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Competency: The learner applies integration techniques to solve problems involving areas
under curves, accumulation of quantities, and other real-world applications.
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Integration (A-level)

It is the reverse of differentiation.

Integration of polynomial functions

[xMdx = ——x"*1 + 1 wheren # —1
n+1

i.e.increase the power by 1 and divide the
term by the new power;

Example 1
Integrate the following

(i) [ldx=[(x"dx=x+c

Methods of integration

The choice of the method depends on
judgment. Below are some of the methods:

During integration the following concepts
should be considered.

(i) [xdx = [xldx
1

— x1+1

44, -1 a+1_1.5
(i) [ x dx =—x X

- 37, — 37y — 4 _ 4
(iv) [4x3dx =4[« dx—(3+1)x =x

3__1 341 __1 -2_"1
V) Jx Tt =72 2x2

Integration by change of variable where a derivative exist/integration by recognition

or inspection
Example 2

(i) [xy/(x2—2)dx
Solution

Let u = x*-2

- du =2ui.e.xdx =%du

[xJ(x2 =3)dx = [/ (x2 = 3) xdx

=§(x2—3) (xZ—3)+c

Orletu=y/(x2—32)=>u?>=x>-3

2du = 2xdx i.e. xdx = udu

[x(x2—3)dx = [/ (x2 = 3) xdx
[u.udu = [u?du

1
=-ud+c
3

=22 =3)/@?=3) +c

.. 1 x%-1
(i} fo  (x3-3x+5) dx

Solution

letu=x3—3x + 5=>du = (3x? - 3)dx

i.e. (3x2 - 3)dx = ldu
3
1 x%-1 1,011
- fo (x3-3x+5) dx = §f0 \/_de
1
= %uE(Z) +c

= %w/(x3 —3x+5)
1 x%-1 _2 3 1
S5 dx =/ (x —3x+5)0

(x3-3x+5)
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=2(VI-3+5-5)
=2(vV3-V5) = 0336

Revision exercise 1

Integrate the following using the suggested 1 (7 —9x)/(1 = 2x)% + c]
substitution in each case. s x
12. [—=dx, u=x+1
1. [x(x+4)3dx,u=x+4 2 ik i
Fa- D@+ + (| - DVl
5 13. dex u=vx —3
2. [(x—4)(x—13dx,u=x-1 oV .
E(4x—19)(x—1)4+c] ."(x+6)“x_ te
3. [x(2x—3)%dx,u=2x-3 14. f dx u= x—4_
~(x+2)Vx—4+c
[i(2x+1)(2x—3)3+c] ;0 +2) -
16 15. 2= 5—x
4. [(Bx+1)(2x —5)%dx,u=2x-5 ]
2
[é (18x + 23)(2x — 5) + c] 3G+ 19V5—x+ C]
x 16. Use the substitution x = — to
5. f—dx u=x+3 [x—3In(x+3) + c] . v
x* evaluate [} ——= [—]
6. [ 2dx u= x+1[—+1n(x+1)+c] 1 xvx?-1 3
(x;i)l it 17. Use the substitution u=+x — 2 to
7. [——=dx,u=2x-1 [— ]
(2x-3) 8(2x—3)2 evaluate f Fd
8. [J(x+1Ddx,u=x+1 [16vZ — 4]
% Bx—2)J/(x+ 1%+ C] 18. Evaluate
9. [xJy&x—-Ddxu=kx-1) (a) fsx(x—3)2dx [12]
_ 7 5— x _z
135(3x+2) (x—1)2+c] (b) f [ 3]
' © [ (3x +1)(2 — x)*dx 2%
10. _zf(x —4)J(x+5),u=x+5 19. By using the substitution u=+v1 + x2,
2(x -1 13
s (r = 10)y (x +1)° + C] show thatfoﬁx2 (1+x2)dx = 31—?

11. [(Bx—2){/ (1 —2x)dx,u =./(1—2x)

Integration by change of variable where a derivative not exist

Here a term is solved by changing it to another Solution
variable
Letu=,/(x —5) henceu? = x —5=>x=u’+5
Example 3
dx =2udu
Find

(a) [3xy/(x—5)dx
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Changing limits

X S]
6 1
5 0

.6 — (1,2
~ O (x =5)dx = [ (u? + 5)u. 2udu
=2 fol(u4 + 5u?) du
o5 45,3
—Z[Su +3u]0
2 56
=23+25)=2

(b) [ = dx

Solution

letu=vx +lieu?=x+1
- x=u’-1 and dx=2udu
.-.f;x_Tidx=f(u2u—_1).2udu
=2 [(u?—-4)du
=2(§u3—4u)+c

Revision exercise 2

1. Integrate each of the following with respect
to x using suitable substitution
(a) x(x+3)°

[% (4x —3x +3%) + c]

(b) xv5—x

[—12—5(3x +10/(5 = 3)3 + c)]
(c) (;;23)2 [% +In(x +2) + c]
() o= E (x—DV2x + 1+ c]

(e) (x—3)(5-2x)*

[ﬁ (31 —10x)(5 — 2x)° + c]

= gu(u2 —12)+c¢

=2 /G+DE+1-12) +c

=§(x—11) x+1D+c

(c) J(2x—D(x+2)3dx
Solution

Let u=x+2 =>x=u-2 and dx = du
2 f2x=1)(x+2)3dx
= [[2(u — 2) — 1udu]
= [(u* —5u®) du
2.5

5
=-u’—-ut+c
5 4

_ 1 4 _
=ou (Bu—25)+c
= %(x+ 2)*(8(x + 2 + —25) +

:%(8x—9)(x+2)4+c

(2 4

[ﬁ+ In(3—x)+ c]

W Ty
x+3

&) Gz

(h) x?(x —1)*

1 2 _ 115
[105(15x +5x+1D(x—-1) +c]

(i) x/(1—x)3

|- 2 (5x + 2T =]

Integration of exponential and logarithmic functions.

A. From iex =e*
dx
- Jefdx=e*+c
Example 4

Find

(a) [xe*dx

Solution

Let u = 3x2 => du = 6xdx i.e. xdx =%du
[xe**dx = %fe”du = %e” +c

o [xe*dx = %exz +c

1
e x

(b) [—dx

x2
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Solution = %111(1 —5x2) +¢

Letu:—§:>du:x—12dx 1 xe1
1 (c) f 3+4x prweels
fex—zxdx = [e%du=—e"+c S(:qut:-c;n L1
. fO 3+4x2 X = 0 3+4x2 X+ fO 3+4x2 dx
x 1 1 2 \1"
-‘-f—dx—e Fhe =[—1n 34 4x* + —tan™! (—)]
g 2V3 V3/l,
B. From— (Inx) == 2
L " 1"()+7“m (%)
- Jidx=Inx+c=InAx 2 5P 2 3
(d) 202
This result shows that Solution
y 2a x
f%dx = In[f(x)] + ci.e. I T dX = [In(x4 + a3
) == (Inl7a4 — In2a*)
- [cot2xdx = [ dx
sinZx =2m () =0535
= —In sin2x) + ¢
( ) C. From diaJr = a*Ina
- f—dx——In(b+cx)+k o
= [a¥dx=-—a"+c
Example 5 Jx
It follows that [ 2%dx = —+¢
Find In2
Example 6
1
(a) f3x+4 dx
Solution Integrate
Let u = 3x+4 =>du 3dx i.e. dx=§ du (a) fx223x2dx
o f 3x1+4 dx = %f du = %mu +c Solution
_au3 _ 02 24, 1
=§1n(3x+4)+c Let u=3x>, =>du=9x |.exdx—9du
x 293x2 —1rou -4
(b) [ ——dx [ x?2 dx—gff du—912+c
Solution - 12
letu=1— 5x2 9 Inz
=> du -10xdx i.e. dx=— — du
10x
x 101 1
o fl_szdx = l—of;du =Inu+c
Revision exercise 6
1. Find the following integrals (d) f(e_x+7)2 dx [_l(e—x +7)3 + c]
x 3
X 3 X Zd l 3 x\3 €
(@) Je*(3+e)dx [i( +e?) +C] (e) [e*Va +eXdx E (4+e")3+c]
(b) [2e¥(e* —4)dx  [F(e¥ - )"+ () [eS*VeS ¥ 2dx
4e72% 2
(c) f(1+e‘2x)2 [1+e‘2" + ] [E (e +2)% + C]
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(g) f\/% :%Ve3x -1+ C] (n) fx]_oxdx [%_%_l_ C]
(h) fw%dx [\/1 —e 7+ c] 2. Evalugte
(i) J5%dx [ c] (a) J] e¥dx [e(e? — 1)]
L In5 E
() [3%* 'ﬁ+c] (b) J, e dx [1__]
i :1n9 (c) f12 2e(2x+1) [63(6 _ 1)]
(k) fﬁ Ze‘/; + C] (d) fll Ze(l—Zx) [63 ]
x3 [1 53 _
() [x2e zge ] (@) f01(4xex2 +1)dx 2 — 1]
v [

Integration involving partial fractions
There are three established types of partial fractions depending on the nature of the denominator.

Denominators with linear factors e.g. 3x -1, x + 2 and 3x - 4.

Each linear factor (ax + b) in the denominator = Imx+1) +sn(x—2) +c
. . . 3 3

has a corresponding partial fraction of the form

" where a, b and c are constants. = EIn(x +1D)?(x—-2)+¢c
(ax+b) 3
Example 7 (ii) x3 o
(a) Express each of the following in partial Solution
fraction. Hence find the integral of each
1 1 1

with respect to x. ox = xG29) — x=3)t3)

O —
(x+1)(x—2) o 1 _4 B c
Solution x3-9x x  (x=3) (x+3)
x-1 A B
et (c+1)(x=2) _ (x+1) + (x=2) Multiplying through with x(x — 3)(x + 3)

Multiplying by (x+1)(x-2)

% x—1=A(x—2)+B(x+1) 1= A(x* = 9) + B(x* +3x) + C(x* = 3x)

; __1
then we find the values of A and B Puttingx=0;1=-9A=>4 = — 9

. 1
Putting x =2:1 =3B, =>B=§ Puttlngx=3;1:18B:>B=1—8
. 1
Puttingx=-1:-2=-3A,=>A= g Puttingx=-3;1=18C=>C = e
2 2 11 1 1
X1 s 3 x3-9x  9x | 18(x—3) = 18(x+3)
(x+1)(x-2) (x+1) (x-2)
2 .\ 1 Hence,
T 3(x+1) 3(x—2) [ dx
x3-9x
Hence, 1.1 1
__Ef;dx-l_ls Ef(x+3) x

x—1 2 1 1 1
f(x+1)(x—2) dx _Ef(x+1) x +§f(x—z) x
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1 1 1
=—gInx + Eln(x +3)+ Eln(x —3)+c
:1—18 (In(x+3)+In(x —3) — 2Inx) + ¢

_1 (x+3)(x-3)
T [In —z ] +c

() 2x+1
- (x—1)(3x2+7x+2)

Solution

2x+1 _ 2x+1
(x—1)(3x2+7x+2)  (x—1)(x+2)(3x+1)

2x+1 A B 1
(x-1)(3x2+7x+2)  (x-1) = (x+2) = (3x+1)

Multiplying by (x — 1)(x + 2)(3x + 1)
2x + 1= A(x+2)(3x+1)+B(x-1)(3x+1)+C(x-1)(x+2)

Puttingx=1;3=12A=>A4 = %

Puttingx=-2;-3=15B=>B = _g

. 11 20 3
Puttingx=-=;==——C=>(C = ——
3’3 9 20

2x+1 1 1 3

(—1)(3x2+7x+2) _ #(x-1)  5(x+2)  20(3x+1)

Hence,

f 2x+1 x
(x—1)(3x2+7x+2)

1 1 1 1 3 1

- Zf (x-1) dx - Ef (x+2) dx - %f (3x+1) dx
1 1 3

= Zln(x -1 —gln(x +2) - %In(3x +1)

_1 (x-1)°
T 200 (x+2)*(3x+1)3

(iv) 2x%—x+1
v (x2-1)(x+2)

Solution

2x2-x+1 2x%2—x+1
(x2-1)(x+2)  (x+1)(x—1)(x+2)

2x2-x+1 A B c
(2-1)(x+2)  (x+1)  (x-1) (x+2)

Multiplying through by (x+1)(x-1)(x+2)

2x% — x+1= A(x-1)(x+2)+B(x+1)(x+2)+C(x+1)(x-1)

Puttingx=-1;4=-2A=>A = -2

Puttingx=1;2:6|3=>B=§

Puttingx=-2;11=3C=>C = %

2x*—x+1 1 2 4
T x2-1)(x+2) | 3(x—1) (x+1)  3(x+2)

Hence,
f 2x2-x+1
(x2-1)(x+2)
1 1 1 11 1
- Ef (x—1) dx — 2f(x+1) dx + ?f (x+2) dx

= %In(x —1) —-2In(x+1) +%In(x+ 2)+c

3 x241
b) Evaluate || ——
(b) fl x3+4x243x
Solution
x%+1  x%+1

x3+4x2+43x  x(x+1)(x+3)

2
x“+1 A B C
Let———=—-+
x34+4x2+3x  x  (x=3) (x+3)

Multiplying with x(x — 3)(x + 3)

X2+ 1 = A(x — 3)(x+3)+ B(x)(x+3)+C(x)(x-3)

Puttingx=0;1=3A=>A =§

Puttingx=-1;2=-2B=>B = —1

Putting x =-3; 10 = 6C => C = g

x*+1 1 1 5

T x3+4x243x  3x  (x+1) @ 3(x+3)

Hence

f3 x2+1
1 x3+4x2+43x

1,31 301 5,03 1
=3);yax - (x+1)dx +§f1 (x+3)

= [llnx —In(x+1)+ EIn(x + 3)]3
3 3 1

= {2m3 - m4a+3m6)} - {11 - m2 +Zn4)}
3 3 3 3

= (0.3488
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Denominators with Quadratic factors
Each quadratic factors (ax*+bx +c) has a

corresponding partial fraction of the form
Ax+B

(ax2+bx10) where a, b, cand A and B are

constants.
Example 8
7x2+2x-28 . .
(a) Express o r3ets) in partial fraction.
Solution
Let 7x%+2x—28 A Bx+c

(—6)(x2+3x+5) _ x—6 | x2+3x+5
Multiplying through by (x — 6)(x*+3x+5)
7x*42x-28= A(X*+3x+5)+ (Bx +C)(x — 6)
Putting x =6; 236=59A,=>A=4
Equating coefficients of x>

7=A+B

7=4+B;=>B=3

Equating constants

-28 =5A-6C
-28=20-6C
C=8
. 7x2+2x—28 _ 4 n 3x+8
(x—6)(x2+3x+5) x—-6 x2+3x+5
2x—1

(b) Find the integral of f(x) = D@D

Solution

ot 2x"1 _ _A Bx+C
€ (x-1)(x2+1) ~ (x-1) = (x2+1)

Multiplying through by (x — 1)(x? + 1)
2x — 1 = A(X*+1)+ (Bx + C)(x-1)
Puttingx=1;1=2A=>A =§

Puttingx=0;-1=A-C=>C =§
Putting x=-1; 2A+2B—-2C=>B = _%

1 3

2x-1 1 —Xt5

-1 (x2+1) | 2(x—=1) = (x2+1)
2x—1 1 3—x

—D(x2+1)  2(x-1)  2(x2+1)

Note the values of x=0and x =-1 are
conveniently chosen, but the constants B and C
by expansion of the expression and equating
constants, i.e.

1=A-C=>C=>
2=C-B
B=2-2=-2

2 2
Thus,

2x—-1

f(x—l)(x2+1) dx

1 1 3 1 1 X
- Ef(x—n dx +Ef(x2+1) dx _Ef(x2+1)

= %In(x -1+ %tan‘lx - %In(x2 +1)

(c) Evaluate

W [ 3jffdx

X
Solution

Note memorize the identities
B-1=x-DE*+x+1)
BH1l=C-DE*—x+1)
Then

3+3x _ 3+3x
x3-1 (x—1)(x2+x+1)

343x A Bx+C
x3-1 (x-1) (x2+x+1)

Let
Multiplying through by (x — 1)(x*+x+1)
3+3x = A(x*+x+1) + (Bx+C)(x — 1)

Puttingx=1,6=3A,=>A=2

dx

+c

By expanding and equating coefficients

x> A+B=0,=>B=0-2=-2

xX:A-C=3,=>C=2-3=-1

o 343x 2 2x+1
Ta3-1 7 (x=1)  (x2+x+1)

f33+3x

3 1
, o dx = 2/, g dx

=[2In(x — 1) — In(x? + x
DI

3 2x+1
2 (x%2+4x+1)

+

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:

digitalteachers.co.ug

Page | 8



= 2in(2) + In () [ dx

x4-1

= 0.7673 -1 _2 1 1
f(x—l) x 4f(x+1) X+ zf(x2+1) dx

= %In(x -1) - i[n(x +1) + %tan‘lx +

Solution c
2 2 3 x?
_ d
x4=1 " (x—1)(x+1)(x2+1) . xt-1
x? _ A B Cx+D = lIn x—1 —lln x+1 +ltan_1x3
LEt(x—l)(x+1)(x2+1) T (x-1) | (x+1) 0 (x2+1) [4 ( ) 4 ( ) 2 ]2

By multiplying through by (x — 1)(x+1)(x*+1) _

3
: [In— + 2tan” x]

4 2

x*= A(x+1)(x*+1)+ B(x -1)(x*+1) + (Cx+D)(x*-1)

= {[In + 2tan‘13] [In + 2tan‘12]}
By equating coefficients

X A+B+CZ0 oo (i) [1”‘—1” +2(tan™"3 — tan” 12)]
Y A=B +D=1 oo (ii) = §(0.405 +0.17)

XTA+B=C=0 s (iii) — 018

X:A=B=D=0 oo (iv) x2+6

(III) fO m X
Eqgn. (ii) — Eqn. (iv)

Solution
2D=2=>D= 1
2 Let x%+6 _ Ax+B Cx+D
2 2 2 2
Eqn.(i)+ (iii) (Z+4)(x24+9)  (x2+4)  (x%+9)
Multiplying by (x*+4)(x*+9
2A4 2B =0 oo (v) plying by (x"+4)(x"+9)

2 _ 2 2
Eqn. (ii) + Eqn. (iv) X*+6 = (Ax+B)(x*+9) +(Cx+D)(x’+4)

X246 =(A+C)x>+(B+D)x*+(9A+4C)x+9B+4D

' Equating coefficients
Egn. (v)+ Egn. (vi)

. X A+C=0 e (i)

AA=1=>A= "

X2 B+D = 1ueen, (ii)
Eqgn. (v)

X"9A+4C=0 ... (iii)
B=_1

T4 x%9B+4D =6 ... (iv)

Eqn. (i) Solving simultaneously
c=0 A=C=0;B=-and D=
. x? 11 1
TR a(x—1)  4(+D) | 2(x%+1) . x?+6 __ 2 3

T (x2+4)(x249)  5(x2+4) = 5(x2+9)
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J-1 x%+6 X
0 (x2+4)(x2+9)

2 1 1 3 1 1
570 (x2+9)

“ 5o (x2+4)

Repeated factors
Each repeated factor (ax’+ b)" in the
denominator has corresponding partial fraction

N Al A2 ces An
of the form.ax+b + axiD)? + o+ )

where a, b, A; are constants (i=1, 2, ....n)

Example 9

Express each of the follow in partial fraction and
hence find their integrals.

4x-9
(x—3)2
Solution

4x-9 A B
Lot 52 s T eoay2
Multiplying through by (x-3)?
4x—9=A(x-3)+B=Ax—-3A+B

Equating coefficients

(a)

X x=4
x-3A+B=4;B=3
. 4x=9 _ 4 3
T (x-3)2 x-3  (x—3)2
Hence
[ 222 dx =4 [ ——dx +3 [(x —3)"2dx
(x—3)2 x-3
3
—4In(x—3)—xT3+c
3x—14
(b) x2-8x+16
Solution
3x-14 _ 3x-14
x2-8x+16  (x—4)2
3x—14 A B
Let =

(-2 x4 ' (x—4)2
Multiplying through by (x-4)
3x—14=A(x-4)+B=Ax—4A+B
Equating coefficients

x':x=3

x’:-4A+B=-14;B=-2

. 3x-14 _ 3 2

T (-3 x-3  (x-4)2

Hence

f?;_:; dx =3 fﬁdx —2f(x—4)"%dx

1

ul| =

41 11
[tan 1-x + tan 1—x]
2 3 0
1.1
1 23

+
= Etan_l ( 11) = 0.1571
1_5-5

2
—31n(x—4)+;+c

2x%-5x+7
(x-2)(x-1)?
Solution

2x%2-5x+7 A B c
(x-2)(x-1)2 _ x—-2 @ x=1 ' (x—1)2
Multiplying through by (x = 2)(x — 1)°
2x%-5x+7 = A(X -1)*+B(x — 2)(x-1)+C(x — 2)

(c)

Let

Puttingx=1:4=-C,=>C=-4
Puttingx=2:A=5
Puttingx=0,7=A-2B-2C;B=-2

2x2-5x+7 5 2 4

(x-2)(x-1)2 ~ x-2 x-1 (x-1)2
Hence

2x%2-5x+7

| e
1 1 —

= 5f;dx—2f;dx—4f(x—1) zdx

=51n(x—2)—21n(x—1)—x471+c

7x+2
3x3+x2

(d)

Solution

7x+2 7 x+2

3x34+x2  x2(3x+1)

7x+2 A B ¢
Letx2(3x+1) T Bx+l) tite

Multiplying through by x*(3x+1)
7x+ 2 = Ax® +Bx(3x+1)+C(3x+1)

Puttingx=0;c=2

o

Puttingx=-1; = 2—Z=>A=-3
3 3

Putting x=-1; -5=A + 2B-2C,=>B =1
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7x+2 -3 1 2
= = + -4+ >
x?(3x+1) (Bx+1) x x

Hence

f 7x+2
x2(3x+1)

Integration of improper fractions

Improper fractions are those whose index of the

numerator is equal to or greater than that of
the denominators.

They are first changed to proper fraction by
long division or otherwise, before being
integrated.

Example 10

(a) Express in partial fractions.

5x“-7
(x+5)(x—4)
. 5x2-71
Hence find fm x
Solution

5x2-71 _ 5x2-71
(x+5)(x—4)  x2+x-20
Using long division

5
X*+x-20)5x°+0x-71
- 5x’+5x-100
-5+29

5x2-71 —5x+29
(x+5)(x—4) = x2+x-20

—-5x+29 A B
(x+5)(x—4) _ x+5 tia
Multiplying through by (x+5)(x-4)
-5x +29 = A(x—4)+ B(x + 5)
Puttingx=4,B=1
Puttingx=-5; A=-6

—5x+29 _ -6 1

(x+5)(x—4)  x+5 + x—4

Revision exercise 7

1. Express the following into partial fraction

(a) [LL

x2—4x 12 x—6  x+2
x*—x3+x2+1
(b) [x— 142+
x°>+x +1
5x-1 1
(c) 10 [+ —]
2x2+x 2x+5  x-2
2x%-7x+1

(d)

(2x+1)(2x-1)(x-2)

dx+f dx+2[x7%d

-J (3x+1)

—In(3x+ 1) +Inx—§+ c

In —E+cln
X

3x+3

Hence
5x2-71
f(x+5)(x—4)
1 1
=5fdx—6fmdx+fx:dx
=5x—6In(x+5) +In(x—4)+c

dx

Solution
3-2x _ —2x+3
1+x - x+1

Using long division

-2

x+1 5'2x+3

-2x -2
5
L 3-2x o4 5
1+x x+1
Hence

13-2x 1 11
fO dx=—2f0dx+5f0md

T+x
= [-2x + 5In(x + D]}
=-2+5In2

=1.4657

[ 1 2 1 ]
2x+1  3(2x-1) 3(x-2)

( ) 6x+7 [x+3
€ (x%2+2)(x+3) x2+2 x+3

5x+7 3
(f) (x+1)2(x+2) [ (x+1)2 _E]
(&) 2x3+3x%2—x—4 [ __L
g x2(x+1) x2 x+1
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2. Find
(@ [ ledx [ln( )+tan x+c]

x%—4

(b) f(x+1)2(x 5)
1
[—In(x +1) - 2t D —In(x - 5)]
3x24x+1
(c) f(x 2)(x+1)3
1
[ In(x —2) — —In(x +1) - 3(x+1) 2(x+1)2]

x*—x3+x2+1

@ [ —dx
2
[x? —x + Inx + tan"'x — %In(l +x2) + c]
5x—-1
(e) f2x2+x 10
[Eln(Zx +5)+In(x—2)+ c]
x%—9x+2

(f) f(xll)(x—l)(x—z) x

2In(x + 1)+ 3In(x — 1) —4In(x — 2)] + ¢
@) J Gy 4
(2x2+3)(x+2)

Integration by parts
This stems from differentiating the product of a
function, y = uv,

dv

—(uv) v—+ u—
u = i(uv) &
dx dx dx

d d d
ud—de = fa(uv)dx—fvd—zdx
dv du
Ju_—dx=uv - [v—dx
Orsimply [ udv = uv — [ vdu

The function chosen as u should be easily
differentiated whereas the other function
chosen as v should be easily integrated.

The above expression of the integration by
parts can be summarized by using a technique
of integration by parts

This is summarized in the table below

1 2 S -1
[2 In(2x* + 3) +mtan

7+5x—6x>2

( ) f(2x+1)2(x+2) x
1
[E In(2x +1) = ———3In(x +2) + c]

x2+7x 14—
(i) f(x+5)(x 5@

(Jg:)—ln(x+2)+c]

[x + 3In(x + 5) + 2In(x — 3) + ¢]

3. Evaluate

(a) f 23 +Z;“+:f(’;2‘:§ odx  [-4.5489]
[0.18]
(c) f1 x3+"4x+21+3x X [0.3489]
() f) Z—dx [0.1535]
(e) fJﬁdx [0.4689]
(f) f4(x3x2;f:)3 [0.3165]
(g) fo O [1.05]
Sign Differentiate Integrates
+ up dv
\\a
- uz\\ A
+ Us >y,
- Ug V3

NB: the signs change as +, -, + etc.

The u function is differentiated until a zero
value is obtained otherwise we continue with

differentiation.

The integral of the function is equal to the sum
of result shown in the table above.

Integration by parts is applied in the following

areas:
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Integration products of polynomials by parts

Example 11
(a) Find
(i) [x(x+2)3%dx

Solution

_ av _ 3
Letu—xanddx—(x+2)

au _ ., . _1 4
dx—l, v—4(x+2)

From [udv = uwv — [ vdu

[ x(x+2)3dx

=%x(x +2)*— | 1.§(x + 2)*dx
=%x(x +2)* — %f(x + 2)*dx
1 4_ 1 5
—4x(x+2) 2o(x+2) +c
:i(x+2)4(5x—x—2) +c
= (x+2)*(4x —2) +¢

=%(x +2)*(x -1 +c¢

Or by using basic techniques

=§ (x +3)(x — 4)° — %f 1. (x — 4)5dx
=% (x +3)(x —4)° — %f(x — 4)%dx
=%(x+ 3)(x —4)° —%(x -4 +c
— (- +3) —x+4) +c
=—(x — 4)°(6x +25) + ¢

Sign Differentiate Integrates
+ X+ (x —4)°
3\ N
- 1\ %(X + 2)6
= 1
+ 0 - 7
- (x+2)

Sign Differentiate Integrates
+ X (x +2)3
\ .
- 1 "L+ 2)
4
\ >1
+ 0 = 5
% (x+2)

du

[ x(x+2)3dx =ix(x +2)* — %(x +2)°+¢
=%(x +2)*x -1 +c
o fx(x+ 2)3dx=% (x+2)*(x—1)+c

(i) f(x+3)(x—4)5dx

Solution

_ v _ . A\5
Letu—(x+3)anddx—(x 4)

au _ 4.2l a6
dx—l,v—6(x 4)

[(x+3)(x —4)%dx

J(x+3)(x —4)°dx
=(x+3)(x — 4)5-£x(x +2)7 +¢
o f(x+3)(x — 4)5dx

=—(x — 4)%(6x +25) + ¢

3x—4
(iii) f(x+2)4 dx
Solution

222 dx = [(3x — 4)(x + 2)~*dx

(x+2)%

Let u =(3x—4) and Z—Z =(x+2)*

dx

3x—4
f (x+2)* dx

= 3;v=—§(x+2)_3

= (B3x- ) x+ 27— [3. -2 (x +2)dx

1

=—-(Bx-4)(x+2)73 + [(x +2)3dx

-3

= —§(3X— 4)(x+2)‘3—%(x+2)‘2+c

4—-3x

- 3(x+2)3 - 2(x+2)2

_ 2(4-3x)-3(x+2)
- 6(x+2)3

+c

+c
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2-9x

- 6(x+2)3
. f 3x—4 . 2-9%
T (et+2)4 T 6(x+2)3
Sign Differentiate Integrates
+ 3x-4 (x—4)*
\ .
- 3 — 1 (x —_ 4)—3
3
+ 0 -9

3x—4
e dx
=B — D - - S -+

. 2-9%
6(x+2)3

+c

(b) Evaluate
(i) fozx(x —3)?%dx

=—(x—3)%Bx+3)+c
=-(x—3)°(c+ 1 +c

> f7x(c—3)%dx=[> (x - 3)3(x + 1)]2

-3 —27 24

Solution

Sign Differentiate Integrates

+ X (x — 3)?

\ .
) 1\ %(x - 3)3
= 1

+ 0 L a4

> (x—3)

[x(x —3)%dx = éx(x -3)3 - %(x —3)*+c
=1—12(x—3)3(4x—x+3) +c

Revision exercise 8

1. Integrate

(@) J(x—1)(x + 2)%dx

2 (= 2)(x +2)* + ]

(b) [(3x — 1)(2x + 3)%dx

= (18x — 17)(2x +3)° + ¢
(c) f(2 — 5x)(4 — x)*dx
—(25x +8)(4 - x)°|

(A) [ ey

— 2 _="_5
4 4 4
Solution
Sign Differentiate Integrates
* X \ (X — 2)_%
~>
- 1 1
\ 2(x —2)2
S 3
+ 0 g(x _ 2)5
x 1 4 3
f —dx =2x (x — 2)2 - (x — 2)2+c
1
=2 (x - 2)2[3x — 2(x — )] +
c

=z(x—2)%(x+4)+c
x—[ (x —2)2 (x+4)]

= [—(6 - 2)2(6+4)] - [5(3 —2):(3 +4)]
=20-7)=2=82

[ m(2x —3) +

( ) f x+4
[— (3x + 40)\/33(7—2 + c]

re= il

() [ =dx

In(5 x)+—+c

2. Evaluate

(a) f_llxz(x+3)3dx [%

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:

digitalteachers.co.ug

Page | 14




dx

[586
15

6 x2
b) [, =

Integration products of polynomials and exponential functions by parts

Examples 12

(a) Find
(i) [xe*dx

Solution
dv
Letu=xand — = e*
dx

du
—=1;v=e*
dx

[ xe*dx = xe* — [ 1.e*dx
=xe*—e*+c¢

Or by using basic technique

Sign | Differentiate Integrates
+ X — e*
\
- 1 \ ex
—N
+ 0 e*
[xe*dx = xe* —e* + ¢
(i) [xe *dx
Solution
letu=xand & = ¢~*
dx
au _ o x
o 1, v=—e
[xe*dx = —xe™ — [1.—e *dx

=—xe ¥+ [e¥dx

=—xe*—e*+c¢

Or by using basic technique

Sign | Differentiate Integrates
+ X — e *
\
B 1 \\_e_x
+ 0 e*
[xe*dx = —xe* —e* +¢
(iii) [ xe3*dx
Solution
d
Letu=xand — = e3*
dx
du _ .. _1 3x
ol 1;v =e
[ xe3*dx = éxe“ — %83" +c
Or by using basic technique
Sign | Differentiate Integrates
+ X — e3*
\1
- 1
\ Ze3x
=S
+ 0 Z p3x

1 1
Jxe*dx = xe®* —ce®* +c

(b) Find
(i) [ x.2%dx

Solution
d
Letu=xand = = 2%
dx

du _ _V_Z"
dx ' In2
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x.2%
[ x.2%dx=="=> —
In2

x.2% 1 2%
() e
In2 In2 \In2

1
Ef 2%dx

2x
—E(x— D+c

(i) [ 3V Ddx

Solution
Letp=m,pz=2x—1
2pdp = 2dx

pdp = dx

= [3V@*Ddx={ 37 pdp
dv
= & _3p
Letu=pand o 3

du _ _ 3P
dp_

m3
p _3p_ 1 rop
f3 .pdp—m3 In3f3 dp
_Pp_ 1
- In3 In3 (In3) te

f 3‘/ (2x-1) dx

’

Revision exercise 10

1. Integrate each of the following with respect

tox

(a) xe3* [% Bx—-1)+ c]

(b) x2e* [e*(x? —2x+2) + ]
(c) x3e** [% (x?2-1)+ c]

(d) x%e=2* [—?(sz +2x+1)+ C]

mg‘/(zx—n 1 (3\/(2x—1)) N
=Y T c
n3

In3 In3

_ 3/ (Vexr—D-2)+c

In3

(c) Evaluate

(i) fol xe *dx

Solution

fol xe ¥dx = [-xe ¥ —e™*]}
=(-et-eH)-(0-¢%
=-2e 141
=1-=

e

= 0.2642
(ii) f01 xe3*dx

Solution

f xe3*dx = [ xe3 e3x]1

Bty

=2e34+1=45746
9 9

x2

(€ = -5 + ]

(f) e¥(3+e¥)? E (3+e¥)3 + c]
2. Evaluate each of the following

(a) folxz e*dx [1.5973]

(b) [ (x — 1)e*dx [2]

Integration products of polynomials and logarithmic functions by parts

Example 13

(a) Integrate
(i) [Inx2dx

Solution

[ Inx?dx =[ 1.Inx?dx

dv
Letu—lnx2 —=1
dx

du 2x 2
—=—2=—;V:X
dx x x

[ Inx?dx = xInx? — foédx

=xInx? —2x+c
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=2xInx —2x +c
o [Inx?dx = 2xInx —2x + ¢

(i) [xIn(x? —1)dx

Solution

Letu=In(x? — 1) and o x
dx

du 2x )
-— = v=5x

dx  x2-1’

[ xIn(x? — 1)dx

= %len(x2 -1) - f%xz.xifl dx
=122 -1) - 1] il
2 x2-1

X3

Forfxz_1 dx

By using long division

X3

x2-1 X+ x2-1

o [ dx=[xdx+[=d
oy dx =) xdx X

= %xz +%In(x2 -D+c
o [ xIn(x? — 1)dx
= %len(x2 -1) —%xz — %In(x2 —1D+c
(i) [ x~3Inxdx
Solution
Revision exercise 12

1. Integrate each of the following

(a) xInx 2—2 2Inx —1) + c]

(b) x?%Inx % (BInx —1) + c]

(c) VxInx % Vx3BInx — 2) + c]

(d) (Inx)? [x(2 — 2Inx + (Inx)?) +
c]

(e) I:—: :—i(lnx +1)+ C]

dv —
Letu=Inxand — = x~3
dx

du 1 1 _
— =-andv=—=x"2
dx X 2

[ x 3 Inxdx = —=x 2Inx + = [ 2. x™2 dx
2 2) x
= —%x‘zlnx + %fx‘3 dx
= —Ix2Inx —=x2+c
2 4
= —%x‘z(lnx +1+c

(b) Evaluate f110x10g10 xdx

Solution

Changing from base 10 to base e

Ine

log o x = —
&10 m10

10 1 (10
xlo xdx = — xInxdx
fl glO m10 fl

dv
Letu=Inx, —=x

10

1

dx
du_ 1., =1y
dx X
10
—— | xInxdx = —— [llenx ——x?
In10 J; In1012 4
1 1
=— [(501n1o —25) - Z]
=—[som10-2| =50--2-
10 4 4In10
33(
X —
(f) 3*x [(ms)z (xIn3—-1) + c]

(g) x(Inx)?
Exz(l — 2Inx + 2(Inx)?) + c]
2. Evaluate the following
(@) [, x3Imxdx  [70.9503]
(b) [, (x — DIn(2x)dx [1.0794]
(© [ o dx [0.4034]

Integration of special cases involving splitting the numerator

Case 1

When a fractional integrand with quadratic

denominator expressed in the form of % is

such that g(x) cannot be factorized or written in
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simple partial fractions, it is normally very
useful to express it as a fraction by splitting the
numerator.

i.e. Numerator = A(derivative of denominator +
B

Example 14

Find the integral of each of the following

( ) f 2x— 1

x2+3

Solution
Numerator=A [i (4x% + 3)] +B
dx

2x — 1 =A(8x)+B
Puttingx=0, B=-1

Puttingx=1,A= %

2x—1 1

| s dx = _f 2+3 2l el

= 1In(4x +3)— B an1 (?x) +c
2x+3

(b) fx2+2x+10

Solution

Numerator=A [% (x? 4+ 2x + 10)] +B
2x +3 =A(2x+2)+B
Puttingx=-1,B=1

Puttingx=0,A=1

f 2x+3
x2+2x+10

—f 2x+2 f 1 x
2+2x+10 x2+42x+10

= In(x + 2x + 10) + fmdx

)

=In(x? + 2x + 10) + %tan

© J s

Solution

x +3x+5

Numerator=A [% (x? 4+ 3x + 5)] +B

x =A(2x+3)+B

Putting x = —E, B= 3
2 2

Puttingx =0, A = —%

x
f x2+3x+5

2x+3 1
SR
x2+43x+5 27 x2+43x+5

_1 2 31
=-In(x*+3x+5) 2f2+x

_1 2 _3
—Zln(x +3x+5) \/ﬁt

1-2x
9— (x+2)2

d Jo—s
Solution

f 1-2x

NECE (x+2)2
=t dx - [—Z_dx
NCE (x+2)2 1/9 (x+2)2
‘/9 (x+2)2
For f \/9—(x+2)2

. x+2
Let sinu = =

3sinu= x +2
3cosudu=dx
2x _ r2(3sinu-2)
fﬁmdx—fm 3cosudu
6sinu—4
= [ — =Tt 3cosudu

= [(6sinu — 4)du

= —6cosu —4u+c

=—6 /1 - (%)2 — 2sin”1 (xT”) +c

Substituting for f\/%dx
X

f 1-2x dx
V99— (x+2)2
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= sin”! (’%2) + -6 /1 - (%)2 —4sin~! (’%2) +
c

= 5sin~1 (%) +6 /1 - (%)2 iy

Case ll

When finding the integral of fractional

trigonometric function expressed in the form

acosx+bsinx
f—., a, b, cand d are constants, we
c cosx+dsinx

split the numerator as:

Numerator = A(derivative of denominator)+
(denominator)

Example 15

1. Find
2cosx+9smx
( ) f 3cosx+smx

Solution

Let 2cosx+ 9sinx

:Ad%(3cosx+sinx)+B(3cosx+sinx)

2cosx+ 9sinx =A(-3sinx+cosx)+B(3cosx+sinx)
2cosx+ 9sinx =(A+3B)cosx +(-3A+B)sinx
Equating coefficients:

For cosx: A+3B =2 .....cccueuuuinee. (i)

For sinx: -3A+B =9.....ccceeveeueue.e. (ii)

Solving Eqn. (i) and Egn. (ii) simultaneously
A= — g andB= %

2cosx+9sinx
o [ ILOSXAIINY g

3cosx+slnx
f —3sinx+cosx 3 f 3cosx+sinx
3cosx+sinx 3cosx+sinx

3
=— —In(3cosx+smx)+ 5 +c

( ) f 3sinx

4cosx— SlTLX

Solution

Let 3sinx = A%Mcosx—sinx) + B(4cosx—sinx)

3sinx = A(-4sinx—cosx) + B (4cosx — sinx)
3sinx = (-A+B)cosx +(-4A-B)sinx
Equating coefficients
Forcosx:-A+4B=0.........ceeuene.e. (i)
Forsinx:-4A-B=3 ....ccoeverenne. (ii)

Solving Eqn. (i) and Eqn. (ii) simultaneously

12 3
A= ——andB=——
17 17
3sinx
[ gy
4cosx —sinx
_ f—4—smx cosx f4cosx sinx

4cosx—sinx 4cosx—sinx

=—— In(4cosx — sinx) — Ex+c

cosx—sinx
2. Evaluatef2

3cosx+2sinx

Solution

Let 3sinx = A%(3cosx+25inx) + B(3cosx+2sinx)
cosx-sinx = A(-3sinx+2cosx) + B (3cosx +2sinx)
cosx- sinx = (2A+3B)cosx +(-3A+2B)sinx
Equating coefficients

Forcosx:2A+3B=1 ...ccoevvvvnennen. (i)
Forsinx: -3A+2B=-1 ...................... (ii)

Solving Eqn. (i) and Egn. (ii) simultaneously

A—iand B-—i

13
f cosx—sinx
3cosx+2sinx
_5 ~[2L‘osx—35inx 1 f3cosx+25inx
13 Y 3cosx+2sinx 137 3cosx+2sinx

5 ) 1
=—In(3cosx + 2sinx) + —x + ¢
13 13
n .
E Ccosx—Ssinx
g 3cosx+2sinx

1
—71'
[ In(3cosx + 2sinx) + —x + C]
=TT
6
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[% In (3605% + 2sin 2) + L E] -

1372
1 n

[% In (3cos§ + 2sin 6) + = —]

136

Revision exercise 13

1.

Integrate each of the following

()f x+2

x2+2x+4

Eln(x2 +2x +4)+ ?tan‘1 (%) + c]

(b) [

x2— x+3

Eln(x2 —x+3)+ %mn‘1 (2\)/%1) + c]

( ) f 2(x+1)

x2+4x+8

[In(x2 +4x +8) —tan™? (xT”) + c]

5x+7
x2+4x+8

(d) J

Eln(x2 +4x + 8) — %tan_

()44

Topical revision questions

1.

Find
(a) [ sinxdx [xsin™lx + V1 — x% + ]
(b) [ xsec?xdx [xtanx + Incosx + c]

0 J e [T () o

(d) [In(x?—4)dx
[xln(x —4)—2x+2 (In E) + c]

(e) f3 2cosx dx [\/__ tan™ (\/gtan JZ_C) + C]
(f) [3V2x-1gx
[3\5;—_1 (VZx -1- —) + c]

|5 (x =3 sin2x) + c|

E tan?x — Incosx + c]
Fsin‘l(x3) + c]
(i) fxfildx [ In( )+ tan~1x +

d

(g) [ sin®xdx
(h) [ tan3xdx

_[5
“l13

T13

5

2.

m2+ 2 - [2m28 4 I
26 13 2 78

n(m6) 5

Integrate the following
( ) fCOS.X' 2sinx
3cosx+4sinx

[— In(4sinx + 3cox) — %x + c]

( ) f cosx
2cosx— SLTLX'

[—Eln(Zcosx — sinx) + %x + c]

cosx

©) [ moomasin

COSX— Zsmx
2 . 1
[—Eln(cosx — 2sinx) — Sxt c]

2cosx+sinx
(d) f 4cosx+3sinx

14 ) 11
[— 1—51n(4cosx + 3sinx) — —x+ c]

(k) f\/T x [2VxZ + 4+ ¢|
() [ xInxdx [J;—zlnx - %2 + c]

(m) fx3ex4dx
(n) J

‘|
(0) [Inxdx
(p) [ x%sin2xdx

Eex4 + c]
[g tan~t(V2tanx) +

1+sm2

[x(Inx — 1) + ]

[— %x2c052x + %xsian + %cost + c]

[2x(Inx — 1) + c]
[In(1—e™) + ]

(q) [ Inx?dx

x E(l + xz)%(x2 -2)+ c]

[ror()

(s) [ T
(1+x2)2
(t) f dx

1- COS.X'

X X +x +1
(W) [ —dx
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[——x+lnx+tan x——In(1+x2)+c]
12

(v) fx/% [( 22) +C]

(w) [ x(1 - xz)fdx E(l— x2)§+c]

(x) f“f [Vx+ 2+

(y) [ xzexdx [x%e¥ — 2xe* + 2e* + c]

dx 1 [(5v25—x
O ey v L [_E( 2 >+ C]

Evaluate

(a) f;gxcoszxdx [0.3669]
(b) [°Cc+ tanx)dx  [1.0003]

(c) fgsiancosxdx [i]

x2+1
(d) fl x3+4x2+3x dx [0 3489]
(e) fo —dx [0.3905]
(f) f02 ——dx [0.7854]
(g) f65inxsin3xdx [0.1083]
(h) f) S—d [0.15345]
(i) f\/_Zxcosx dx [1]

8x
(i) fo mdx [1.05]
(k) f02 1+sinx+cosx [ITIZ]
()} foz sin2xcosxdx E]
(m) [, = [0.1905]
(n) J2xsin®2xdx [Z—Z]
(0) [° 2 dx [2]

3 3x2 +4x+1

() f L % +2x2+x [Ian]
(a) fozx sinxdx [ — 2]
() [, xe*dx [2.0973]
(s) fznxsinxdx [2.7992]
(t) [ 10x/(1 — x®) dx [2.165]

T

(u) foi sin5xcos3xdx E]

V3

— dx T
2 —
(v) fO 9+4x2 dx [36]
3. Show that
1 x246 i3
(a) fo (x2+4)(x2+9) _ 20

(b) JZxtan?xdx = 312 (8w —n* — 16log, 2)
(c) f: xInxdx = 14In2 — 3

(d)
4. Given that
3x34+2x2-6x-2 1 B Cx+D

(x24x-2)(x2-2)  x+2 x-1 ' x2-2
Determine the values of A, B, C, D
3x3+2x%2-6x-2

3 (x2+x-2)(x2%2-2)

[A=B=C=1,D=0;24770]

" 1
5. Use the substitution of x = - to evaluate

Hence evaluate f

1 xvx2-1 3
x3—

(x=2)(x2+1)
3_
[ x°-3 _ 1 x+1]

6. Express as partial fractions

(x—2)(x2+1) I+ S +ten

_x-3
x—2)(x2+1)

[x + In(x — 2) + Eln(x +1) +tan"x +

d

Hence find f dx

—x+14 . .

7. Express f(x) = Wln partial fraction
[ 2x?—x+14 -3 2 1
(4x2-1)(x+3)  2x+1  2x—1  x+43

Hence evaluateff f(x)dx [0.7440]
8. Using the substitution 2x+1 = u, find
fl xdx [i]
0 (2x+1)2 18
9. Express

(a) f(x)=

m in partial fraction

[ 6x _ i1 4 ]
(x-2)(x+4)2 ~ 3(x—2) 3(x+4) (x+4)2
Hence evaluate [ f(x)dx

EMC;E_@1@+4

2
(b) f(x)= % in partial fraction
3x%+x+1
(x—2)(x+1)2
5 5 4 1

T om-2)  9(x+2) T 3(x+1)?2  (x+1)?
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Hence evaluate
f4 3x24x+1 d
3 (x-2)(x+1)2
(c)
10. Using the substitution x = 3sinB, evaluate

@ Jfo (z%i)dx [7.7125]

[0.317]

dx

(b) f: 3+5cosx
(e)

1
11. Use t= tanEx to evaluate

(a) JZ
(b)
12. Given that foa(x2 + 2x —6)dx = 0, find

[0.2747]

dx
3—cosx

[0.6755]

the value of a [a=-6]

13. Use the substitution x? = 6 to find

f X dx 1-3x
1+cos x2 5 4

3(x+1)3(x-1)5

Application of integration

x3+5x%2-6x+6

14. Resolvey = 122D into partial
fraction
[x3+5x2—6x+6=L+ 2 4 ]
(x-1)2(x2+2) ~ x-1  (x—-1)2 (x242)

Hence find [ ydx

[In(x -1+ (x_—21) + %tan_1 (%) + C]

1, . .
15. Express f(x) = Py in partial fraction
[ r __r_1., 1
x2(x-1)  x x2  x-1

Hence evaluatef;f(x)dx [0.12102 ]

Determining areas enclosed between two functions and the volume of a solid of revolution

Example 16
The equation of a curve isy = 3x* + 2
(a) (i) Determine the turning point of the
curve
Solution
At turning point Z—z (3x2-2)=0
6x =0
x=0andy=3(0)+2=2
Hence turning point = (0, 2)
(i) Find the nature of the turning point

SOlution

ay
dx?

=6

. a? . L
Slnced—; > 0, the turning point is a

minimum

(iii) Sketch the graph of the curve.

Finding x — intercepts wheny =0

3x2+2 =0, x2=—_?2

0 unidentified

y 2 0
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y =3x2+2

0

(b) The curve and the liney =14
intercepts at the point (-2, 14) and (2,
14). Calculate the area of the region
enclosed between the line and the

curve.
N
Y y =3x2+2
y=14
Yy
: ea—

- 0 X-axis

Example 17

1.

(a) On the same axis, sketch the curves vy
=X(x+2) and y = x(4x —x )
Solution

Considering y = x(x+2)
Ifx=0,y=0

Ify=0

X(x+2)=0

x=0o0orx=-2

(x,y)=1(0,0) and (-2, 0)
Finding the turning point
y =%+ 2X

d

2= 2x+2

2x+2=0
x=-1;y=1-2=-1

The turning point = (-1, -1)

Area of the curve and x-axis =f_22 ydx
= f_22(3x2 +2) dx
=[x + 2x]%, = (8 +4) - (-8-4) =24
Total area of the rectangle =4 x 14
=56
Area of the curve and the line (y = 14 )

56 — 24 = 36unit’

Finding the nature of the turning point;

X -2 -1 0

ay -2 0 2
dx

\, /

min

OR
By finding the second derivative

d
2 =2x+2
a2y
dx?
Hence the turning point is minimum
Considering y = x(x — 4)

Finding intercept

Ifx=0,y=0

(x,y)=(0,0)

Iify=0

x(x—4)=0

Eitherx =0 or x=4

(x,y) =(0, 0) and (0, 4)

Finding the turning point

= 2 (min)
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y=4x—x2

D42
dx

= 0=4-2x
x=2,y=4

The turning point = (2, 4)
Finding the nature of the turning point

X 1 2 3
5 3 0 -2
dx

xewl
Or
By finding the second derivative;
D42
dx
d’y _
o 2 (max)

Hence the turning point is maximum
Finding the point of intersection of the

curves
X2+ 2x = 4x — X
2 -2x=0
2x(x—1)=0

Eitherx=0orx=1;
Ifx=0,y=0;(x,y) = (0, 0)
Ifx=1,y=3;(xy)=(1,3)

\ JANEIE

4 /’ ‘\

=X x+22)\ 2 // \

(b) Find the area enclosed by the two curve in

(a)

YA

y=x{4-X)

=
Il

X

e e L L LI
X
+
L

o\

0

Area of shaded region
=f01(4x — x%)dx — fol(x2 + 2x)dx

ot =2 - [ 4]

=[2 — %]; — E + 1]2 = %sq. units

0

(c) Determine the volume of the solid
generated when the area in (a) is
rotated about the x-axis.

Solution

V=m fol[(4x —x2)2 — (x? + 2x)?]
=T fol(12x2 —12x3)
=m[4x3 + 3x*]}
=m(4 —3)
=1 cubic units

Example 18

A curve has the equationy = T
(a) Determine the nature of the turning point

on the curve.
2

y===20+ x?)1
d_y_ _ 2—2 _ —4x
o 2(14+ x%)™“.2x = iy
Or

2
Y= e

Iny =In2 —In (1+ x?)
1 2x
;dy = (0 - )dx

1+ x2
dy = -2x 2 —4x

dx 1+ x2 1+x2 (14 x2)2

. o ody
At turning points, T 0
—4x
(1+ x2)2
x=0
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y=L:2 y=X3_8

1+0 Int ;
Hence the turning pointsis (x, y) = (0, 2) ntercepts
Whenx=0,y=-8

Finding the nature of the turning point
Wheny=0,x=2

X -1 0 1
(x,y)=(2,0)
dy | +1 0 -1 Turning point: Z—y = 3x?
dx 3%=0 x
Max
/N .
d?y
Hence the nature of the turning i
point is maximum PV _ 0 x=0
(b) Find the equation of the asymptote. Hence dx? '
sketch the curve. Point of reflection= (0, 8)
2
Y= 17 |x<2| X>2
For vertical asymptote
1+x°=0 y| i | *

2—_
X =-1 \

/]
x =V —1 which does not exist %
Or
Since 1 + x* cannot be factorized, there is no / /

vertical asymptote
For horizontal asymptote

— 2 bt
Y= Trxe B
As X —0, y—> 0 N
Hence the horizontal asymptoteisy =0 -8 /
y A
(b) The area enclosed by the curve in (a), the y-
axis and x-axis is rotate about the line y=0
through 360°. Determine the volume of the
L solid generated. (04 marks)
0 . V=1 foz y2dx
I I | I 4 2
20 1 2 X =m [, (x* — 8)%dx
-1+ = 1rf02(x6 —16x3 + 64)dx
7 2
5 = [x7 — 4x* + 64x]
-2 0
128
Example 19 =n (T —64+128 )
(a) Sketch the curvey=x>-8 = @ =250.5082 units®
Solution
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Revision exercise

1. (i) Find the Cartesian equation of the

curve
1+t 2t2 (x-1)2
Xx=—andy=—-= [ = —]
1-t y 1-t y 1+x

(ii) Sketch the curve
(iii) Find the area enclosed between the
curve and the line y = 1 [1.95 sq units]
2. (i) Sketch the curvey = %from -1<x<5

(ii) Find the area enclosed by the curve
and x-axis [64/3 sq units]

3. Find the volume of the solid of revolution
formed by the area enclosed by the
curve y = x(1+x), the x-axis, the line
x = 2 and x = 3 through four right
angles about the x-axis [81.033n cubic
units]

4. Sketch the curvey=x- x% for x>0, showing

any asymptote. Find the area enclosed by
x-axis, the line x =4 and the curve y=x-

% [10 sq. units]
If this area is now rotated about the x-axis
through 3600, determine the volume of

the solid generated, correct to 3 significant
figures. [42.1 cubic units]

5. Show that the tangents at (-1, 3) and (1, 3)
on the curve y = 2x2 + x + 2 pass through
the origin. Find the area enclosed by the
curve and the two tangents [4/3 sq. units)

6. In a culture of bacteria the rate of
population growth is proportional to the
population at time t. the population
double every day. Given that the initial
population is PO is one million, determine
the day when the population will be 100
million. [7*" day]

7. Show that the tangents to the curve

4-2x-2x at (-1, 4) and (%, 2 %) respectively
pass through the point (— %, 5 %)

Calculate the area of the curve enclosed
between the curve and x-axis (9 sq. units)

Determine displacement, velocity and acceleration

Example 20

Aforce F=(2ti+j— 3t k)N acts on a particle of
mass 2kg. The particle is initially at a point
(0,0,0) and moving with a velocity (i + 2j-k)ms™.
Determine the:

(a) Magnitude of the acceleration of the
particle after 2 seconds (04marks)

2t
F=(2ti+j-3tk) =| 1 )N

—3t
- 2t t
a=—=-| 1 =< 0.5 >ms‘1
-3t —1.5t
Att=2s
a=2i+0.5] -3k

la] =22 + 0.52 + (—3)2=3.64ms”

(b) Velocity of the particle after 2seconds
(04marks)

v= [adt= f< 0?5 >dt

—1.5t

0.5t2
=| 05t |+C
—7.5t2

At t = O initial velocity = (i + 2j —k)

1 0 1
<2>= <0>+C c(z)
-1 0 -1

0.5t +1
—-7.5t2 -1
Att=2s
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05(2)?2+1 3 0
v=| 0.5(2)+2 =<3>ms‘1 c=10

-75(2)2 -1/ \—4 0 G
(c) Displacement of the particle after 2 seconds 2
(04marks) r=|7 + 2t
0.5t% + 1 PR ¢
r= | vdt ) 2 |dt 4
r=fedt]| 0542 ptt=2s
3 ’ 23
% +t Y +2 10
22 3
= §+2t +C r= :+2x2 =l g |m
t3 y_ 2 —4
—t— = 2 "

0 0
AttzO;(O =<0 +C
0 0

Revision exercise

1. A particle of mass 3g is acted on by a force F = 6i — 36t%j + 54k Newton at time t. At time t = 0 the
particle is at the point with position vector i — 5j —k and its velocity is 3i + 3j ms™.
Determine the
(a) position vector of the particle at time t= 1second (09marks) [5i -3j + 2k]
(b) distance of the particle from the origin at time t = 1 second [6.164]

Thank you

Dr. Bbosa Science
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