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TOPIC 2/4: Random Variables

Competency: The learner models and analyses the outcomes of random phenomena through
determining probabilities and expected values for prediction of uncertainties in real life.
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Definition of Random Variables

A random variable is a function that assigns a numerical value to each outcome of a random event,
linking the outcomes of chance to a measurable quantity.

For example, when rolling a die, a random variable can assign the numbers 1 through 6 to each face of
the die, which allows for mathematical and statistical analysis.

Types of Random Variables

1. Discrete Random Variable

Takes countable values (like integers).

Examples

Number of heads when flipping 3 coins.

Number of students absent in a class.

Rolling a die = possible values: 1, 2, 3,4, 5, 6.

the number of phone calls received in a 15-minute period.

2. Continuous Random Variable
Takes uncountably infinite values within an interval.
Examples

- Height of students in a school.

- Time taken to run a marathon.

- Temperature measured during the day.

- the exact time it takes to complete an exam.

Discrete probability distribution

It a function or table that assigns probabilities to each possible value of a discrete random variable.
Focus: It describes the likelihood of each outcome.

For example tossing a fair coin, P(H) =P(T) =%

Differences between discrete random variable and discrete probability distribution

Aspect Discrete Random Variable Discrete Probability Distribution
Meaning Represents possible outcomes of an experiment | Assigns probabilities to those outcomes
Nature Variable (values only) Function/table (values + probabilities)
Example Number of heads in 3 coin tosses Probability of getting 0, 1, 2, or 3 heads
Role Defines the sample space Quantifies likelihood of each outcome
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Properties of discrete probability density functions

(i) YPX=x)=1lor X f(x)=1
(ii) P(X=x)=0

Examples 1

cx? x =0123,4

A discrete random variable has a probability function P(X = x) = { .
0 otherwise

Find the value of c and draw the graph of P(X = x)
Solution

Y2PX=x)=1

c(0%) + (1) + c(2) +c(3%) +c(4?) =1
c+4c+9c+16c=2

c=—
30

Example 2

A discrete random variable has probability function

fx) = {kg’ i)the}"Mifg} , find the value of k and draw the graph of f(x)
Solution
Xfx)=1
k+2k+3k+4k=1
k=—
10
Example 3

A random variable X of a discrete probability distribution given by
P(X=1) = 0.2, P(X=2) = P(X=3) = 0.1, P(X=4) = P(X=5) = ¢

Find the value of the constant c and draw the graph of P(X = x)
Solution

YPX=x)=1

0.2+0.1+01+4c+c=2;c=0.3

Example 4

A discrete random variable has a probability function
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2 X
P(X = x) = {k ¢) x=123.
0, otherwise

Find the value of k

TORTICRTIORYIO Rer
(1 '+ @+ @)

Sum to infinity =S, = —
1-r

= k<i2>=1;k=l
1-2 3

Finding probabilities of discrete random variable
Example 5

A discrete random variable has a probability distribution

y -3 -2 -1 0 1
P(Y=y) 0.1 0.25 0.3 0.15 a
Find

(i) valueofa (ii)P(-3<Y < 0) (iii) P(Y>-1) (iv) P(-1<Y<1) (v) mode
Solution
HXPY=y)=1
0.1+0.25+0.3+0.15+a=1;a=0.2
(i) P(-3< Y < 0) =P(Y=-3)+P(Y=-2)+P(Y=-1)=0.1+0.25+0.3 = 0.65
(iii) P(Y>-1) = P(Y=0) + P(Y =1) = 0.15 + 0.2 = 0.35
(iv) P(-1<Y¥<1)=P(Y=0)=0.15
(v) mode is the value y with the highest probability, mode = -1
Example 6

A discrete random variable X has a probability distribution

X 1 2 3 4 5

P(X = x) 0.15 0.20 0.15 c 0.1
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Find

(i) the value of x (ii) P(X<4) i) px<4 (VPR X <4 WP(E2) (vi) mode
Solution
HXPX=x)=1

0.15+0.20+0.15+¢c+0.1=1;c=04
(ii) P(X<4) = P(X=1) + P(X=2) + P(X=3)=0.15+0.20+ 0.15=0.5
(iii) P(X<4) = P(X=1) + P(X=2) + P(X=3) + P(X=4) =0.15+ 0.20+ 0.15+ 0.4 =0.9

(iv)P2< X <4) =P(X=2)+P(X=3)+P(X=4)=0.20+0.15 +0.4=0.75

_P(X>2, X<4) _ P(X=3)+P(X=4) _ 015+0.4

X>2 _
(v) P( /X < 4) T P(Xs4)  P(X=1)+P(X=2)+P(X=3)+P(X=4) 0.9 =06111

(vi) the mode is a value with highest probability = 4
Example 7

A discrete random variable X has a probability function

kx, x=1,2,3,4,5
0, otherwise

fe ={
Find (i) the value of k (i)) P(X =3) (iii) P(X=3) (iv) PX< 3) (v) P(1< X <3) (vi) P(5)
Solution

(HTPX=x)=1

k+ 2k + 3k + 4k +5k=1;k ==

(i) P(X=3) = 3k = 115 = %

(i) P(X=3)= P(X=3) + P(X=4) + P(X = 5) = 3k + 4k + Sk =12k == =

(iv) P(X< 3)= P(X= 1) + P(X=2) + P(X = 3) =k + 2k + 3k == = =

(v) P(1< X <3) =P(X=2) + P(X =3) =2k + 3k == = =

(vi) P(X > 2/ ) _ P(X22,X<4) _ P(X=2)+P(X=3) _ 2k+3k _ Sk _ 5
vi X<4)7 pPx<4) ~ PX=1)+P(Xx=2)+P(x=3) k+2k+3k 6k 6
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Revision exercise 1

1.

8.

A discrete random variable X has probability distribution

X

1

2

3

4

5

P(X=x)

0.2

0.25

0.4

a

0.05

Find (i) value of a=0.1 (ii) P(1< x < 3)=0.85 (iii) P(X>2) =0.55 (iv) P(2<X<5) = 0.5 (v) mode =3

A random variable x of a discrete pdf is given by P(X x) = kx, x =12, 13, 14
Write the probability distribution and find the value of k

X

12

13

14

P(X=x)

12k

13k

14k

A random variable Y of discrete probability distribution is given by
P(Y=3)=0.1, P(Y =5)=0.05, P(Y=6) = 0.45 P(Y = 8) = 3P(Y = 10). Find P(Y=10) = 0.1

1
k=—
39

A discrete random variable has a distribution

X 1 2 3 4 5
P(X=x) 0.1 0.3 k 0.2 0.05
Find

(i) value of k = % (i) P(X=4) = 0.25 (i) P(X<1)=0 (iv) P2< x < 4) = %

Write out the probability distribution for each of these variables

(a) The number of heads X obtained when two fair coins are tossed

X

0

1

2

P(X=x) | 0.25

0.5

0.25

(b) The number of tails, X obtained when three fair coins are tossed.

X

0

1

2 3

P(X=x)

0.125

0.375

0.375

0.125

A drawer contains 8 brown socks and 4 blue shocks. A sock is taken from the drawer at random, its
colour is noted and it is then replaced. The procedure is performed twice more. X is the random
variable for the number of brown socks taken. Find the probability distribution for X.

X

1

2 3

P(X=x)

2
9

4
9

The discrete random variable R has a p.d.f is given by P(R=r)=¢(3-r),r=0, 1, 2, 3

Find (i) value of ¢ = % (i) P(1<R<3)=0.5

A discrete random variable has probability function
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4 X
P(X=x) = {k (E) » X =123, find the value k = 0.2.
0, otherwise

Solutions to revision exercise

5 Write out the probability distribution for each of these variables
(a) The number of heads X obtained when two fair coins are tossed
S =(TT, TH, HT, HH)

P(X=0) :% = 0.25, P(X= 1) :% = 0.50, P(X=2) :i =0.25
Probability distribution table
X 0 1 2

P(X=x) |0.25 |05 |0.25

(b) The number of tails, X obtained when three fair coins are tossed.
S=(TTT, TTH, THT, HTH, THH, HTH, HHT, HHH)

Probability distribution table

number of heads, x 0 1 2 3
P(X=x) 1-0.125 3-0375 3.0.375 1-0.125
8 8 8 8

6. A drawer contains 8 brown socks and 4 blue shocks. A sock is taken from the drawer at random, its
colour is noted and it is then replaced. The procedure is performed twice more. X is the random
variable for the number of brown socks taken. Find the probability distribution for X.

Let X’ represent blue shocks
4 1

7 ’ 7 4 4
P(X= 0) = P(X nX'NX ) =—12x—12x—12 = —27
4 4 4 8 4 4 4 8

P(X=1)=P(XnX’nX’)+P(X'anX’)+P(X’nX’nX)=%xﬁxﬁ+axﬁ S XX

P(X=2) = P(XNXNX')+ P(X'NXNX) + P(XNX’'NX) =%x%x% + f—zxﬁxa +2x—x— :g

P(X = 3)= P(XNXNX)= = x = x 2=2
127127 12" 27
Probability distribution table
X 0 1 2 3
P(X=x) |1 2 il 8
27 9 9 27

7. The discrete random variable R has a p.d.f is given by P(R=r)=¢c(3-r),r=0, 1, 2,3

Find (i) value of c
YPX=x)=1
3c+2c+c=3

c==
6
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(i) P(1<R<3)=2c+c=3c=3 x% =05

8. A discrete random variable has probability function
4 X
P(X =x) = {k (E) yx=123 ... , find the value k.
0, otherwise

Solution

ORCRTIORTIORe,

(o () @ (4 =

Sum to infinity = S, = £
1-r

= k<i>=1;k=§=o.2

4
=5

Expectation of x, E(x) or mean of discrete random
The expected value of x is given by E(x) = ), xP(X = x)

Example 8

A discrete random variable has a probability distribution

X -2 -1 0 1 2

P(X =x) 0.3 0.1 0.15 0.4 0.05

Find expectation, E(x)

Solution

E(X)=(-2x0.3)+(-1x0.1) + (0x 0.15) + (1 x 0.4) + (2 x 0.05) =-0.2
Example 9

The discrete random variable Y has a probability distribution is given by
P(Y=y)=cy,y=12,3,

P(Y=y)=c(8-y),y=4,5,6,7

Find (i) the value of ¢ (ii) mean, p

Solution

Y 1 2 3 4 5 6 7
P(Y=Yy) c 2c 3c 4c 3c 2c c

(i) LPY=y)=1
Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
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c+2c+3c+4c+3c+2c+c=1

1
C=—
16

(ii) EY)=Xy(Y =y)=1xc+2x2c+3x3c+4x4c+5x3c+6x2C+7xcC=64cC
1
=64x—=4
16
Example 10

A fair coin is tossed three times write out the probability distribution for the number of heads, X,
obtained and hence obtain the expected number of heads

Solution
S=(TTT, TTH, THT, HTH, THH, HTH, HHT, HHH)

Probability distribution table

number of heads, x 0 1 2 3

P(X=x) 1 3
8 8

®|w
@ | =

1 3 3 1_ 12
E(X) —Zx(X—x)—(0x§)+1x §+2x §+3x§—g—1.5

Example 11

A family plans to have 4children. Given that X is the number of girls in the family. Find the expected
number of girls

Solution
S = (BBBB, BBBG, BBGB, BGBB, GBBB, BBGG, BGGB, BGBG, GGBB, BGGB, GBBG, BGGG, GBGG, GGBG,
GGGB GGGG)

Probability distribution table

Number of girls, x 0 1 2 3 4
P(X=x) 1 il 5 4 L
16 16 16 16 16

E(X) =2x(X=x)=(°x%+1x Z4+2x = +3x —+4x 1—16)=2
Example 12

A box A contains 4 red sweets and 3 green sweets. Box B contains 5 red sweets and 6 green sweets. Box
Ais twice more likely to be picked as Box B. If a box is chosen at random and two sweets are removed
from it, one at a time without replacement.

(a) Find the probability that two sweets removed are of the same colour.

P(same colour) = P(ANR;NR;) + P(ANG;NG,) + P(BNR;NR;) + P(BNB,NB,)
_2,4,3,2,3.2 1.5 4 1.6 5
TR TR X T Y Y T 3 Y 1o
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_24

126

12

126

20

330

30

42

330 126
(b) (i) construct a probability distribution table for the number of red sweets removed

Let x = number of red sweets removed
P(X =0) = P(ANG;NG,) + P(BNG,NG,) = %x% xiiix L x1—50 =0.1861

+ 2% — 04372
330

6 3 11

P(X=1) = P(ANR;NG;) + P(ANG;NR;) + P(BNR;NG;) + P(BNG;1NR,)

37776 37776 3711710 3711 710
_24 24 030 30 _ 48 60
126 126 330 330 126 = 330
=0.5628
P(X=2) = P(ANR,NR,)+ P(BAR{NR,) =2 x = x 2+ x> x 2 =22 1 20 _ 2511
37776 3711710 126 330
Probability distribution table
X 0 1 2
P(X=x) 0.1861 0.5628 0.2511

(ii) find the mean number of red sweets removed
Mean =Y x(X = x) =0x0.1861 + 1 x 0.5628 + 2 x 0.2511 = 1.065

Revision exercise 2
1. Adiscrete random variable X has a probability distribution.

2.

X 0 1 2 3 4
P(X=x) 1 = 1 1 1
6 12 4 3 6
Find E(X) = 2.25
A discrete random variable X ha probability distribution
X 5 6 7 8 9
P(X=x) 3 2 L 2 3
11 11 11 11 11
Find the mean=7
A discrete random variable X has a probability distribution
A discrete random variable has a probability distribution
X 0 1 2 3
P(X=x) c c’ c+c 3c%+2¢

Find (i) the value of c= 0.2 (ii) expectation of c=2.08

Find the expected number of heads when two fair coins are tossed (E(x) 1)

A family plans to have 3 children. Given that x is the number of boys in the family. Find the
expected number of boys (=1.5)
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7. If Xis a random variable for the product of the scores on two tetrahedral dice, where the
score is the number on which the die lands, find the expected score for the throw (=6.25)
8. A bag contains 5 black counters and 6 red counters. Two counters are drawn at random,

. . . 12
one at a time without replacement. Find the expected number of red counters. ( = H)

9. An unbiased tetrahedral die is tossed once. If it lands on a face marked 1, the player has to
pay 10,000/=. If it lands on marked with 2 or 4 the player wins 5000/= and if it lands on a 3,
the player wins 3000/=. Find the expected gain in one throw.

10. A discrete random variable X can take on values 10 and 20 only. If E(X) = 16. Write out the
probability distribution for X (P(X=x) = 0.4 and P(X=x) = 0.6)

11. A discrete random variable X can take on values 0, 1, 2, and 3 only. If E(X) = 1.4, P(X< 2) =
0.9 and P(X<1) = 0.5. Find (i) P(X=1) = 0.3 (i) P(X =0) = 0.2

12. The discrete random variable Y has a probability distribution is given by
P(Y=y)=cy, y=1,2,3,4
Find (i) value of c = 0.1 (i) E(X) =3

13. Adiscrete random variable has p.d.f

(k2% x=0,1,2,3,4,5,6
PX =x) = { 0, otherwise ’
Find (i) value of k = é, (i) mean =5
14. A discrete random variable X has a probability distribution
X 0 1 2 3 4 5
P(X=x) 0.11 0.17 0.2 0.13 p 0.09
Find (i) the value of p=0.3 (ii) Expected value of X (= 2.6)

Solutions to revision exercise 2

10. A discrete random variable X can take on values 10 and 20 only. If E(X) = 16. Write out the
probability distribution for X
Let P(X=10) =a and P(X=20)=b
atb=1

Eqgn. (i) and eqn. (ii)
10(1-b) + 20b = 16

10+20b =16
b=0.6
a=1-06=0.4

Probability distribution:(P(X=x) = 0.4 and P(X=x) = 0.6)

11. A discrete random variable X can take on values 0, 1, 2, and 3 only. If E(X) = 1.4, P(X< 2)=0.9 and

P(X<1) = 0.5. Find (i) P(X=1) (i) P(X =0)
Let P(X=0) = a, P(X=1)=b, P(X=2)=cp(X=3)=d
a+b+c+d=1....... (i)

P(X< 2)=a+b+c=0.9... (ii)
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Eqgn. (i) and eqn. (ii)

d=0.1

P(X<1)=a+b=0.5 ... (i)

Eqgn. (i) and eqn. (iii)

05+c+0.1=1

c=04

E(X)=0Oxa+1xb+2xc+3x0.1=1.4

=b+2c+03=1.4

b+2c=1.1

b+2x04=1.1

b=0.3

a=05-0.3=0.2

Hence, (i) P(X=1) = 0.3 (i) P(X =0) = 0.2

12. The discrete random variable Y has a probability distribution is given by
P(Y=y)=cy, y=1,2,3,4
Find (i) value of c=0.1 (i) E(X):%
(i) YPX=x)=1

c+2c+3c+4c=1
10c=1;c=0.1

(i) E(X) =X xP(X =x)= 1x0.1+2x0.2+3x0.3+4x0.4=3

13. A discrete random variable has p.d.f
k2*, x=10,1,2,3,4,5,6
P =x) = { 0, otherwise
Find

. . 1
(i) (i) value ofk—E,
YPX=x)=1
k(2°+ 2 +22+ 23+ 2%+ 2°42% =1
1

" 127
(ii) Mean=ZPx(X=x)=é(OX1+2x2+3x8+4x16+4x32+6x64)=5.01

14. A discrete random variable X has a probability distribution

7

X 0 1 2 3 4 5
P(X=x) 0.11 0.17 0.2 0.13 p 0.09
Find
(i) the value of p
YPX=x)=1
0.11+0.17+0.2+0.13+p+0.09=1
p=0.3

(ii) Expected value of X
E(X) =X Px(X = x) = 0.11x0 + 0.17x1 + 0.2x2 + 0.13x3 + 0.3 x 4 + 0.09x5= 2.61
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Properties of the mean

(i) E(a)=a

(ii) E(ax) = aE(x)

(iii) E(ax + b) = aE(x) + b
(iv) E(ax-b)=aE(x)-b

Example 13

A random variable X of discrete probability distribution is given by

X 1 2 3 4
P(X=x) 0.1 0.2 0.3 0.4
Find

(i) EX)=XPx(X =x)=1x0.1+2x02+3x03+4x04=3
(ii) E(3x) =3E(x)=3x3=9
(iii) E(4x +6) =4E(x)+6=4x3+6=18

Example 14

A random variable X of discrete probability distribution is given by

X -1 0 1 2
P(X=x) 0.25 0.10 0.45 0.20
Find

(i) P(-1< X<1)=P(X=-1)+p(X=0)=0.25+0.10=0.35
(ii) E(X)=Y Px(X =x)=-1x0.25+0x0.10+1x0.45+2x0.20=0.6
(i)  E(6x—2)=6E(X)-2=0.6x6—-2=1.6

Variance, Var(x) of discrete probability distribution
Var(x) = E(X?) = [E(x)]* where E(X*) =¥ x?P(X = x)

Example 15

A discrete random variable X has a probability distribution

X 1 2 3 4 5
P(X=x) 0.1 0.3 0.2 0.3 0.1
Find

(i) Themean=YPx(X =x)=1x0.1+2x03+3x02+4x03+5x0.1=3
(ii) Var(x)
E(X?) =X Px?(X =x)=1°x0.1+2*x0.3+3°x0.3+4°x0.3+5°x0.1=10.4
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Var(X) =10.4-(3)*= 1.4

Example 16
The discrete random variable Y has a probability distribution is given by P(Y =y), y=-3,-2,-1,0, 1, 2,3

Find: (i) value of ¢ (ii) mean (iii) standard deviation

Solution
y -3 -2 -1 0 1 2 3
P(Y=Yy) 3c 2c C 0 C 2c 3c

(i) YPX=x)=1
3c+2c+c+c+2c+3c=1;c=%

(i) Mean =Y Px(X =x)=-3x3c+-2x2c+-1xc+0x0+1xc+2x2c+3x3c=0

(iii) E(X) = (-3)°x 3c+ (-2)>x 2c + (-1)* x c + (0)*x 0 + (1) x c + (2)* x 2¢ +(3)2x3c:72x%:6
Var (x) = E(X°) - (E(x))*=6—(0)°* =6
s.0=./Var (X) =V6=2.45

Example 17

Two marbles are drawn without replacement from a box containing 3 red marbles and 4 white marbles.
The marbles are randomly drawn. If X is the random variable for the number of red marble drawn find

(i) Expected number of red marbles
P(X=0) = P(WNW) == x 3= 2
776 7
4 3 3 4 4
P(X=1) = P(WNR) + P(RNW) =~ x =+~ x ==~
3 2 1
P(X— 2) = P(RnR) =7 X 5= 7
The probability distribution table
X 0 1 2
P(X=x) 2 4 1
7 7 7

E(X)=ZPx(X=x)=§xO+§x1+%x2=g

(ii) Standard deviation of X
E(X2)= ZPXZ(XZ_X) ::§x0+ %xlz_{_ %x22=§

6

Var (x) = E(x) - (E(X))* =2 = (£)

s.0=./Var (X) = \/i:g =0.6389

Example 18

2 20
49
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A vendor stocks 12 copies of a magazine each week and the probability for each possible total number

of copies sold is shown below

Number of copies 9 10 11

12

probability 0.2 0.35 0.30

0.15

(a) Estimate the mean and variance of the number of copies

Mean=Y, Px(X =x)=9x0.2+10x0.35+11x0.3+12x0.15=10.4

E(X*) = 9°x0.2+10°x 0.35+11%x 0.3 +12°x 0.15 =109.1
Var(x) =109.1—(10.4)* = 0.94

(b) The vendor buys the magazine at 8,500/= and sells at 14,500/=. Any copies not sold are
destroyed. Construct a probability distribution table for vendor’s weekly profit and hence find

the expected weekly profit

Profit=S.P—-C.P

Profit for 9 copies =9 x 14,500 — 12 x 8500 = 28500
Profit for 10 copies= 10 x 14,500 — 12 x 8500 =43000
Profit for 11 copies= 11 x 14,500 — 12 x 8500 = 57500
Profit for 12 copies= 12 x 14,500 — 12 x 8500 = 72000

y 28500 43000 57500

72000

P(Y=y) 0.2 0.35 0.30

0.15

E(Y) = 0.2 x 28500 + 0.35 x 43000 + 0.30 x 57500 + 0.15 x 72000 = 48000/=

Example 19

The table below shows the number of red and green balls put in three identical boxes A, B and C.

Boxes A B C
Red balls 4 6 3
Green balls 2 7 5

A box is chosen at random and two balls are then drawn from it successively without

replacement. If the random variable X is “the number of green balls drawn”.

(a) Draw a probability distribution table for X (06marks)
Using combination

[ 4 6 3
1 CZ CZ CZ
PX=0)==|s2+ =+ 52
(X=0)=3 |+ e+
12 . 5 21 1273
==|- -|- —_ _] ="
3ls ' 26 ' 28] 5460
P(X=1) = 1[%¢c, x *cy 7cyx 8¢y + 3¢, x 3¢y
Y N 3¢, 8¢,
_1[8 7 | 15] _ 8777
“3lis " 13 " 28] 7 16380
1[ 2%c, 7, 5¢,
PX=2)==|c2 + w2+ 5=
(X=2)=3 |+ me t
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(b)

1]1 7 5 946
Ly Ly 5]z
3115 26 14 4095
X 0 1 2
P(X :X) 1273 8777 946
5460 16380 4095

Calculate the mean and variance of X (06marks)

1 0 1 2
P(X =X) 1273 8777 946
5460 16380 4095
XP(X :X) 0 8777 1892
16380 4095
XZP(X =X) 0 8777 3784
16380 4095
E(X) = -2 4+ 1892 _ 5 9979
16380 4095
E(X?) = =222 4 378% _ 1 4599
16380 4095

Var(X) = 1.4599 — 0.9979

=0.4642

Properties of the variance for discrete random variable

(i)

(ii)
(iii)
(iv)

Example 20

Var(a)=0

Var(aX) = a*Var(X)
Var(aX + b) = a®Var(X)
Var(aX — b) = a’Var(X)

A discrete random variable X has a probability distribution

X 1 2 3 4 5
P(X =x) 0.2 0.25 0.4 0.1 0.05
Find

(i)
(ii)

(iii)

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:

Mean=) Px(X =x)=1x0.2+2x0.25+3x0.4+4x0.1+5x0.05=2.55
The variance
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Example 21

A random variable X of a discrete probability distribution given by

X 10 20 30
P(X =x) 0.2 0.3 0.5
Find

(i)
(ii)

(iii)

E(X)=10x0.2+20x0.3+30x0.5=22

Var (X) = E(X*) - (E(X))’

E(X*) =10°x 0.2 + 20> x 0.3 + 30° x 0.5 = 520
Var(x) =520 -22>=36

Var(4X + 3) = 4*Var(x) = 16 x 36 = 576

Revision exercise 3

1.

A random variable X of discrete probability distribution is given by

X 1 2 3

P(X = x) 0.2 0.3 0.5

Find (i) E(X) = 2.3 (i) E(X*) = 5.9  (iii) Var (X) = 0.61

A random variable X of discrete probability distribution is given by

X -1 0 1 2

P(X =x) 0.25 0.1 0.45 0.2

Find: (i) P(-1£ X< 2)=0.8 (i) E(X) = 0.6 (iii) E(2x+3)=4.2

A random variable X of a discrete probability distribution

P(X=0)=0.05P(X=1)=0.45 P(X=2)=0.5

Find: (i) E(X) = 1.45, (i) E(X?) = 2.45 (iii) Var (X) = 0.348

A random variable X of discrete probability distribution is given by P(X=1) 0.1, P(X=2)=0.2,
P(X=3)=0.3, P(X=4)=0.4

Find (i) E(X) = 3 (ii) Var (X) =1 (i) P(X = 2/X>2) =§

The discrete random variable Y has a probability distribution P(Y =y) =k =1, 2, 3,4, 5,6

Find (i) mean, u=3.5 (ii) E(3X +4) = 15% (iii) E(X?)=14.5 (iv) standard deviation = 1.708

The discrete random variable R has a probability distribution is given by
3r+1

P(R=r)= > ;r=0,1,2,3

Find (i) mean, p= i—: E(R2) = % (iii) E(3R-2) = %

The discrete random variable R has a probability distribution given by

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
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8.

9.

10.

11.

2r+1

o ;r=20,1,2,3
P(R=r)= _

11 r, r=45

20

Find (i) E(R) = 2.55, (ii) Var(R) = 1.45

The discrete random variable X has a probability distribution given by
kx, x=1,27345

P(X =x) = {k(lO —x), x=6,7,89

Find (i) constant, k =0.04, (i) E(X) =5 (iii) Var(X) =4

The discrete random variable X has a probability distribution is given by

P(X =x) = kx, x=1,2,3,....n; where k is a constant
Show that k = ﬁ,
A random variable X of a discrete probability distribution given by
P(X=0)=P(X=1)=0.1, P(X=2) =0.2, P(X=3) =P(X =4) = 0.3. Find Var (X) = 1.64
A random variable X of a discrete probability distribution given by

P(X=2)=0.1; P(X=4) = 0.3; P(X = 6) = 0.5; P(X = 8) = 0.1. Find Var (X) 2.56

hence find in terms of n the mean X = é(Zn +1)

Cumulative distribution function F(X) for discrete random variables
F(X) is given by FX =Y P(X = x)

Note F(+) = 1 where +ow0 is the upper limit.

Example22

A discrete random variable has a probability distribution

X 1 2 3 4 5
P(X=x) 0.2 0.25 0.4 0.1 0.05
Find the cumulative distribution function

Solution

X 1 2 3 4 5
F(X)) 0.2 0.45 0.85 0.95 1
Example 23

The random variable X has a cumulative function below

X

-1 0 1 2

F(X)

0.25 0.35 0.80 1

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:

digitalte

achers.co.ug

Page | 18



Find the probability distribution function

X -1 0 1 2
F(X) 0.25 0.1 0.45 0.2
Example 24

A discrete random variable has a cumulative distribution

X 1 2 3 4 5
F(X) 0.2 0.32 0.67 0.91 1
Find (i) probability distribution function

X 1 2 3 4 5
F(X) 0.2 0.12 0.35 0.24 0.09
(i) P(X =3) =0.35

(iii) P(X>2) = P(X=3) + P(X =4) + P(X=5) = 1- 0.12 = 0.68

Example 25

The random variable X has a cumulative function

X 1 2 3 4
F(X) 0.1 0.5 0.8 1
Find (i) mean (ii) Var(X) (iii) mode

Solution

X 1 2 3 4
P(X = x) 0.1 0.4 0.3 0.2

(i)
(ii)

(iii)

Mean=YxP(X =x)=1x0.1+2x04+3x03+4x0.2=2.6
Var(X)

E(X)=1*x0.1+2°x0.4+3*x0.3+4*x0.2=5.92

Var (X) = E(X*) - (E(X))* =5.92 - (2.6)*=0.84

Mode 2
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Revision Exercise 4

1.

A discrete random variable has a cumulative distribution

X 0 1 2

F(X) 01 0.3 0.6

0.8

Find (i) E(X) = 15.2
The random variable X has a cumulative function below

(ii) Var(X)=1.56 (iii) Var(6X + 2) = 56.16

X 1 2

3

4

F(X) 0.13 0.54

0.75

1

Find (i) P(X=2) = 0.41
A discrete random variable X has a cumulative distribution

(i) P(X>1) = 0.87 (iii) P(X>3) =0.46 (iv) P(X<2) =0.13 (V)E(X) = 2.58

X 3 4 5

F(X) 0.01 0.23 0.64

0.85

Find (i) probability distribution function (ii) Var (X) = 0.9724)

A discrete random variable has a cumulative probability function F(X) =

Find (1) F(2) =5 (i) PX=2)=3 (iii) E(2X-3) =

A discrete random variable has a cumulative probability function. F(X) =k, x=1, 2,3

Find the

(i) constant k = §

(i) P(X<3) =§

(iii) Standard deviation, 0 = 0.816

A discrete random variable has a cumulative probability function

F(X) = 1—(1—§)xx=1,2,3,4

Find the
i FE)=2
(i) F2)=

(iii) Var (X) = 0.547

x2

9

,x=1,2,3.
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Continuous probability distribution
A probability density function (p.d.f) is continuous if it takes on values between an interval.

Properties of a continuous probability density functions

(i) [f)dx =1
(ii) f(x)=0

Example 26

kx 0<x<5

A random variable X of continuous p.d.f is given by f(x) = {0 elsewhere

Find the value of k

Solution
5 52 0%\ _ 2
Jo kxdx =1 k(z 2)—1 k:g
215 25 _
k [x—] =1 kz =1
21g
Example 27
kx 0<x<2
A random variable X of a continuous p.d.f is given byf (x) ={ 2k(x — 1), 2<x<4
0, elsewhere
Solution
2 4 22 0% 42 22 _
Predx+ [fok-nax=1 | (5-%)+2k{(5-4)- (5-2)}-1
x2)? A 2k + 8k = 1; k= —
k[7]0+2k[7—x]2—1 10

Sketching f(x)

- find the initial and final points of f(x)
- join the initial and final points of f(x) using a line or curve.

- Alineisinthe formofy=mx+c

- Acurve has a power of x being 2 and above or fractional power e.g. y = x.

- Acurve has a positive coefficient of x> has a minimum turning point while a curve with a
negative coefficient has a maximum turning point

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
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Example 28

A random variable x of a continuous p.d.f is given by f(x) = {

Find the value of the constant k and sketch f(x)

Solution fx)
A
f03 kxdx = 1 k=2 2
9 — -+
xz 3 2 3 /(L/o:f“ i
k[7]0:1 When x =0, f(x)=> x 0 = 0 o i
2 |
k(ﬁ_f)zl Whenx=3,f(x)=> x3 == ! >
2 2 0 3 x
Example 29
kx, 0<x<3
A random variable X of continuous p.d.f is given by f(x) =1{ k(6 — x), 3<x<6
0, elsewhere
Find the value of the constant k and sketch x
Solution
f
f03 kxdx + f; k(6 —x)dx =1 | Whenx=0, f(x) =k(0)=0 N
3k
213 216 Wh =3, f(x) = k(3) = 3k %
[l oo o | ez N\,
0 3
When x = 6, f(x) = k(6-6) = 0 A\ %
k=2 ¥
) ; —>
0 3 6 x
Example 30
k(x+2), -2<x<0
A random variable x of a continuous p.d.fis given by f(x) =1 k(2 — x), 0<x<2
0, elsewhere
Find the value of k and sketch f(x) f(x)
A
When x = -2, f(x) =k(-2+2) =0 1
f_OZ k(x + 2)dx + foz k(2=-x)dx =1 2k +,<’L\ %
. , When x =0, f(x) = k(0 +2) = 2k ,/\b\ /\\'f
x? x21° \ﬂ) (3\
k[7+2x]_2 +k[2x—7]0 =1 When x = 2, f(x) =k(2-2) =0 B VZ
f —>
k=1 -2 0 2 x
4
Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
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Finding Probabilities of continuous random variable
Example 31

kx 0<x<6

A random variable X of a continuous p.d.f is given by f(x) = { 0. elsewhere

Find
() thevalueof k (i) P(X>4) (iii) P(X<3) (i) P(1<x<3) ()P(X>2/y < 4)

Solution

6
i kxdx =1
(i) f xax (iii)1<x<3)=1—18f13xdx=1

[] ef5-51=1 :

(ii) F’(X>4) fxdx—l
1 [x21® 162 42 5
=1—8[—L‘18[—‘7]=5=0-5556
(i) P(X<3)= fxdx—l

] 18[——— =2=025

(i )p(X > 2/ ) P(X>2 N X<4 _ P(2<X<4) _ 1—18f24xdx=1 _ 3
N X=4 P(X=4) P(Xs4) 1—18f04xdx=1 T4

Example 32

kx(6—x) 0<x<6

A random variable X of a continuous p.d.f is given by f(x) = { 0. elsewhere

Find the (i) value of k and sketch f(x) (ii) P(X = 5)

(i) Jf7kx(6— x)dx =1 Sketch
[x 2] = k[(3xe - D) - (3x0r - D) | =1] g 1
k= f(x) = 3—6x(6 —X)
36

When x =0, f(x) = —(O)(6 0)=0

When x = 6, f(x) -—(6)(6 6)=0
(i) P(X25)=o f6x(6 — x)dx

== [3x 2——] ~|(3x 62—;)—(3x52—53—3)]:0.074
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Example 33

kx? 0<x<4
0, elsewhere

A random variable of continuous p.d.f is given by f(x) = {

Find (i) value of k and sketch f(x) (i) P(1£x<3)
Solution
() [ kxdx =1 Sketch
4 f(x
fE] = k[E-2] =1 b,
31p 3 3
3 3/
k=—

64

Whenx=0,f(x)=%02 -0

Whenx=4,f(x)=63—442=% 0 4 x

(i) P(sx<3)==[hxldx=1

Example 34

k(x?+1) 0<x<3
0, elsewhere

A random variable X of a continuous p.d.f is given by f(x) = {

Find (i) value of k and sketch f(x) (i) P(1£x<3)

(i) k@®+1)dx =1

[+ = 1]+ 9)- @+ -

1
k=%
When x =0, f(x) = — (02 + 1) = —
oY 12 T 12
When x =3, f(x) = = [32 + 1] = 0 3 X
12 12
(i) P(1<x<3)
L (32 A e A3 o (E -
LI+ Dax == [X +x]1 = 2[(E+3)-(3+1)]=08889
Example 35
k, 0<x<2
A random variable X of continuous p.d.f is given by f(x) =1{ k(2x — 3), 2<x<3
0, elsewhere
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Find (i) value of k and sketch f(x) (ii) P(x<1) (i) P(X>2.5) (iv) (O =X =2/, - )

Solution
2 3 f(x)a
fo kdx + fz k(2x —3)dx =1 When x =0, f(x)=k=i 3 $?>\
— T &Q 1
2 2 _ 3 _ 27 |
klx]§ + k[x* = 3x]3 = 1 Whenx=2, 00 = k = 4 ol 5
-1 1/ 4 4 |
k= Z 1 /4 1 |
When x = 3, f(x):z(2x3—3) : i
_3 0 2 3 x
.. _l 1 _l 1 _ l
(ii) P(X<1) = [y dx =5 [x]5 =+
(i) P(X > 2.5) = §f23_5(2x — 3)dx =7 [x? - 3x]35 = 0.3125
1.2 1
(iv) P (0 <XxX< 2/ ) _ Posx<2) _ P((0<X<2)n(X=1)) _ 27 dx _ .1 _1
X=1 P(x21) P(x=1) Pactiff@x-3)dx 145 3
Example 36
k(x+2)?, —-2<x<0
A random variable X of continuous p.d.fis given by f(x) =< 4k, 0<x< g
0, elsewhere
Find
(i) the value of the constant k and sketch f(x)
(ii) P(-1 < x< 1) (iii) P(X > 1)
Solution Sketch f(x) ,
SO k(e +2)2%dx + [ 4kdx =1 "2
(x+2)°]° |
k [’“T]_Z +4k[x)2 = 1 :
1 |
k=3 >
1 4
Whenx=-2,f(x) == (-2+2)* =0 3 X

T8
1 2 1
When x =0, f(x) = 3 (0+2)° = >

When x =

W |

1 1
,f(X)—4X§ _E

(i) P(-1 < x< 1) =[° k(x + 2)2dx + [, 4kdx

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
digitalteachers.co.ug Page |25



7
24

19

_1 [(x+2)3
B 24

0
Tt = 1_
o ]_12+4x8[x]0— + 5=

| =

2 1 4/se,
(iii) P(X > 1) =3 4kdx =4x§[x]1 ==

Finding the constant k from a sketch graph
Example 37

kx 0<x<4

A random variable X of continuous p.d.f is given by f(x) = {O elsewhere

(a) Sketch and find the value of constant k

(b) Find (i) P(X < 1) (i) P(1<x<2)
Solution
(a) Whenx=0,f(x)=kx0=0 ‘ 11 1121t
(hen =4, 1) = kx4 = dk (b)) POx < 1) = 3 [ xdxe =5[]
* 1/1? 0?2 1
Ak "8 (7 B 7) "6

212
(i) P(1 < x < 2) =%f12 xdx =§ [%]1

Area under the curve =% x4x4k =1

k==
8

Example 38

kx, 0<x<2
A random variable X of a continuous p.d.fis givenby f(x) ={k(4—x), 2<x<4

0, elsewhere
(a) Sketch f(x) and find the value of k

(b) Find (i) P(X<1) (ii) P(X>3) (i) P(1<x<3) (iv) P (X =1/ _ 3)
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Solution

- - - 271
Whenx =0, f(x) =k(0) =0 (b)(i) P(X< 1) = ifol dx % [%]0
Whenx=2,f(x)=kx 2 =2k

L (1_2 _ ﬁ) _1
When x =4, f(x) =k (4-4)=0 4\2 2/ 8
N 14
(x) 4 (ii) P(X >3) = ng (4 — x)dx
2T 2 =2[4 —-fq4-—0125
//\C’\ E 4\§ _4 x 213 e
T % e i
! S (iii) P(1 < x< 3):Zf1 xdx+zf2 4 — xkdx
0 2 4 x

1[x2]2 1[ x2]3 3

=== +=]4x — =] ==

412 1 4 2 2 4
1

Area under the curve =2 X 4x2k=1

k==
4
3
. X>1 _X=21nX<3 _ P(lsx<3 _ 3/4 3 s
(iv) P( /X < 3) T x<3  x=<3 %IOZXdX+%f234—xkdx_ 7=
8
Example 39
k, 2<x<3
A random variable X of a continuous p.d.f is given by f(x) = {k(x -2), 3<x<4
0, elsewhere

Find (i) the value of k and sketch the graph (ii) P(|X — 2.5] > 0.5) {(iii) P(|X — 2.5] < 0.5)

Solution
(i) When x =2, f(x) = k Area under the curve =1 x k + % (k+2k)x1=1

When x = 3, f(x) = k 5

k =
When x = 4, f(x) =k (4 - 2) = 2k >
oot (ii) P(|X — 2.5| > 0.5) = P(-0.5 < X-2.5<0.5)
X
=P(2<X<3)

2k—- 4\(\\*,1\
o | f) =k

23, _ 3
_Efz dx = [x]Z

2
5

v

N
w
N R
x
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Finding p.d.f from a sketch graph of a continuous random variable

Example 40

A random variable X of a continuous p.d.f is given by

#x) A
k__ 1
"| i | >
0 1 2 3
(a) Area=1=%x3xk
K=2
3
(b) Find f(x)
Let f(x) =y

Forinterval: 0 < x < 1 coordinates are
(0, 0) and (1, k)

|w

-0
grad=2—=
x=0  1-0

_Zx
V=3
For interval 1< x<3

Coordinates are (3,0) and (1, k)

y=0_ 370
-2 - _ 3
grad—x_ =15
y=—3(x=3)
(2
3% 0<x<1
x)=+1
kO, elsewhere

A continuous random variable X has a probability density function (p.d.f) f(x) as shown in the graph

Example 41
below
f(X) A
kI
I‘ »
| T -
0 1 2 X
(a) Findthe
(i) value of k
(i) expression for the probability density
function
(b) Calculate the
(i) The mean
(ii) P(X<1.5/X>0.5)
Solution

(i) Area under the graph =1
% x2xk=1; k=1

Please find free notes, tests and marking guides of physic
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Forinterval: 1 < x < 2 coordinates
are
(1, k) and (2, 0)

_y-1_0-1
grad Tx-1 2-1
y=2-—x
X, 0<x<1
fx)=4 2-x), 1<x<2
0, elsewhere

(b)(i) E(X) =X xf (x)

1 2
= J, x.xdx + [ x(2 — x)dx



(ii) Let f(x) =y
For interval: 0 < x < 1 coordinates are
(0, 0)and (1, k)

[uy

(=}

y—0
rad=——=
& x—0 1-

o

y=x

1 d 1.5 2-x)d
(b)(ii) P(X<1.5/X> 0.5) = P(x<15Nx>05) _ P(0.5<x15) _ Jos¥dx+] ~(2-x)dx

P(X>05)  P(X>0.5) 1_fo°-5xdx
211 2715
[7]0;[2"‘7 )
o= 0.8751
_[7 )

Example 42

The departure time T of pupils from a certain day primary school can be modelled as in the diagram
below, where t is the time in minutes after the final bell at 5.00pm

f(t) 4
k-l __
0 5 10 t
Determine the
(i) value of k

Area under the curve =1
% x10x k =1

k=2

5
(ii) equation of the p.d.f

(5:3)

-

R(t f(t)) S(t f(t))

a

A(0, 0) B(0, 10)

Gradient of AC = Gradient of AR

570 _ f0-0

5-0 t =0
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1 _fx
25 ¢t
1
f(x) _Et o B
Gradient of BC = Gradient of BS

1

30 f-0

5-10  t=10

_1_f&®
25 t-10

o

Et' 0<x<5
Hence f(x) =41 (10-¢), 5<x<10
25

0, elsewhere

(iii) E(T): since the graph is symmetrical about t =5; Hence E(T) =5
(iv) Probability that a pupil leaves between 4 and 7 minutes after the bell

P(4<t<7)=o [ tdx +— [ (10 — t)kdx

L[2] + Z[10e-2] <05

Revision exercise 5

kx? 0<x<?2

1. Arandom variable X of a continuous p.d.f is given by f(x) = {O elsewhere

(a) Find the value of the constant k (:g ) and sketch f(x)

(b) Find (i) P(X=1) == (i) P(0.5<x<15)=—
—2<x<3

2. Arandom variable X of a continuous p.d.f is given by f(x) = {ko elsewhere

(i) Sketch f(x)
(ii) Find the value of the constant k = %

(iii) Find P(-1.6 £x<2.1)=0.74
k(4—x) 1<x<3

3. Arandom variable X of a continuous p.d.f is given by f(x) = {0 elsewhere

(i) Sketch f(x)
(ii) Find the value of the constant k = i.
(i)  Find P(1.2<x<2.4)=0.66

k(x+2)? 0<x<2

4. Arandom variable X of a continuous p.d.fis given by f(x) = {
0, elsewhere

(a) Sketch f(x)

(b) Find the value of the constant k = %.
g _19 . _37

(c) Find (i) P(0<sx<1) = > (i) P(X=1) =
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5. Arandom variable X of a continuous p.d.f is given by f(x) = {

Given that P(X < 0.5) = —

(i) Find the value of kand c (k=1 and k = 4)
(ii) Sketch f(x)

6. Arandom variable X of a continuous p.d.fis given by f(x) = {

(i) Sketch f(x)
(ii) Find the value of the constant k = %.
(iii) Find P(1 £x<2.5)=0.328

k(x)? 0<x<c
0, elsewhere

kx 0<x<4
0, elsewhere

k, 0<x<?2

7. Arandom variable X of a continuous p.d.fis given by f(x) = {k(Zx —-3), 2<x<3

(i) Sketch f(x)
(ii) Find the value of the constant k =

(i) Find (i) P(X >1) =i (i) P(X > 2.5) =

O »nik

8. Arandom variable X of a continuous p.d.f is given by f(x) =

Find (i) value of a= g (ii) P(X < 1.6) = 0.9744

Expectation or mean of X of continuous random variable
Example 43

2
A random variable X of a continuous p.d.f is given by f(x) = {I(;x
Find the

(i) value of the constant k and sketch f(x)

(ii) the mean, p

(iii) P(X <)

0, elsewhere

3125 (jii) P(1 £ x < 2.3) = 0.3475

a, 0<x<15
%(Z—x), 2<x<3

0, elsewhere

0<x<3
elsewhere
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Solution

) 3
) [Tkx’dx=1 (i) EX)= [ xx2dx
k[x_3]3=1 k== EN
31 ’ 91 = [T]O =2.25
When x = 0, f(x) =5 0%2=0 (iii) P(X < ) :% f02.25 x2dx
When x = 3, f(x) =2 (3)2 = 1 _o1xt??s
= 5[5,
f(X) A =0.42
1L
0 X

Example 44

kx3 0<x<?2

A random variable X of a continuous p.d.f is given by f(x) = {0 elsewhere

Find (i) the value of the constant k

f03 kx3dx =1
42
.
(ii) mean
E(X) = ifog x.x3dx = i [x?s]z =1.6
(i) P(Xs1)=tf) xPdx =§[xf]; = 0.0625
Example 45

k(4x —x?), 0<x<2

A random variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere

Find

(i) the value of constant k
2 k(4x — x¥)dx = 1

o=

(ii) E(X)
3 472
ifzx(4x—x2)dx =22 = 025
1670 16l 3 41y
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%311

3 1 3
(i) P(X<1) = [ (40 — xP)dx =2 [2x2 - ?]0 - 03125

Example 46
k
A random variable X of a continuous p.d.f is given by f(x) = {Sx ! e(;sfvffhirl
(i) Find the value of k (ii) Find the mean
1
3 xkdx=1 1
0 _rt 2 _2 X -
E(X) =f, x(3x2)dx =3 [7]0 =0.75
okl _q
3 [k+1]0 - (iii) Find the value of a such that P(X <a) =0.5
[lkﬂ — OkH] =1 P(X<a)=3 foa x?dx =0.5
k+1  k+1
374
3 _q =35 =a’-0'=05
k+1 310
k=2 =a’=0.5;a=0.794
Example 47
i, 0<x<2
A random variable X of a continuous p.d.f is given by f(x) = (1 _ lx) 2 < x <4
47)’ - =
0, elsewhere
(i) Sketch f(x)
A
) f(x)
Whenx=0,f(x)=z x(0)=0
2k T N
1 st 1 N
When x =2, f(x) =7 x (2) =0.25 N N
Y : 9,
E\ I S,
When x = 4, f(x) = 1—&(4)):0 : +
(i)~ Mean - \ ) (i) P(x>3) = [;' (1= 2x) dx
E(X) =7 Jy x.xdx + [, x (1 —Zx) dx
4
1 %312 x2  x3 4_ =x_x_2 =0.125
5+ 552 [-l,
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Example 48

k(x +2), —-1<x<0
A random variable X of a continuous p.d.f is given by f(x) = {Zk(l - X), 0<x<1
0, elsewhere
(i) Sketch f(x) Sketch f(x)
When x = -1, f(x) =k(-1+2) =k 2k
\«\*"7’ %
When x =0, f(x) = k(0 + 2) = 2k (A /s
k+ %
: .
When x = 1, f(x) =2k(1-1) =0 : +
1 0 1 x
(ii) value of k
Area under the graph =1
§x1(k+2k)+ §x1x2k= 1
k=2
5
405 xz 0.5
p (0 <x< 0.5/ ) _ P(0<x<05) _ sl (—x)dx ) [x—7]0 _ 3/s — 075
X>0 P(X>0) gfol(l—x)dx [x_ﬁ ! 1, '
2 1o

(iv) Mean
2 0 4 1
E(X) = Ef_lx(x + 2)dx + Efo x(1 —x)dx

_2[x3 2 0 ax? 23t 2
=[5+~ ]_1 +3l5- ?]O‘E
Properties of the mean of continuous random variables

(i) E(a)=a

(ii) E(ax) = a.E(x)

(iii) E(ax + b) =aE(x) + b

(iv) E(ax-b) =aE(x)—-b

Where a and b are constants

Example 49

1
— <x<
A random variable X of a continuous p.d.f is given by f(x) = {20 (x+3), O0sx=<4

, elsewhere
(i) Sketch f(x)

(ii) Find E(X)

(iii) Find E(2X + 5)
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Solution

i 1 3 .. _i 4
() When x = 0, f(x) = (0 + 3) = — (i1) E(X) =55 Jy x(x + 3)dx
4
When x = 4, f(x) = —(4+3)— I -
2013 2 1g
Sketch -2.266
flx) (iii) E(2X + 5) = 2 X 2.266 + 5 = 9.533
7
20 | 3 (x X3 !
TARED :
3 :
20 I
0 4 X
Example 50
— a2, 0<x<2
A random variable X of a continuous p.d.f is given by f(x) =<3 (6 —x) 2<x<6
32 ! - =
0, elsewhere

(i) Sketch f(x)
(ii) Find P(X< 4)
When x = 0, f(x ——(0)2—0 - -
P(x<4) = [ x?dx + > [, (6 — x)dx

When x = 2, f(x —(2)2 ot
_5[_]0 wlor %], =5

(i) find the mean

When x =6, f(x) :% (6—6)=0

f(x)
3 2 3 4
3| E(X) =3—2f0 x.x2dx + 3—2f2 x(6 — x)dx
8 ! 4, s
s 2R e
R | g2 (5\ 32141 2
2 ), | )
D : =2.875
: | »
1 | | e
0 2 4 6 X

(iv) Find E(100x -20)

E(100X -20) = 100 x 2.875 — 20 = 267.50
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Revision exercise 6

kx?, 0<x<4
0, elsewhere
(i) Sketch f(x) (ii) Find E(x) =3  (iii) find E(2X + 5) = 11
kx?(10—x), 0<x<4
0, elsewhere

(i) Find value of k = ﬁ (i) Find E(x) =6 (iii) find E(3X - 4) = 14

kx, 5<x<10
0, elsewhere
(i) Sketch f(x) (ii) Find value of k = 72—5 (iii) Find E(x) = 7970 (iii) find P(X >8) =0.48
k[1-(x—-2)?%], 1<x<3
0, elsewhere

1. Arandom variable X of a continuous p.d.f is given by f(x) =

2. Arandom variable X of a continuous p.d.f is given by f(x) =
3. Arandom variable X of a continuous p.d.fis given by f(x) =

4. Arandom variable X of a continuous p.d.fis given by f(x) =

(i) Find value of k = % (ii) sketch f(x)  (iii) find E(X) =2
kx(5—-x), 0<x<5
0, elsewhere

(i) Find value of k = . (ii) sketch f(x) (iii) find E(X) = 2.5

125
k(1—cosx), 0<x<m

5. Arandom variable X of a continuous p.d.fis given by f(x) =

6. Arandom variable X of a continuous p.d.fis given by f(x) =

0, elsewhere
(i) Find value of k = % (i) sketch f(x) (iii) find mean of x = 0.9342
Sx, 0<x<3
7. Arandom variable X of a continuous p.d.f is given by f(x) = k 3<x<4
0, elsewhere

(i) Sketch f(x) (ii) find k = % (iii) find E(X) = 2.6
(iv) find value of c such that P(X>c) =0.85;c=1.5

k(x—2), 1<x<3

8. Arandom variable X of a continuous p.d.f is given by f(x) = {
0, elsewhere

Given that P(X>1) =0.8,
Find (i) values of a and k (12—5, —1) (ii) probability between 0.5 and 2.5 = 0.6667 (iii) E(X) =1.8

(k(x +2) —-1<x<0
. _ . ! 2k, 0<x<1
9. Arandom variable X of a continuous p.d.f is given by f(x) = 2(5 —x) 1<x<3
0, elsewhere
(a) Sketch the function f(x)
(b) Find the value of k (:12—3) and the mean (= %)
2kx, 0<x<1
10. A random variable X of a continuous p.d.f is given by f(x) = {k(3 —x)1<x<2
0, elsewhere

(a) Sketch f(x)

(b) Find the value of k (:g) and the mean = %
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11. Arandom variable X of a continuous p.d.f is given by f(x) = { gsinx, Tex<t

0, elsewhere

. . 2 .. T, ... T 31
(i) Find value of a (= ;) (i) mean, p (=1 +Z) (iii) P (5 <x < T) =0.6982

kix, 1<x<3
12. A random variable X of a continuous p.d.fis given by f(x) ={k,(4 —x), 3 <x<4
0, elsewhere
(a) Show that k, = 3k,
(b) Find (i) values of ky and k, (ii) mean, p
A 1<y<k
13. Arandom variable X of a continuous p.d.f is given by f(x) =
0, elsewhere

Find

(i) Value of k =2
(i) Expectation Y = 1.6667
(iii) P(1<y<1.5)=0.2813

Solutions to revision exercise 6

1
—= <x<
8. Arandom variable X of a continuous p.d.f is given by f(x) = {k(x a)’ Isxs3
0, elsewhere
Given that P(X> 1) = 0.8,
Find
. 2
(i) values ofaand k (7, —1) (ii) probability between 0.5 and 2.5
2 (2.5
f03 k (x — %) dx =1 P(0.5<x<2.5) = [/ (x + 1)dx
2 _ N ] R
k- ;]0 —1 =22 a]o.s = 0.6667
9 3\ _ (iii) mean

k (2 a) -

2 3
(93-6)K = 28 oo (i) E(X) = 55 Jp x(x + Ddx
Given P(X>1) = 0.8 22 x_2]3 18

1513 21l 7

3 1
> [k(x—2)dx=08
x? «13
k-2l =os

K|G-2)-G-2)l=

(8a -4)k=1.6a ... (ii)
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. o _2
Egn.(i) and (ii),a=-1, k = =

{k(x+2) -1<x<0
_ _ o 2k, 0<x<1
9. Arandom variable X of a continuous p.d.f is given by f(x) = { 5(5 —x) l<x<3
k 0, elsewhere

(a) Sketch the function f(x)
For—1<x<0, f(x)=k(x+ 2)
When x = -1, f(x) =
When x =0, f(x) =2k

For0 <x <1,f(x)= o
b)(i) find val f k
When x =0, f(x) = (b)) find value o
When x = 1, f(x) =2k Area under the graph = 1
For 1< x < 3,f(x)=5(5—
ot X) ;G- “x 1 (k+2k) + 1x 2k +35x 2 (k + 2k)=1
When x =1, f(x) = > (5 —-1) =2k
2
Whenx=3,f(x)=§(5—3) =k k=73
Sketch or
fd 0 1 k (3
2k ke JZ, (e + 2)dx +2k [ dx +2 [7(5 —x)dx = 1
i x2 0 _
W k|5 +2x|_ +2klx]y + 5 [5x - ] =1
| : : )
; A 5 ¢ | L k=3
| | | b
-1 0 1 2 2

(b) (ii) Find the mean

E(X) =12—3 f_olx(x + 2)dx +1i3 f01 xdx +1—13f13 x(5 — x)dx

4 22} 1 [5x %313 12
13[+ ] T [2] +13[__?]1_1_3
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2kx, 0<x<1

10. A random variable X of a continuous p.d.fis given by f(x) ={k(3—x) 1<x <2
0, elsewhere

(@) Sketch f(x)
For0 < x < 1, f(x) = 2kx (b) Find value of k

When x =0, f(x) = 2k(0) =0

Area under the graph =1
When x = 1, f(x) = 2k(1) =2k

For1 < x <2, f(x) = k(3-x) §x1x2k+%x1(k+2k)=1
When x=1, f(x) = k(3 -1) = 2k

When x =3, f(x) = k(3 -2) =k k=2

Sketch 5

Alternatively

f
Z(E)—— , 2k fol xdx + k f12(3 —x)dx =1
' 1 2
| 2k [S] +k[3x-2] =1
Kkl : 2lo 2h
o 2
0 1 2 X

(b) Find the mean

E(X) =§f01x2dx + kflzx(B —x)dx =1

371 2 312
=i[x_] +f[3i_x_] — E=1_133
5L31g 51 2 31 15

a(l —cosx), 0 <x <
s

11. Arandom variable X of a continuous p.d.fis given by f(x) = { gsinx,

3 ~Id

X

IA
IA

2
0, elsewhere

(i) Find value of a

af2(1—cosx)dx +a fgﬂ sinxdx =1

alx — sinx]g + a[—cosx]7 =1
2

a=

NI

(i) mean, U
E(X) = %fgx(l — cosx)dx + %fzﬂ xsinxdx
2

s
= %fg(x — xcosx)dx + %fzﬂ: xsinxdx
2

s
2 |[x2]2 = 2 m
== [—] — [2xcosxdx |+ = [r xsinxdx
w(l2lg 0 Tey
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2 |[x2712

T 21p

T

) L
=2 [x— — (xsinx + cosx)]2 =142
L2 0 4

(iii) P(§< x < ‘%”)

3T

T T
=21|E* — [xsinx + cosx]2 | + 2 [—xcosx + sinx|7
0 T >
2

T 3
T 3\ — 2 (21 — 2 (g -
P(3<x< 4)_ﬂf§(1 cosx)dx+nf§ sinxdx =1

T

alx — sinx]g + a[—cosx]
3

=0.6982

vIRS)g

12. A random variable X of a continuous p.d.f is given by f(x) = {k,(4 — x),

(a) Show that k, = 3k,
Forl < x < 3, f(x) = ky(x)
f(3) = 3K e, (i)
For3 < x < 4, f(x) =k, (4 — x)
f(3) =k,
Egn. (i) and eqn. (ii)
ko= 3k;
(b) Find (i) values of k; and k;

kq f13 xdx + 3k, f34(4 —x)dx =1

4

ta [2]) + 3k [ax -2 =1

(c) mean, u

E(X) =% ff x?dx + %f:x(é} —x)dx

= ";]: + 3k, |20 — %3]: = 2.485

13. Arandom variable X of a continuous p.d.f is given by f(x) =

Find
(a) The value of k (0O6marks)

k(y+1) , _ 1[y? ko
fy Py =[5+ =1

0 4

(5 +6)-0] -

kqx,

0,

y+1

0,

1<x<3
3<x<4
elsewhere

elsewhere
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k*+2k—-8=0
(k+4)(k-2)=0
Either
k+4=0;k=-4
Or
k-2=0; k=2
~ k = 2 (since k is greater than zero)
(b) The expectation of Y (03marks)
2
E(Y) = [, ydy
2 [y+1
_fo y [T] dy
_(2(¥ity
_fo ( 4 )dy
il
T4 [ 3 2 ]0
1[(8 4 7
=1G-3)-0=F=1166
(c) P(1<Y < 1.5)(03marks)

PU<Y <15) = [ 2] ay
Al

<[5 +15) - G+1)]
=§ (2.625 — 1.5)
=0.28125

Variance of X of continuous random variables
For a continuous random variable with p.d.f, f(x)

Var(X) = EX*> = [E(X)]* or Var(X) = E(X?) - u*
Where E(X?) = [ x?(x)dx and p = mean
Properties of variance

(i) Var(a)=0

(ii) Var(ax) = a’Var(x)

(i) Var(ax + b) = a’Var(x)
(iv) Var(ax — b) = a’Var(X)

Where a and b are constants
Example 52

k(1-x?), 0<x<1

A random variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere

Find
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(i) the value of k

ity Var(X
21 E(X2) = 1.5 [) x%(1 — x?) dx
k[x—?]():l »3 1 1
=15[=-=] ==
k=1.5 [ 3 51p 5
(i) E(X) Var(X) = EX* - [E(X)]*
1 (3\?_ 19
E(X) =15 [ x(1 — x?) dx 202
x2 x4 1 3
=1.5 [? — T:IO = g
Example 53

1
= <x<
A random variable x of a continuous p.d.f is given by f(x) = { g% O=sx=<4

0, elsewhere

Find

(i) E(X)

Lo " (iii) Standard deviation
EX) =2 fy x.xdx =3 |5 =2.667
0 s.d=4/Var(X)
(i) Var(X)
=v0.887 =0.942
1 (4 1 [x*
E(X*) =5y x%.xdx =7 [x;]; 8 (iv) Var(3x + 2) = 0.887 x 3 = 7.983
Var(X) = EX* — [E(X)]?
=8-(2.667)° = 0.887

Example 54
4
— (5 — <x<

A random variable x of a continuous p.d.f is given by f(x) = {25 G-2x), 0sx=<25
0, elsewhere

Find

(i) Mean
4 (2.5 4 [s5x2  2x31%°
EX) =2 3" (5 — 2x) dx = o |- - - _ =0833

(ii) Standard deviation
2 4 (25 205 _ N St
E0C) == [ 22(5 2x)dx-25[ -5, =rom

Var(X) = EX* — [E(X)]* = 1.041 - (0.5625)% = 0.347
s.d =/Var(X)=v0.347 = 0.59
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Example 55

2(1+x?), 0<x<1

A random variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere

Find

(i) Mean
2t ST ] SO
EX) =3 Jy x(1+ x?)dx = |5+ 7] =0.5625

(i) Standard deviation
1
E() = [ x2(1+ x2) dx=2[5 + "—55]0: 0.4
Var(X) =0.4 — (0.525)2 = 0.835
s.d =v0.0835 =0.289
(i) P(X — ul <o)
P(|1X — u| < g)=P(|X —0.5625 |< x < 0.289)
=P(0.2735<x < 0.8515

0.8515
3 (0.8515 2 _ g[ ﬁ] _
2 Jo2735 1+ x*)dx = 21Xt 02735 0.583

Revision exercise 7

kx?, 0<x<4

1. Arandom variable x of a continuous p.d.f is given by f(x) = {O elsewhere

(a) Sketch f(x)

(b) Find (i) value of k (=63—4) (ii) E(X) = 3 and var (X) = 0.6 (iii) P(1<X<2) = 6—74
kx, 0<x<1
2. Arandom variable x of a continuous p.d.f is given by f(x) = {k(Z —-x) 0<x<1
0, elsewhere
Find (i) constant k=1 (i) E(X)=1 (iii) var(X) :% (iv)P(0.75 < X < 1.5) = g (v) mode =1
—x%  0<x<3
3. Arandom variable x of a continuous p.d.fis given by f(x) =< 1 3<x<5
3 <x<
0, elsewhere
(a) Sketch f(x)
(b) Find (i) E(X) = 3417 (ii) standard deviation = 1.008
. . L L, 1<x<3
4. Arandom variable x of a continuous p.d.fis given by f(x) = {x(4-x)
0, elsewhere

(i) Show that k = —

Inx
(i) Find(DEX)=2 (i) Var(x) = 4-—
k(ax —x?), 0<x<2

5. Arandom variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere
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()  Showthatk=——
6a—8
(ii) Given that E(X) = 1, find the values of a (=2) and k(=0.75)
(iii) For the above values of a and k, find Var(X) = 0.2
2 _ .3
6. Arandom variable x of a continuous p.d.f is given by f(x) = {12(x x°), O0sx=1
0, elsewhere

Find the (i) mean = 0.6 (ii) standard deviation = 0.2

k
-, 0<x<
7. Arandom variable x of a continuous p.d.f is given by f(x) = {ﬁ x<p
0, elsewhere
o e B .. B
Find (i) value of k (=1) (ii) mean = 5 (iii) standard deviation = PV

S(x+1), 2<x<4

8. Arandom variable x of a continuous p.d.f is given by f(x) = {
0, elsewhere
47

(iii)) P(2.5 < x< 3) = 0.234
144

Find (i) mean = % (ii) var(X) =

—x)2 <x<
9. Arandom variable x of a continuous p.d.f is given by f(x) = { k(1-2)7 2sxs<4

0, elsewhere
Find (i) constant k = % (i) mean =i (iii) standard deviation = 0.94
kx, 0<x<2
10. A random variable x of a continuous p.d.f is given by f(x) = {k(4 —x) 2<x<4
0, elsewhere

Find (i) value ofk=§ (i) E(X) = 2 (iii)Var(X)=§ (iv) P(X< 1)=§ (iv) P(X<X<3) =§

Mode of continuous random variables

This is the value of f(x) is maximum in the given range of x.

(i) The mode is obtained from % (fx)=0

. . . o d? .
The maximum value is confirmed |fd—x2 (fx) = negative

(ii) When a sketch of f(x) is drawn, the value of x for which f(x) is maximum gives the mode.
Note: for any line the mode can be determined from a sketch of f(x)

Example 56

k2+x)(4—x), 0<x<4

A random variable x of a continuous p.d.f is given by f(x) = { 0 elsewhere

Find
(i) Value of k
kfj2+0)@—x)dx =1
kf:(8+2x—x2)dx =1

|8x +x - %3]:=1; k=—
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(ii) Mode

d

%UX)_O

a3 a2y —
dx80(8+2x x4)=0
3
8—0(2—2x)—0,X—1
~mode =1

Example 57

A random variable x of a continuous p.d.f is given by f(x) =

Find
(i) Mean
E(X) = :Tigxz(6 — x)?%dx

-1 2 _ 3 4

=5 Jy (36x% —12x3 + x*)dx
56

= [122% - 3x* + | =24

108 51

(ii) Standard deviation

6 1
E(X?) = fo Ex3(6 — x)%dx
N 3 _ 4 5
= Jo —(36x® — 12x* + x°)dx
5 616
=1 [gyt — 1222 4 x—] =7.2
108 5 610

sd=472-(24)?=1.2

Example 58

A random variable x of a continuous p.d.f is given by f(x) =

Find

(i) value k
foﬂ ksinx dx =1
k[—cosx]§ =1
k[-cosm- -cos0) = 1

1
~2

(i)  P(X2 g)

(i) P(23) =3 i sinx dx =k[~cosx]f =

(iv)  Mean

E(x) = %f: xsinx dx

{ix(6 -x)?, 0<x<6
108

0, elsewhere

(iii) mode

d
—(fx)=0
d 1

a1 N2
dx108x(6 x)*=0

a1 1942 3y
> Tos (36x — 12x% + x°)=0

(36 — 24x + 3x2) =0
108

6—-x)2-x)=0
Xx=6orx=2
~mode=2o0r6

ksinx, O0<x<m
0, elsewhere

Sign derivative integral sign
+ X sinx

- 1 \ -COSX

+ 0 \ -sinx

= E(x)= %fon xsinx dx

N |-

[—xcosx + sinx]j

NI
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(v) Var (X)

E(X?) :%f:xzsinx dx

Sign Derivative Integral sign
+ X sinx
- 2x -COSX
+ 2 -sinx
- 0 COSX
1w 5 . 1 2 . x _ mi-4
= E(X%) = Efo x“sinx dx = [—x?cosx + 2xsinx + 2cosx]|f =
2_
~Var(X) =7TT4
(vi) Mode
a (1 .
= (E smx) =0
2cosx =0
2
x = 90°
~mode ==
2
Example 59

<x<
A random variable x of a continuous p.d.f is given by f(x) = {0 fex, OegexW;eie

(a) Sketch f(x) (b) value of k
When x= 0, f(x) = k(0) =0 Area under the graph =1
When x= 6, f(x) = k(6) = 6k 1
3 X kx6x6=1
f(x) 1
6k + 18
': (c) mode =6
: >
0 é X
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Median of continuous random variables

This is the value of f(x) for which f;n f(x) = 0.5; where m is the median, and a is the lower limit.
Example 60

1
= <x<
A random variable x of a continuous p.d.f is given by f(x) = { g% O=x<4

0, elsewhere

Find the median

m1
Jo gxdx =105
[ixz]m =0.5
16 0

mZ

— =05 m=+v8= +2.828

16

Median = 2.828 (since it falls in the range)

Example 61
%(x+2), ~1<x<0
A random variable x of a continuous p.d.f is given by f(x) = { 4 (1-x) 0<x<10
s <x<
0, elsewhere

Find the median
Solution

We need to first integrate the first interval to check if it is = 0.5. if not the median lies in the second
interval

02 2 [x2 0
L2+ 2)dx = 2 [7 + 2x]_1 = 0.6

It shows that the median lies in the first interval
m2 2 [x? m

Then f_1§(x + 2)dx = E[7+ ZX]_1 =0.5

m=-0.129 or m =-3.871

the median =-0.129 since it lies in the range

Example 62
%(x+1), —1<x<0
A random variable x of a continuous p.d.f is given by f(x) = 1(2 —x) 0<x<?2
3 <x<
0, elsewhere

Find the median
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We need to first integrate the first interval to check if it is = 0.5. if not the median lies in the second

interval

02 2 [x? 0 1
f_lg(x+1)dx— E[7+X]_1—§
It shows that the median lies in the second interval

11 1
Then S + gfgn(z—x)dx=5

%Px_gﬂlgm=ams

Revision exercise 8

1. Arandom variable x of a continuous p.d.f is given by f(x) = {

kx(4—x%), 0<x<2

0, elsewhere
Find
(i) value of the constant =0.25 (iii) mean = 1.067
(ii) median x =2.613 (iv) standard deviation = 0.442
kx, 0<x<1
2. Arandom variable x of a continuous p.d.fis given by f(x) = {k(Z —Xx) 1<x<?2
0, elsewhere
Find
(i) constantk=1 (ii) median =1 (iii) mode =1
3. Arandom variable x of a continuous p.d.f is given by f(x) = {kx(4 —x%), 0<x<2
0, elsewhere
Find
(i) value of the constant =% (iii) mean = 1.0667
(ii) median x =2.6131 (iv) standard deviation = 0.4422
a, 2<x<3
4. Arandom variable x of a continuous p.d.f is given by f(x) = {a(x —2) 3<x<4
0, elsewhere

(a) sketch f(x)
(b) find (i) constant a = 0.4 (ii) median, m = 3.225 (iii) P(2.5 < x < 3.5) =0.65

B, 0<x<?2
5. Arandom variable x of a continuous p.d.f is given by f(x) = {[)’(3 —x) 2<x<3
0, elsewhere
Find (i) value of B =0.4 (ii) mean = i—: (iii) standard deviation :Z (iv) P(X<p —0) =0.207
x2, 0<x<1
6. Arandom variable x of a continuous p.d.f is given by f(x) = % 1<x<k
0, elsewhere
(i) Sketch f(x)
.. N 7. 49 .. . 4
(ii) Find (i) value of k = 3 (i) mean = o (iii) median = 3
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0<x<1

kx,
7. Arandom variable x of a continuous p.d.fis given by f(x) = {k 1<x<2
0, elsewhere
(i) Sketch f(x)
(ii) Find (i) value of k = % (i) mean = g (iii) median = 1.25 (iv) P(|X — m|>0.5) = g
2k(x + 1), -1<x<0
8. Arandom variable x of a continuous p.d.f is given by f(x) = {k(Z —Xx) 0<x<2
0, elsewhere
(i) Sketch f(x)
Find (i) value of k = % (ii) mean :é (iii) Var(X) = 15—8 (iv) mode =0

(ii)

Cumulative distribution function, F(x) of continuous random variables
The cumulative distribution function F(x) is defined by F(x) = f;c fx)dx

Steps in finding F(x)
For each interval, integrate its function from lower limit to x with respect to x.

Substitute the upper limit in the integral and carry it forward to the next interval
Continue the process until when the last upper limit has been substituted to get a 1.

Example 63
1
= <x<
A random variable x of a continuous p.d.f is given by f(x) = {6 c+1), 1=x=<3
, elsewhere
Find F(x)
Solution
1 ,x 1 [x2 X1 (/x? 12
F(X)=gf1 (x + 1)dx = g[7+X]1 = —{(?'i'X) - (?+ 1)}
1 (x? 3
=5 (5 +x-3)
132 3
3= (7 +3-3) =1
0 x<1
1 (x? 3
F(X)— 3(7 —E), <x<3
1, x=3
Example 64
S1-x)2, 2<x<4
A random variable x of a continuous p.d.f is given by f(x) = {26 ’ ==
0, elsewhere
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Find F(x)
X

3 3 3 3
F(x) :%fzx(l — x)%dx= %fzx(l —2x + x%)dx :%[x —x?+ %]2

e+ D) -2+ D) Al-r e T3

F(4)=(4 - 4% + g ~2)=1

0 x<2
DR =3 (2 X2
~ F(x) = 26(x x+3 3), 2<x<3
1, x =4
Example 65
x, 0<x<1
A random variable x of a continuous p.d.fis givenby f(x) ={(2—x), 1<x<2
0, elsewhere

Find F(x)

X xzx
For0 < x < 1,F(x) = [ xdx = [2| =
0

12 1
F(1)=7=E

Forl Sx < 2F(x) =2+ (2 —0)dx = 3+ [2x - ’;—2]1‘=§+{(zx— 2)-(2-2)}

(2x-2)-1

Fo) = (222 - 2) - 1=1

( "=
2
%, 0<x<1
F(x) = X2
(2x——)—1, 1<x<2
2
1, x=>2
Example 66

, 0<x<?2

A random variable x of a continuous p.d.f is given by f(x) =

NG N

B3-x), 2<x<3
0,

elsewhere
Find F(x)
2 (X gy — 2 =2 1= 2
ForOSxSZ,F(x)—Sf0 dx = 5[x]0 —5{x 0}—5x
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F(2) = §x2 = g

For2 <x <3, F(X):§+ %fox(3—x)dx=§+ E[Bx—x—z]::i+ %(3)6—’62—2)—(3)62—2)

0 3(ae-3) -

2 32 4
F3)==(3x3-2) —2=1
0 x<0
ng, 0<x<2
~F(x) = 2
| 2(3x-%)-%, 2s=x<3
kl, x =3

Finding the median, quartiles and probability from F(x)

- The median is the value of m for which F(m) = 0.5
- The lower quartile is the value q; for which F(q;) = 0.25
- The upper quartile is the value gz for which F(qgs) = 0.75

Example 67

The continuous random variable X has a cumulative distribution function given below

0 x<0
2
F(x) = % 0<x<4
1 x =4

Find
(i) P(0.3£X<1.8)
1.8%2 032
P(0.3s X<1.8)=F(1.8)—F(0.3) = o 16 - 0.197

(ii) Median, m
F(m)=0.5

2

T =0.5;m = 1+2.828

median = 2.828 (since it is within the range
(iii) Interquartile range

F(a:) =0.25

ai _ 0.25; g1 =2

16 o1

F(gs) = 0.75

@ _ 075 g, =

v 0.75; q3 = 3.464

Interquartile range = 3.464 — 2 = 1.464
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F(x)

Example 68
0 x<0
The continuous random variable X has a c.d.fgivenby F(x) ={2x —x? 0<x<1
1 x =4
Find
(i) F(X<0.5)

F(X<0.5) = F(0.5) — F(0) =(2(0.5) — (0.5)%) — (2(0) — (0)?)=0.75
(ii) Median, m
F(m)=0.5
(2(m) — (m)*) =05
m?—-2m+05=0
m=1.71orm=0.293
m = 0.293 (since it is in the range)
(iii) Interquartile range
F(q:) =0.25
2q; —q? = 0.25; q; = 0.134
F(qgs) = 0.75
2q; —q% = 0.75; g3 = 0.5
Interquartile range = 0.5 —-0.134 = 0.366

Example 69
( 0 x<0

The cumulative distribution function is given by F(x) = J

Find

(i) P(1<x<2.5)
P(1<x<2.5) =P(2.5) - P(1)

2 2
—%+2x 2.5—2—1; -0.75
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(ii) Median, m
P(0 < x <2)=F(2)-F(0)

220 2
"6 6 3
Since§ > 0.5 the median lies between 0 < x < 2
F(m) =0.5
2
% =05
6
m=+1.73
Median =1.73

Revision exercise 9

3.2
1. The random variable X has a probability density function f(x) ={ x Osx=<2

8
0 elsewhere
Find
(i) Sketch F(X)
0 x <2
(ii) Cumulative distribution function; F(x) = %x3 0<x<2
1

(iii) Median, m = 1.59

1
2. Therandom variable X has a probability density function f(x) ={Z (4-x) l=sx=3

0 elsewhere
Find
0 x<1
(i) cumulative mass function; F(x) = %(Sx -x2-7) 1<x<3
1 x =3

.. 9
(ii) P(1.5SXS2)—3—2

(iii) median, m = 1.764

(iv) sketch F(x)

k 1<x<6

3. The random variable X has a probability density function f(x) :{0 elsewhere

Find

(i) vmueofk=§

0 x<1
(ii) Cumulative function, F(x) = %(x -1 1<x<6
1 x=6
(iii) Interquartile range =2.5
: 0<x<2
4. The random variable X has probability density function f(x) = i(zx ~3) 2<x<3
0 elsewhere

Find
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(O x<1
X

= 0<x<2
(i) Cumulative function, F(x) = { 14
Z(x2—3x+4) 2<x<3
1 x =3
(ii) Median, m=2
(iii) Sketch F(x)
0 x<0
5. The random variable X has a cumulative distribution function, F(x) ={x4 1<x<1
1 x=>1
Find
(i) P(0.3<x<0.6)=0.1215
(ii) Median, m = 0.841
(iii) The value of a such that P(X>a) = 0.88
. . . . f 0<x<3
6. The random variable X has a probability density function f(x) =43
0 elsewhere

Find (i) E(x) = 1.5 (ii) Var (X) = 0.75 (iii) P(X> 1.8) =0.4 (iv) P(1.1 <x<1.7)=0.2

0 x<0
(v) cumulative distribution function, F(x) = %x 0<x<3
1 x =3
2
7. Therandom variable X has a probability density function f(x) ={kx lsx=2
0 elsewhere
Find
(i) Value of k =§ (ii) standard deviation = 0.272 (iii) median, m = 1.65
0 x<1
(ii) Cumulative mass function, F(x) = %(x 3-1) 1<x<2
1 x =2
a2
8. The continuous random variable X has a p.d.f given by f(x) ={k(4 x%) Osx=<2
0 elsewhere
Hnd(nconﬂantk(=f%)m)Eu)=% (m)VadX):%%Uv)medmn::0595
0 x<0
(v) cumulative distribution function, F(X) = %x - ix3 0<x<2
1 x =2
(vi) = P(0.69 £ x<0.7)=0.007
1tx 1<x<3
9. The continuous random variable X has a p.d.f given by f(x) :{ 6 SX=
0 elsewhere

(i) Sketch f(x)

(ii) Find the mean = %
(iii) Find m such that P(X<m) 0.5; m =2.16
(iv) Determine cumulative function, F(X) and sketch it
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0 x<0

FX)={sx+x2—=  1<x<3

1 x =3
10. A factory is supplied with flour at the beginning of each week. The weekly demand, X thousand
tones for flour from this factory is a continuous random variable having a probability density

function f(x) ={k 1<x<3

0 elsewhere
Find
(i) Value of k=5
(ii) Mean ofx=§
(iii) Variance of x = ——
252
i 0<x<1
11. The continuous random variable X has a p.d.f given by f(x) =1 x3 L <x<?
5 = >
0 elsewhere
Find
(0 x<0
%x 0<x<1
(i) Cumulative mass function, F(x) and sketch it F(x) ={ | © .
ttc 1<x<2
5 20
1 x=2
(ii) Median, m=1.565 (iii) interquartile range = 0.821
-3<x<
12. The continuous random variable X has a p.d.f given by f(x) ={k(x +3) 3<x<3
0 elsewhere

(a) Show thatk = L
18

(b) Find (i) E(x) =1, (ii) Var (x) =2 (iii) Lower quartile, q; =0

(c) Given that E(ax + b) = 0 and Var(ax+b) = 1, find the values of a and b where a>0 (a=b) = +

vz
kx 0<x<8
13. The continuous random variable X has a p.d.f given by f(x) ={8k 8<x<9
0 elsewhere
(a) Sketch f(x)
(b) Find value of k =0.025 (ii) P(X>6) =0.55
0 x<0
. 0.0125x 0<x<8
©  FindFX)==905x 08 8<x<9
1 X=9
14. The continuous random variable X has a p.d.f given by f(x) ={ax — bx? Osx=2
0 elsewhere
If E(X) =1, find
(i) values of aand b (a= 1.5, b=0.75) (ii) Var(x) = 0.2
0 x<0
(ii) F(X)=10.75x? — 0.25x3 0<x<2
1 x=2
. . . {5 1<x<9
15. The continuous random variable X has a p.d.f given by f(x) =9 x ==
0 elsewhere

Find (i) value of k =0.455, (ii) median =3 (iii) mean =3.64 (iv) Var(X) =4.95
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0 x<1
1

(v) F(X) = mlnx 1<x<9
1 x=9
Bwi-w) 0<w<5
16. The continuous random variable X has a p.d.f given by f(x) = { 55 =7 =
0 elsewhere
Find (i) P(2<w<5) =0.5 (ii) mean =3.33 (iii) Var(X) =0.794 (iv) mode =3.5
0 w<0
4
(v) F(X) = = ”;—5(25—w) 0<x<5
1 w =5
kx 0<x<1
17. The continuous random variable X has a p.d.f given by f(x) = {k (4 — x?) 1<x<?2
0 elsewhere
Find (i) value of k = % (i) E(X) = 1.1923 (iii) Var(x) =0.1399
(0 x<0
Zx 0<x<1
(iv) Fix) =< 1
E(24x—2x3—19) 1<x<2
1 x =2
18. The probability density function f(x) of a random variable x takes on the form shown in the diagram
below
Find
(i) Expression for f(x)
(ii) F(x), cumulative distribution function
(iii) Mean =§ and Var(x) =§
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Finding f(x) from F(X) of continuous random variables
f(x) can be obtained from; f(x) = d%F(X)

Example 70
0 x<0
3
The continuous random variable X has a c.d.f F(X) = % 0<x<3
1 x =3

Find the probability density function f(x) and sketch f(x)

x3) _3x2 _ x?

00 =300 =52 ()

27

T 27

9

f(x) = {%
0

0<w<3

elsewhere

02
Whenx=0,f(x)=;= 0

v

32 X
Whenx=3,f(x)=;= 1
Example 42
0 x<0
The continuous random variable X has a c.d.f F(X) = { kx3 0<x<4
1 x =4
Find
(i) Value of k
F(4)-F(0)=1
3 1. =L
K(#) =1k =—
(ii) Probability density function, f(x)
d d x3 3x?
f(X) —EF(X) —E a = Z
> o<w<4
f(x) = { 64 =Wws
0 elsewhere
Example 43
0 x<0
2x — 2x? 0<x<0.25
The continuous random variable X has a c.d.f F(X) = { a+x 0.25<x <05
b+2x*—x 05<x<0.75
k 1 x = 0.75
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Find

Rev

1.

2.

3.

4.

(i) Value of constants a and b
For 0 < x < 0.25, F(X) =2x — 2x?
F(0.25) =2x0.25 — 2(0.25)? = 0.375
For 0.25 <x <0.5;F(X)=a+x
F(0.25) = a + 0.25 = 0.375
a=0.125
For 0.5 <x < 0.75;F(X)=b + 2x% — x
F(0.75) = b +2(0.75)*-0.75=1; b = 0.625
(i) Probability density function f(x)
d
fix) === F(X)

2 —4x 0<x<0.25
£(x) = 1 025<x <05
4x — 1 05<x<0.75
0 elsewhere

(iii) Mean = 0.375

ision exercise 10

The continuous random variable X has cumulative distribution function

0 x <2
F(X)== {O.ZSx - 0.5 2<x<6
1 xX=6
Find the

1
(i) probability density function f(x); f(x)= { 4 2sx<6

0 elsewhere
(ii) E(X)=4 (iii) interquartile range = 2 (iv) sketch f(x)

The continuous random variable X has cumulative distribution function

0 x<0
Hm::{ﬁ 0<x<1
1 x=>1
Find (i) median (m=0.794) (ii) mean (u=0.75)
The continuous random variable X has cumulative distribution function

0 x<0
F(X) ={x—kx2 0<x<?2
1 x =2

Find the (i) value of k= 0.25, (ii) median (m= 0.586) (iii) variance of x (Var(x) = g)

(iv) probability density function; f(x) ={1 — 0.5% Osx=<2

0 elsewhere
The continuous random variable X has cumulative distribution function
(0 x <0
% 0<x<1
F(X) =
§+k 1<x<2
kl x> 2

Please find free notes, tests and marking guides of physics, chemistry, biology and mathematics from:
digitalteachers.co.ug

Page | 58



Find (i) value of k :é (ii) mean (u = 2) (iii) standard deviation =0.5528
(iv) P(lu — o] < o) =0.608

2 0<x<2
(v) p.d.f; f(x) = § 1<x<?2 (vi) sketch f(x)
0 elsewhere
5. The continuous random variable X has cumulative distribution function
0 x <1
2
yﬁf 1<x<3
F(X) =
(14x—x2-25) 3<x<7
24
1 x=7
Find
%(x -1 1<x<3
(i) probability density function, f(x) =1 1 (7 — %) 3<y<7
12 =4 =
0 elsewhere

(ii) sketch f(x) (iii) mean of X (u = %) (iv) Var (x) = 1794 (v) median of X (m= 3.45)
(vi) P(2.8 <x<5.2) =0.595

6. The continuous random variable X has cumulative distribution function

(0 x < —1
'%? —1<x<0
FX) =4 2 0<x<2
%5 2<x<3
1 x =3

Find (i) probability density function, f(x) (ii) P(3< 2x < 5) (iii) mean and variance
7. The continuous random variable X has cumulative distribution function

0 x<0

ax 0<x<1
)=y Z4p  1sxs<1

1 x =2

Find (i) values of a and (a=§; B = é) (i) mean (u = Z) (iii) Var(X) = 5

(iv) P (X < 1'5/X > 1)= 0.4998 (v) probability density function, f(x) and sketch it

8. The continuous random variable X has cumulative distribution function

0 x <1
2_
1y 1<x<?2
FX)=4 *
3x — 5 2<x<3
1 x =3
Find
(i) Probability density function, f(x) and sketch it

(ii) P(1.2<x<2.4)=0.8

(iii) Mean (U = 2)
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9. The continuous random variable X has cumulative distribution function

0 x<0

K2 0<x<2
F(X) = 4 2

k(6x — x? — 6) 2<x<3

1 x=>3

(a) Determine the value of k = % Hence sketch graph of F(X)

(b) Find the probability density function.

Uniform or rectangular distribution
A continuous random variable X is said to be uniformly distributed over the interval a and b, if the p.d.f

1
is given by f(x) ={ b—a a<x<bh
0 elsewhere

Graph of f(x)

f(x) 4

1

b—1 | E—E
a b X

Example 71

X is uniformly distributed between 6 and 9.

(i) Write the probability density function
1
f(X) ={ a 6<x<9
0 elsewhere

(ii) Find P(7.2<x< 8.4)

P(7.2<x<8.4)=[); ~dx = 1 [x]3% = 0.
Example 72

X is uniformly distributed between 0 and %

(i) Write the probability density function
ni 0<x<=>
f(x) ={ 3-0 2
0 elsewhere
. . T T
(ii) Find P(§<x<5)
T o< T o[22 g = 2]z = L
(iii) P(3<x<2-f,fﬂdx—ﬂ[x]z—3

w]

3
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Expectation of X, E(x) of rectangular distribution

1
2(b—a)

[Xz]b 1 ( 2 _ az) _ (b+a)(b—-a) _ (b+a)

b b 1
E(x)= fa xf (x)dx =fa Exdx = a =2(b—a) 2(b—a) 2

Variance of x, Var(X)

)|? 12
Varl = x*f (dx = [EG <[ ot = [B58] =5elt = [45%)]

_ (b-a)(b*+ab+a?) [(b+a)]2 _ (b-a)(b*+ab+a?)  b*+2ab+a?
- 3(b-a) 2 - 3(b—a) 4

_ 4b2%+4ab+4a?-3b%*—6ab—3a? b2-2ab +a? _ (b-a)?
- 12 - 12 12

Example 73

X is a rectangular distribution between -g and g

(i) Write the probability density function; f(x) = %—(—%) 27 T2
0 elsewhere
G+(-3)
(ii) Find the mean = (b;a) = -2 (2 ) =0
s s 2
—a)2 —(-= 2
(iii) Find the variance of x = 2=~ = [2 ( 2)] =L
12 12 12
Example 74
Xis a rectangular distribution between over the interval -3 < x < —1
Find
() Pr2sXs-15)= [ dx =2 ()75 =
(ii) Mean = (b;a) = (_1+2(_3)) = =2
_(b-a)? _ (-1--3)2 1
(iii) Var(x) = S T T3
Revision exercise 11
k 3<x<6

1. Xfollows a uniform distribution with probability density function f(x) ={0 elsewhere

Find (i) value of k = % (i) E(X) = 4.5 (iii) var(X) = 0.75 (iv) P(X>5) = §
2. Xisdistributed uniformly over -5 < x <-2
Find (i) P(-4.3 < X<-2.8) = 0.5 (ii) E(X) =-2.5 (iii) standard deviation = 0.865

1
3. The continuous random variable has a probability density function f(x) ={ 4 lsx<k
0 elsewhere
Find (i) value of k =5 (i) P(2.1 < X< 3.4) =0.325 (jii) E(X) =3 (jv) Var (X) = 1§
1
4. The continuous random variable has a probability density function f(x) ={§ 32=x=37
elsewhere
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Find the probability that y lies within one standard deviation of the mean=0.577
5. The continuous random variable X has cumulative distribution function

0 x<?2
FX) =42 2<x<7
1 x=7

Find (i) E(X)=4.5 (i) Var(X) = 2
6. The continuous random variable X is uniformly distributed in the interval a < x < b. the lower
quartile is 5 and the upper quartile is 9. Find
(i) Values ofaand b (a=3, b =11)
(ii) P(6<X<7)=0.125

0 x <3

(iii) Cumulative distribution function; F(X) = %3 3<x<11
1 x =11

7. The number of patients visiting a certain hospital is uniformly distributed between 150 and 210
(i) Write down the probability density function of the number of patients
—1 150 <x210
f(x) = {210-150
0 elsewhere

(ii) Find P(170< x< 194) = 0.4

Thank you

Dr. Bbosa Science
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