx (x2+6y)

At point (0, 2)

dy _ 4-0 1

dx _ (0+12) 3

Gradient of the normal =-3

Let a point (x, y) lie on the normal
Y2 - 3
x—0

y=-3x+2

Section B

9.

_ (2-)(5+121)
T (1+20)2

If z
(a) Find
(i) Modulus of z

Solution

Method 1
_ (2-i)(5+120)
T (1+20)2
_ 10+24i-5i+12
- 1+4i—4

22419
T —3+4i

_ (22419i)(~3-4i)
T (—3+4i)(—3-4i)

_ —66—88i—57i+76
(=3)2+(41)?

_10-145( _ 10-145i

9+16 25

2 29
==-—=i

5 5



Method 2 If y= % => COSZX = %

_|(2=-d(5+12D) COSX = ii
|z = [(1+21)|2 V2
Taking cos x =
_ l@=ll+120)] V2
T ja+2d? x=cos™! (%) = 45°
_@=DlI(5+120)| . __ 1
= T w2F Taking cos x 5
_ -1(_1)_ 0
_ J@ DD 12 x=cos™ (- 7;) =135
= 3 3
(\/(12+22))2 Ify= riaid cos’x = "
V3
_ V5169 5814 cosx =+
wa)'

Taking cos x :g

V3

(ii) Argument of z x = cos—1 (_) -30°
2

2
y 3 Taking cosx=—%
6 129X x=cos™ ! (— %) =150°
i
15 ~x=30° 45° 135°, 150°
—29 5 —29 (b) Prove that cos4A — cos4B —cos4C =
tanf =—=x7 === 4sin2Bsin2Ccos2A — 1 given that A, B and
0 =tan~! (_729) = —86.055 C are angles of a triangle
Arg(z) = —86.055 LHS = cos4A — cos4B —cos4C
Method 2
Arg(z) = arg(2 - i) + arg(5+ 12i) - 2arg(1+ 2i) = cos4A — [cos4B + cos4C]
=-26.565" + 67.38° - 126.87° _
--86.055° = Ccos4A —[ZCOS (—432“) cos (—4BZ4C)]

= cos4A — 2cos(2B + 2C)cos(2B — 2C)
(b) Represent z on a complex plane

Im(z) 2 =2c0s*2A — 1 - 2cos(2B + 2C)cos(2B — 2C)
TE’ = 2c0s22A- 2¢0s(2B + 2C) cos(2B-2C) — 1
0 ! Re(z)
| Now, A + B + C = 180°
=29 | ___ D |
I 2A + 2B + 2C = 360°
(c) Write zin the polar form 2B +2C = (360° - 2A)
z = 5.814(cos(-86.055°) - isin(-86.055°) .
= 5.814(cos 0.4787t — isin 0.4781 cos (2B +2C) = cos (360" - 2A)
cos (2B + 2C) = cos 2A
10. (a) Solve the equation
8cos*x — 10cos®x +3 =0 By substitution, we have
Solution = 200s%2A- 2c0s2Acos(2B - 2C) — 1
Let cos2x =y
= 8y’—6y—4y+3=0 =2c0s2A[cos2A — cos(2B—2C)] -1
2y—1)(4y-3)=0
(2y—1)(4y —-3) . =2cosZA[25in (23+zc+23—2c) sin (ZB+ZC;ZB+2C)] _1

Eithery:%ory=z

=2c0s2A[sin2Bsin2C] - 1
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11.

(b)

= 4cos2Asin2Bsin2C as required.

Find
(b) the derivative with respect to x of the

following.
CcOoS2x

(i)

1+sin2x
Method 1

cos2x
Lety =
v 1+sin2x

dy _ (1+sin2x)%c‘052x—costdix(1+sin2x)

dx (1+sin2x)?
_ —2sin2x—2sin?2x—2cos?2x
- (1+sin2x)2
_ —2sin2x(1+sin?2x)

- (1+sin2x)?
_ -2
T 1+sin2x

Method 2

Lety = cos.Zx

1+sin2x

Iny =Incos2x — In(1+sin2x)

ldy _ —2sin2x 2c082x
y dx T cos2x - 1+sin2x
_ —2sin2x(1+sin2x)-2cos?2x
- cos2x(1+sin2x)
_ —2[sin2x+sin?2x+ 2cos?2x]
- cos2x(1+sin2x)
_ -2
"~ cos2x

dy = -2 _ 2 cos2x

dx  cos2x y “cos2x " 1+sin2x

dy -2
dx  1+sin2x

(ii) In(secx + tanx)
Solution

Lety = In(secx + tanx)
dy _ secxtanx+sec?x

dx secx+tanx
__ secx(tanx+secx

secx+tanx
= secx

T
J& x?sinxdx
Solution
Method 1
Using integration by parts
fu(ﬂ)dx =uv—fv(d—u)dx
dx dx
Letu = x°, du _ sinx
dx
du

— = 2X,V = -COSX
dx

T
JZ x?sinxdx= -x*cosx-2 [ (—cox)xdx

= -x’cosx+2 [ xcosxdx

d
Letu =, & = cosx
dx
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s
foz x?sinxdx=[—x2cosx + 2xsinx + 2cosx]

du .
— =1, v=sinx
dx

T
J& x?sinxdx
= -x’cosx+2[sinx — [(sinx).1dx]
= -x*cosx+2xsinx—2 [ sinxdx
= -X’COSX + 2XSinX + 2COSX + C

onid

2
= [— (E) cosZ+2.%sinZ+ Zcoz] —2cos ™
2 2 2 2 2 2

=m-2

Method 2

Using simplified form (special case) of
integration by parts

Differentiate integrate
+ | X sinx
- | 2x =} cosx
+ |2 = -sinx
- 0 = cosx

T
JZ x?sinxdx= [~x*cosx + 2xsinx + 2cosx]

[«=>R NN ]

2
= [— (E) cos=+ 2. sinZ+ ZCOE] — 2cos=
2 2 2 2 2 2

=m-2

12.

Triangle OAB has OA=aand OB=b.Cisa
point on OA such that OC = z?a Dis the
midpoint of AB. When CD is produced it
meets OB at E., such that DE = nCD and BE

= kb. Express DE in terms of
(@) naandb

Solution
A
C
a D
o) . = E
DE =nCD
=n(CA + AD)

=n[3a+31 (B0 +04]




(b) k,aand b
Solution

DE =DB + BE

=§AB-+kb

=~ (~b+a)+kb
=—Zb+=a+kb
2 2

1 1
=Ea+5(2k — 1)b

Hence find the values of n and k.

Equating DE in (a) to DE in (b)

Mo-2h=2a+2@2k-1)b
6 2 2 2
For a
5n 1 3
—a=-a=>n=:
6 2 5
Forb

n 1
—2=-(2k—-1)
-n=2k-1
—2-2k-1
2k=2

5

k=2

5

13. (a) Find the equation of the locus of a
point which moves such that its distance
from D(4, 5) is twice its distance from

origin.
Solution
y /
P(x,y)
D(4,5)
N
X

OP=,/x2 + y?
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(b)

14.

PD=/(x —4)* + (y - 5)°

PD =30P
V=42 + (y—5)2% = x2 +y?
(x =42+ —5)?% =92 +y?)
8x* + 8y’ +8x+10y—41=0

The line y= mx intersects the curve y= 2x>
—x at points A and B. Find the equation of
locus of the point P which divides AB in
the ratio 2:5.

Solution

Substituting for y = mx into y = 2x* —x

mx = 2x2 —X

2x2—=x—-mx=0

X(2x—=1-m)=0

Eitherx=0
Or
2x=m+1

_m+1

T2
Ifx=0,y=0
(x,y)=(0,0)

_m+1 _m(m+1)
If x = Y=,

_(m+1 m(m+1)
(nW—( 2,—7;—)
" - m+1 m(m+1)
A.0) P(x,y) B(™=, )
AP =;AB
m+1
x—0\ 2f = 0
y—0) "7 m(n;+1)_0
m+1 m+1

6) =3 nthon) -

y) 7\ m@m+1) | T | m(m+1)

2 7
+1 .

=T;- ............................................. (i)
m=7x-1

m(m+1)

Substituting m into equation (ii)
_(7x-1)(7x —-1+1)
- 7

y= 7x% - x

(a) On the same axis, sketch the curves
y =X(x+ 2) and y = x(4x —x )

Solution

Considering y = x(x+2)
Ifx=0,y=0

Ify=0



X(x+2)=0 Finding the point of intersection of the

x=0o0rx=-2 curves

(x, y)=(0,0) and (-2, 0) X2+ 2x = 4x — X
Finding the turning point 2x*—2x=0

y =X+ 2x 2x(x—1)=0

Z_y:2x+2 Eitherx=0o0rx=1;
X

Ifx=0,y=0;(x,y)=(0,0)

= 2x+2=0
Xx=-Ly=1-2=-1 fx=1,y=3;(x,y)=(1,3)
The turning point = (-1, -1)
Finding the nature of the turning point; \ / \}::X( -x)
X -2 -1 0 4 / \
d
ﬁ -2 0 2 \

y=X| x+22)\ pJ // \
min 4
: y)
oR i /] .

By finding the second derivative -2
v _
T 2x + 2
% = 2 (min) -4
Hence the turning point is minimum (b) Find the area enclosed by the two curve in
Considering y = x(x — 4) (a)
Finding intercept
Ifx=0,y=0 yg
xy)=(0,0 B
Ify=0 y=x{4-X) :
X(x—4)=0 E
Eitherx=0orx=4 y:xéx+2)
(x,y) =(0, 0) and (0, 4) : N
Finding the turning point 0 1 4
y=4x - X
Z_z =4 —2x Area of shaded region
1 1
S 0=4-—2x =[, (4x — x?)dx — [ (x* + 2x)dx
x=2,y=4 _ . %311 %3 21
The turning point = (2, 4) —[2x 3 ]0 [3 tx ]0
Finding the nature of the turning point :[2 _ %]1 _ E + 1]1 — &sq. units
X 1 2 3 0 0
4y 3 0 -2
dx (c) Determine the volume of the solid
Xew generated when the area in (a) is
rotated about the x-axis.
Solution
or - V= [ (4 = x?)2 = (x2 + 2x)2]
By finding the second derivative; 1
Y, o =m [, (12x% — 12x)
g’z‘y =m[4x3 + 3x*]}
@z = 2 (max) =n(4 - 3)
Hence the turning point is maximum =1 cubic units
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15. Solve for x in the following equation (a) (i) Write a differential equation to

(a) 9*=3"'=10 represent the rate of cooling of the
Solution metal
9*-3*1=10 Solution
2x X 1
3%-33'=10 — 2 (6 - 20)
Lety =3 o
= y?-3y=10 E=—k(9—20)
(y=5)(y+2)=0 By separating variable
) ~ _ a
EcltherSy =5o0ory=-2 520 = kdt
V= e _ _
3*=5 6-20 k[ de
xlog3 = log 5 In(9—20)=k—kt+c
- 1905 _ 1 465 6-20=e" "
T logz 0 —20 = ekt g€
Ify=-2 Lete® = A
3'=-2 6 = 20 + Ae Kt
xlog3 = log -2 (ii) Solve the differential equation using
= log-2 (invalid) the given conditions.
log3 .
Solution
. _ — ano
(b) log4x2—6logx4—1=0 Attimet=0,60 = 80
Solution A=80-20= 69kt
Expressing the logs to base 4 6 =20 + 60e o
log, 46 At time t =3min, 6 =42"C
2logex -0 & = 42 -20=60e "kt
6 —kt
2logsx - ogx 1 22 60e
_ k=2 (%)
Let log, x =y 3 22
2y’ -y-6=0
(y=2)(2y+3)=0 (b) Find the temperature of the metal at
Eithery=2ory= —% 3.05pm
Ify=2 Solution
logsx =2
4% = x After 5 min
x=16 —§1n(@)
fy=-1.5 6 =20 + 60e 3 "\22) =31.27°C
logsx =-1.5
4—1.5 =X
1
X=-
8

16. At 3.00pm, the temperature of a hot
metal was 80°C and that of the
surrounding is 20°C. At 3.03pm the
temperature of the metal had dropped to
42°C. The rate of cooling of the metal was
directly proportional to the difference Thank you
between its temperature 8 and that of the Dr. Bbosa Science
surroundings.
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