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Discrete probability distribution
A probability density function (p.d.f) if it takes on specific values
Properties of discrete probability density functions

(i) P(X=x)=0

(ii) Yfx)=1orYyPX=x)=1

(iii) The expected value of x is given by E(X) = Y xP (X or x)=), xf(x)

(iv)  Var(X) = E(X?) - [E(x)]* where E(X?) =Y x2P(X = x) or X x*f(x) — (T xf(x))?
(v) Standard deviation =,/Var(X) =/Y x2f(x) — (3 xf (x))?

Examples 1

A discrete random variable has a probability distribution

y -3 -2 -1 0
P(Y=y) 0.1 0.25 0.3 0.15
Find
(a) value of a
XPY=y)=1
0.1+0.25+0.3+0.15+a=1;
a+08=1
a=0.2
(b) mode

Mode is the value y with the highest probability, mode = -1
(c) P(-3<Y <0)
P(-3<Y <0) =P(Y=-3)+P(Y=-2)+P(Y=-1)

=0.1+0.25+0.3
=0.65
(d)  P(Y>-1)
P(Y>-1)=P(Y=0)+P(Y=1)
=0.15+0.2
=0.35

(e) P(-1<Y<1)
P(-1<Y<1) = P(Y = 0)

=0.15




Example 2

A discrete random variable X has a probability distribution

X 1 2 3 4

P(X = x) 0.15 0.20 0.15 c

Find
(i) the value of ¢
YPX=x)=1

0.15+0.20+0.15+c+0.1=1
c+0.6=1
c=04

(ii) mode
The mode is a value with highest probability = 4
(iii) P(X<4)
P(X<4) = P(X=1) + P(X=2) + P(X = 3)
=0.15+0.20+0.15
=0.5
(iv) P(X<4
P(X<4) = P(X=1) + P(X=2) + P(X = 3) + P(X=4)
=0.15+0.20+0.15+0.4
=09
(v) P2<X <4)
PR2<X <4) =P(X=2)+P(X=3)+P(X=4)
=0.20+0.15+0.4
=0.75

e
P(X>2, X<4)

P(X> 2y <4) =i
_ P(X=3)+P(X=4)
" P(X=1)+ P(X=2)+ P(X = 3)+ P(X= 4)
_ 015+04
- 0.9
=0.6111

Example 3

The table below shows the probability distribution of the number of Compact Discs (CDs) sold.

Number of CDs (x) 0 1 2

3

4

Probability, P(X = x) 0.05 0.28

0.22

0.09

Determine the:

(a) Value of c (03 marks)
YPX=x)=1
= 0.05+0.28+c+0.22+0,09=1
c=0.36




(b) Probability that at least 2 CD’s are sold. (03 marks)

P(x>2)=P(x=2) +P(x=3)+P(x=4)

=0.36 +0.22 +0.09
=0.67
(c) Expectation, E(X) (03 marks)

E(X) = 3xP(X=x)
=0.05x0+0.28x1+0.36x2+0.22x3+0.09x4
=2.02

(d) Standard deviation. (06marks)
Var(X) =E(X?) = $X*P(X= x)
=0.05x0°+0.28 x 1+ 0.36 x 2° + 0.22 x 3° + 0.09 x 4°
=5.14

S.D=\/E(X2) — (E(x))? = /5.14 — (2.02)2 = 1.0294

Example 4

A discrete random variable W has a probability distribution shown below

w -3 -2 -1 0 1
P(W =w) 0.1 0.25 0.3 0.15 d
Find
(a) The value of d (02 marks)
Solution
Total probability=1=0.1+0.25+0.3+0.15+d
d+0.8=1
d=0.2
(b) P(-3<W <-1) (03marks)
P(-3<W<-1) =P(W=-3)+P(W=-3)+P(W=-1)
=0.1+0.25+0.3
=0.65
(c) P(W>-1) (02 marks)
P(W >-1) =P(W=0)+P(W=1)
=0.15+0.2
=0.35
(d) (i) the mode (01 mark)
-1
(i) the mean (01mark)
(iii) the variance of the distribution (05marks)
w -3 -2 -1 0 1
w? 9 4 1 0 1
P(W =w) 0.1 0.25 0.3 0.15 0.2
w. P(W =w) -0.3 -0.5 -0.3 0 0.2
wi P(W=w) |09 1.0 0.3 0 0.2

Mean E(W) = Yoy wP(W = w) =-0.3-0.5-0.3+0.2=-0.9
Var(W) =Ygy w?P(W = w) — BauwP(W = w))?
=0.9+0.1+0.3+0.2—(-0.9)2
=15-0.81
=0.69




Example 5

A random variable X has a probability distribution given by
X
POX = x) = {5, x=1,2,34
0 elsewher

Calculate:
(a) P(1<X<3).(03marks

PRSI O

(b) the mean of X, E(X) (02 marks)

X 1 2 3 4
X =x 0.1 0.2 0.3 0.4
X(P(X=x) 0.1 0.4 0.9 1.6

E(X)=0.1+0.4+09+1.6=3

Example 6

cx? x =0,1,2,3,4

A discrete random variable has a probability function P(X = x) = { .
0 otherwise

Find the value of c and draw the graph of P(X = x)
Solution

YPX=x)=1

c(0%) + c(1?) +c(2) + c(3%) + c(4) =1

c+4c+9c+16¢c=2

o

W



Example 7

A discrete random variable has probability function

flx) = {k:(;, i)ct;ei’vflfgf , find the value of k and draw the graph of f(x)
Solution
Lf() =1

k+2k+3k+4k=1

o

W

Example 8

A random variable X of a discrete probability distribution given by
P(X=1) = 0.2, P(X=2) = P(X=3) = 0.1, P(X=4) = P(X=5) =

Find the value of the constant c and draw the graph of P(X = x)
Solution

YPX=x)=1

0.2+0.1+01+c+c=2;c=0.3

Example 9

A discrete random variable has a probability function
2 X
0, otherwise

Find the value of k

Solution

ORNICRTIORTIORe,




(1 @)+ @+ ) -

Sum to infinity = S, = _
1-r

= k<i2>=1;k=l
1—5 3

Example 10
A discrete random variable X has a probability function

_ (kx, x=1,2,3,4,5
fx) = { 0, otherwise

Find
(i) the value of k
YPX=x)=1
k+2k+3k+4k+5k=1
15k =1

1
k=—
15

(i)  P(X=3)
P(X=3) = 3k = 13—5 = %
(i) P(X=3)
P(X=>3) = P(X=3) + P(X=4) + P(X = 5)
=3k + 4k + 5k
= 12k
=12 x1—15
4

5
(iv) P(X< 3)
P(X< 3)=P(X=1) + P(X=2) + P(X = 3)
=k + 2k + 3k
=6 xi
15
2

5
(v) (v) P(1< X <3)
P(1< X <3) =P(X=2) +P(X=3)
=2k + 3k
=5x =
15
1

3

()



X>2 _ P(X22,X<4)
P( /X < 4) T p(x<4)

_ P(X=2)+P(X=3)
T P(X=1)+P(X=2)+P(X=3)

_ 2k+3k
T k+2k+3k

5k
Y

_ 5
6

Example 11

A discrete random variable X can take on values 0, 1, 2, and 3 only. If E(X) = 1.4, P(X< 2)=0.9 and
P(X<1) = 0.5. Find (i) P(X=1) (i) P(X =0)

Let P(X=0) = a, P(X=1)=b, P(X=2)=cp(X=3)=d

at+b+c+d=1....... (i)

P(X< 2)=a+b+c=0.9... (ii)

Egn. (i) and eqn. (ii)

d=0.1

P(X<1)=a+b=0.5.... (iii)

Eqgn. (i) and eqn. (iii)

05+4+c+0.1=1

c=04

E(X)=O0xa+1xb+2xc+3x0.1=14
=b+2c+03=1.4

b+2c=1.1

b+2x04=1.1

b=0.3

a=05-0.3=0.2

Hence, (i) P(X=1) = 0.3 (i) P(X =0) = 0.2

Revision exercise 1

(Answers are given in the square brackets, [ ], at end of each question)

1. The discrete random variable Y has a probability distribution is given by
P(Y=y)=cy, y=1,2,3,4
Find (i) value ofc=0.1 (i) E(X)=%

2. Adiscrete random variable has p.d.f
k2*, x=10,1,2,3,4,5,6
P =x)= { 0, otherwise
Find

(i) (i) value of k [517]
(ii) Mean [5.01]

7



3. Adiscrete random variable X has a probability distribution

X 0 1 2 3 5
P(X=x) 0.11 0.17 0.2 0.13 0.09
Find

(i)
(ii)

the value of p [0.3]

Expected value of X [2.61]

4. Arandom variable X of discrete probability distribution is given by

X -1 0 1 2
P(X= x) 0.25 0.10 0.45 0.20
Find

(i)

P(-1< X <1) [0.35]

(ii) E(X) = [0.6]
5. Adiscrete random variable X has a probability distribution
X 1 2 3 4 5
P(X =x) 0.2 0.25 0.4 0.1 0.05
Find

(i) Mean [2.55]

(ii)
(iii)

The variance (1.148]
Standard deviation = [1.0714]

6. Arandom variable X of a discrete probability distribution given by

X 10 20 30
P(X =x) 0.2 0.3 0.5
Find

(i) E(X) [22]

(ii)
(iii)

Var (X) [36]

Standard deviation[6]

7. Arandom variable X of discrete probability distribution is given by

X 1 2 3
P(X =x) 0.2 0.3 0.5
Find (i) E(X) = 2.3 (i) E(X*) =5.9  (iii) Var (X) = 0.61

8. Arandom variable X of discrete probability distribution is given by

X -1 0 1 2
P(X =x) 0.25 0.1 0.45 0.2
Find: (i) P(-1< X< 2)=0.8 (i) E(X) =0.6  (iii) E(2x + 3) = 4.2

9. Arandom variable X of a discrete probability distribution
P(X=0)=0.05P(X=1)=0.45 P(X=2)=0.5
Find: (i) E(X) = 1.45, (i) E(X?) = 2.45

10.

(iii) var (X) = 0.348

1) 0.1,P(X=2)=0.2,P(X=3)=0.3,P(X=4)=0.4
Find (i) E(X) =3 (ii) Var (X) =1 (iii) P(X = 2/X=2) =§
11. The discrete random variable Y has a probability distribution P(Y=y) =k =1, 2, 3,4, 5,6

A random variable X of discrete probability distribution is given by

P(X =




Find (i) mean, u=3.5 (ii) E(3X +4) = 15% (iii) E(X*)=14.5 (iv) standard deviation = 1.708

12. The discrete random variable R has a probability distribution is given by

PR=r)=""%r=0,1,2,3
o _24 _61 .. 5y _ 50
Find (i) mean, p= T E(R2) = " (iii) E(3R-2) = "
13. The discrete random variable R has a probability distribution given by
R 1 =0,1,23
P(R=r) = _
11 r, r= 4, 5
20

Find (i) E(R) = 2.55, (ii) Var(R) = 1.45
14. The discrete random variable X has a probability distribution given by
kx, x=1,2345
P& =x) = {k(m —x), x=6,7,8,9
Find (i) constant, k =0.04, (i) E(X)=5 (iii) Var(X) =4
15. The discrete random variable X has a probability distribution is given by
P(X =x) = kx, x=1, 2, 3,....n; where k is a constant

Show that k =

2 , hence find in terms of n the mean X = 2 (2n+1)
n(n+1) 3

16. A random variable X of a discrete probability distribution given by
P(X=0)=P(X=1)=0.1, P(X=2)=0.2, P(X=3) =P(X=4) =0.3. Find Var (X) = 1.64
17. A random variable X of a discrete probability distribution given by
P(X=2)=0.1; P(X=4) =0.3; P(X=6) =0.5; P(X=8) = 0.1. Find Var (X) 2.56

Continuous random variable
A probability density function (p.d.f) is continuous if it takes on values between intervals.
Properties of a continuous probability density functions

(i) f(x)20
(i) [fx)dx=1

(iii) E(X)= [ xf(x)dx

(iv)  EO)=[x*f(x)dx
(v)  Var(X) = E(X) - [E(x)]

(vi)  Standard deviation =,/Var(X) =/X [ x2f(x) — (X f(x))?

Example 12

A continuous random variable X has a probability density function given by,

kx

f(x):{?, 1<x<2,

0 Otherwise



Where k is a constant

(a) Find
(i) The value of k (04marks)
[fx)dx =1
x21%
oy xax -[7]1
(2-3)=50) -
k=4

(ii) P(X = 1.5) (04marks)

pixz15)=2[2] = 2(2-22) = 058

(iii) The mean of X, E(X) (03 marks)

613 6\3 3

E(¥) =/ xf O)dx = [7 x2dx = [x_]i Y P

(b) Sketch the graph of f(x) (04 marks)
f(x) ==
Atx=1,fx=

Wb WIN

Atx=2,fx=

fx
4

3

2
3

Example 12

A random variable X has a probability density function, f(x), defined by

kx(x+2), 0<x<2,
othewise

fo ={;

where k is constant
Determine

(a) value of k (04marks)
[fx)dx =1
@ k[l (x*+2x)dx =1
3 2
k [x? + xz]o =1
k(C+4)=1=k=2
(b) P(1=X<1.5) (03marks)



pasx<t8) =2 [+ x| = 2 [(2+4) - (£ + 1)]-0.306

(c) Expectation, E(X) (04marks)

E(X) = [ xf(x)dx =if02(x3 + 2x?) dx

20
3 [x*, 2x3 2
~20 [T 3
3 (16 16
(%)
=1.4

(d) Variance, Var(X) (04marks)

E(X) = [ x2f (x)dx = 23—0 SEe* + 2x%) dx
2

_i[x_s 2t
“20ls 4 14
3 (32
e
20\5 ' 4
=2.16

Var(X) = E(X*) - (E(x))’
=2.16-(1.4)>=0.2

Example 14
A cumulative random variable X, has a probability density function (pdf) given by

_(k(x*+6), 0<x<3
) = { 0, otherwise

Where k is a constant
Determine the:

(i) value of k (04 marks)
£ foodx =1

k[ +6)dx =1
3
k[x—3 n 6x] =1
3 0
3
k (3? + 6x3) -1
27k = 1
1
k=;

(i) P(X>1). (04 marks)

= [§ + 6x]i =—[27- 63| =2=0.7654

(iii) expectation, E(X) (03marks)

1

E(X) == f03 xf (x)dx

27
1

=—7f03X(x2 + 6)dx = f03(x3 + 6X)

H s o ()



=175
(iv) variance, Var (X)(04marks)

E0C) = — [J x?f(x)dx

_ 1 (3. 20,2 _ (37,4 2
=— [, ¥*(x* + 6)dx = [ (x* + 6x?)

27
22
=3.8

Var(X) = E(X*) = (E(x))*
=3.8—(1.75)?
=0.7375

Example 15

kx? 0<x<4

A random variable of continuous p.d.f is given by f(x) = { 0. elsewhere

Find (i) value of k and sketch f(x) (i) P(1£x<3)
Solution
(i) f: kx?dx =1 Sketch
314 3 3 f(x
], = HE -5 )= )
31 3 3
3 3/
k=— 4
64 3 2
=
Whenx=0,f(x)=%02=0 f(ﬂ °
3 5, 3
When x =4, f(x) =—4° =~ 0 4 x

64 4

(i) Psx<3)==[Phxldx=1

-2 [%3]: _ %[3?3—13—3 — 0.4063

Example 16

k(x>+1) 0<x<3

A random variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere



Find
(i) value of k and sketch f(x)

2 k(e + Ddx =1

When x =0, f(x) =— (02 + 1) = —

[ 4] = 1[G +9)- (4 -

12
Whenx=3,f(x)=%[32+1]:g 0 3 x
(i) P(1 £x<3)
L3 x2 A s (s - (B _
= [P + Ddx _12[3 +x]1 y [(3 + 3) (3 + 1)] = 0.8889
Example 17
k, 0<x<2
A random variable X of continuous p.d.f is given by f(x) ={ k(2x — 3), 2<x<3
0, elsewhere
Find (i) value of k and sketch f(x) (ii) P(x<1) (i) P(x>2.5) (iv) (O =X =2/, _ )
Solution
2 3 f(x),
fO kdx + fz k(2x —3)dx =1 When x =0, f(x):kzi 3 .
. M
k[x]2+k[x*-3x]3=1 1 4 27
0 2 Whenx =2, f(x) =k =7 Fx) = & D
_1 1/ 4 4
k=— 1 /4 i
4 When x = 3, f(x)=z(2x3—3) :
3 0 2
.. _l 1 _l 1 _ l
(i) P(X<1) = fo dx = x]} = "
(i) P(X > 2.5) = %f;fs(z;c —3)dx ==[x2 — 3x]3; = 0.3125
1,2 1
(iv) P (0 <X< 2/ ) _ P(osxs2) _ P(0<X<2)n(x=1)) _ 2 dx _ i _1
X=1 P(x=1) P(X=1) Tk P (2x-3)dx 14 3

W 4+—-=-——--=-=-=-2

v



Revision exercise 2

(Answers are given in the square brackets, [ ], at end of each question)

1.

10.

kx?, 0<x<4

A random variable x of a continuous p.d.f is given by f(x) = {O elsewhere

(a) Sketch f(x)
(b) Find (i) value of k (=63—4) (ii) E(X) = 3 and var (X) = 0.6 (iii) P(1<X<2) = 6—74

kx, 0<x<1
A random variable x of a continuous p.d.f is given by f(x) = {k(Z —-x) 0<x<1
0, elsewhere
Find (i) constant k=1 (ii) E(X)=1 (iii) var(X) =§ (iv)P(0.75< X< 1.5) = g (v) mode =1
—x%  0<x<3
A random variable x of a continuous p.d.fis given by f(x) =4 1 3<x<5
0, elsewhere
(a) Sketch f(x)
(b) Find (i) E(X) = 3417 (ii) standard deviation = 1.008
. . L L, 1<x<3
A random variable x of a continuous p.d.f is given by f(x) = {x(4-x)
0, elsewhere

(i) Show that k = —

Inx
.. g .. 4
(i) Find (i) E(X) = 2 (i) Var(X) = 4_E
— x? <x<
A random variable x of a continuous p.d.f is given by f(x) = {k(ax x%), 0=x<2
0, elsewhere
()  Show thatk=——
6a—8
(ii) Given that E(X) = 1, find the values of a (=2) and k(=0.75)
(iii) For the above values of a and k, find Var(X) = 0.2
2 _ .3
A random variable x of a continuous p.d.f is given by f(x) = {12(x x?), 0O0=sx<1
0, elsewhere

Find the (i) mean = 0.6 (ii) standard deviation = 0.2
k

. . o =, 0<x<p
A random variable x of a continuous p.d.fis given by f(x) = { 8
0, elsewhere
L e _B .. B
Find (i) value of k (=1) (ii) mean = p (iii) standard deviation = PN

S(xr+1), 2<x<4

A random variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere

g _37 . _ 4T B
Find (i) mean = . (i) var(X) = Tan (iii) P(2.5 < x< 3) =0.234

—x)? <x<
A random variable x of a continuous p.d.f is given by f(x) = k(1-x)% 2sx<4
0, elsewhere
Find (i) constant k = % (ii) mean =% (iii) standard deviation = 0.94
kx, 0<x<?2
A random variable x of a continuous p.d.fis given by f(x) =jk(4 —x) 2<x<4
0, elsewhere

1

Find (i) value of k :i (i) E(X) =2 (iii) Var(X) :§ (iv) P(X< 1) =

(iv) P(X<X<3) = g



